Instructional Unit:  Properties of Circles

Lesson 1: Circumference of a Circle

Introduction

Student Audience:

The target audience is students studying Euclidean geometry.  Anticipated completion of this lesson is 1.5 one-hour class periods.

Objectives:

· Students will develop a general formula for the area of a regular polygon using right triangle trigonometry

· Students will compare the perimeter of a polygon to the circumference of its inscribed circle

· Students will compare the perimeter of a polygon to the circumference of its circumscribed circle

· Students will graph, with the aid of technology, the perimeter of inscribed and circumscribed polygons for a given circle

· Students will analyze the perimeter graphs to develop hypotheses about the value of the circumference of a particular circle

· Students will develop a formula for calculating the circumference of any circle given the radius of that circle

Mathematical Concepts:

· Perimeter of a polygon

· Circumference of a circle

· Right triangle trigonometry (including sine, cosine, and tangent functions)

· Graphing functions

· Asymptotes of a graph

· Comparing discrete and continuous functions

· Calculating angles of a regular polygon

Lesson Synopsis:


In a whole-class format, students will develop general formulas for finding the perimeter of any regular polygon circumscribed around a circle with a given radius.  Additionally, students will develop a formula for finding the perimeter of any regular polygon inscribed in a circle with a given radius.  Students will examine graphs of these formulas using Graphing Calculator software.  Following a discussion of the difficulties of analyzing this situation using the graph of a continuous function, the class will develop a spreadsheet of values for these functions for integer values of n, the number of sides of the polygon.  By comparing the graphs of these two discrete functions and analyzing a table of values for approximate circumference for circles of different radii, students will generate hypotheses about the relationship between the radius and circumference of any circle, leading to a formula to compute the circumference of a circle.

Lesson

Materials:

· Classroom computer projector

· Graphing Calculator software or similar

· Spreadsheet software

· Sample circumscribed/inscribed polygon spreadsheet

· Table of Data Worksheet (optional)

Implementation:


The instructor will begin by posing the following question:  Will the perimeter of a polygon that is circumscribed around a circle be larger than, smaller than, or equal to the perimeter (circumference) of the circle?  Students should also form hypotheses comparing the circumference of a circle to the perimeter of any inscribed polygon.  


While examining a general circumscribed polygon, students should make conjectures about how they could determine the perimeter of the polygon if they knew the radius of the circle.  The instructor, in facilitating this discussion should encourage students to develop a formula for finding the perimeter of a circumscribed polygon in terms of the radius of the circle and the number of sides of the polygon.  Similarly, students should develop a general formula for finding the perimeter of a polygon inscribed in a circle in terms of the radius of the circle and the number of sides the polygon has.  The following formulas are likely to be developed:

Perimeter of Circumscribed Polygon
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Perimeter of Inscribed Polygon
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After developing these formulas, the instructor should question the students about the behavior of these two functions.  Using the notion of graphs of function can help elucidate the behavior of the functions, the instructor should direct students to examine the graph of these two functions using software such as Graphing Calculator (this exploration can be done individually or whole-class).  A sample file can be found here.

Inscribed “Polygon” Perimeter function
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Circumscribed “Polygon” Perimeter function
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Using the facilitator questions as a guide, the instructor should probe students about the peculiar nature of these graphs.  After developing the hypothesis that a graph of these functions using integer values for n (or “x”) the instructor will create or utilize the Comparison spreadsheet to calculate perimeter values for polygons having various numbers of sides that are inscribed or circumscribed around a particular circle.  

After generating sample data (as shown in the sample Comparison spreadsheet), students should analyze the resulting graphs of these two functions.  In particular, students should compare these graphs to the continuous function graphs previously generated.  The facilitator should direct students to generate a hypothesis about the circumference of a circle in and around which these polygons have been inscribed and circumscribed?  Using one particular circle and the Comparison spreadsheet data, students should generate an hypothesis for the value of the circumference of the circle.  


Next, the instructor will direct students to gather data of the radius of a circle and the circumference they hypothesize that the circle will have (using the Comparison spreadsheet).  This component of the lesson can be conducted individually, in small groups, or as a whole-class as technology resources permit.  Student data should be compiled into a new spreadsheet.  By creating a chart of the data, students can examine the relationship between the radius of a circle and the [hypothesized] circumference of the circle.  A sample chart is included here.    


Ultimately, students should develop a conjecture of how to estimate the circumference of a circle having any radius using the graph of their circumference/radius data.  From this conjecture, the formula for the circumference of a circle may be examined.  

Facilitator Questions:

· Does the graph of the circumscribed/inscribed polygon function look like you thought it would?

· How is the graph of this function similar to your expectations?

· How is the graph of this function different from your expectations?

· What do the axes of the graph represent?

· What is the domain of each function?

· Does the graph of each function “fit” with the mathematical situation that we are investigating (polygons with integer number of sides)?

· How could we create a graph of these functions that more closely matches the mathematical situation we are investigating?

· Are the continuous graph and discrete graph related?

· How could the discrete graph be created using the continous graph?

· How does the perimeter of the polygon change as the number of sides increases?

· How does the perimeter of the inscribed or circumscribed polygon compare to the circumference of the circle as the number of sides is increased?

· How does the perimeter of the inscribed n-gon compare to the perimeter of the circumscribed n-gon as the value of n gets very large?

· What does this mean about the value of the circumference of the circle? 

· How does the estimated circumference of a circle change as the radius of the circle increases?

· Does the relationship between the radius of a circle and the estimated circumference appear linear? Quadratic? Exponential? Something else?

· Using your sample data points, what equation would you guess would the linear relationship that we see?

NAME __________________________________

DATE _____________

Using the table below and the Inscribed/Circumscribed Polygon comparison spreadsheet, gather and organize data about the radius and estimated circumference of circles having different radii.  

	Radius of Circle
	Estimated Circumference of Circle

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	


 Lesson 2: Area of a Circle

Introduction

Student Audience:

The target audience is students studying Euclidean geometry.  As written, this lesson is anticipated to fill 1.5 one-hour class period.  

Objectives:

· Students will use previously studied formulas for the area of a regular triangle, quadrilateral, and hexagon to compute the area of each of these figures when circumscribed around a particular circle

· Students will develop a general formula for the area of a regular polygon using right triangle trigonometry

· Students will compare the area of a polygon to the area of its circumscribed circle

· Students will graph, with the aid of technology, the area of circumscribed polygons for a given circle

· Students will analyze the discrete area graphs to develop hypotheses about the value of the area of a particular circle

· Students will gather data about the radius and estimated area for various circles and create a graph displaying this data

· Students will analyze radius and estimated area data, looking for patterns and relationships

· Students will develop a formula for calculating the circumference of any circle given the radius of that circle

Mathematical Concepts:

· Area of a regular polygon

· Area of a circle

· Right triangle trigonometry (including sine, cosine, and tangent functions)

· Graphing functions

· Asymptotes of a graph

· Calculating angles of a regular polygon

Lesson Synopsis:


Students will begin by using prior knowledge to calculate the area of familiar regular polygons that have been circumscribed around a given circle.  Students will then develop general formulas for finding the area of any regular polygon circumscribed around a circle with a given radius. Using spreadsheet software, students will create a table of values of the area of a regular n-gon circumscribed around a particular circle for various values of n.   By graphing these data, students will generate hypothesis about the area of the specific circle.  Students will also use the spreadsheet to estimate the area of circles having various radii lengths.  This data will be graphed and analyzed, leading to a formula to compute the area of any circle.

Lesson

Materials:

· Classroom computer projector

· Spreadsheet software

· Geometer’s Sketchpad software or similar

· Sample circumscribed spreadsheet

· Circle Area worksheet

Implementation:


The instructor will begin by posing the following question:  Will the area of a polygon that is circumscribed around a circle be larger than, smaller than, or equal to the area of the circle?  Students should also form hypotheses comparing the area of a circle to the area of any inscribed polygon. Using software such as Geometer’s Sketchpad, the instructor may choose to circumscribe a circle with various regular polygons (e.g. equilateral triangle, square, pentagon, hexagon, octagon) facilitate a discussion of which polygon seems to have area closest to the circle.   


Using the Circle Area worksheet as a guide, students will work individually or in pairs to develop a general formula for finding the area of a circumscribed polygon in terms of the radius of the circle and the number of sides of the regular polygon.  The following formula is likely to be developed:

Area of Circumscribed Polygon
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Next, students will utilize spreadsheet software to generate a table of values of the area of many different regular polygons circumscribed around a given circle.  A sample spreadsheet can be found here.  After examining the relationship between the number of sides of the polygon, the area of the polygon, and the area of the circle, students will create a second spreadsheet comparing the circle radius to approximate circle area (as determined by calculating the area of a regular circumscribed n-gon where n is very large).  Students will then chart their data set and make conjectures about the relationship between a circle’s radius and area. A sample data set and chart can be found here.

Facilitator Questions:

· How does the area of the polygon change as the number of sides increases?

· How does the area of the circumscribed polygon compare to the area of the circle as the number of sides is increased?

· How does the estimated circumference of a circle change as the radius of the circle increases?

· Does the relationship between the radius of a circle and the estimated area appear linear? Quadratic? Exponential? Something else?

· Using your sample data points, what equation would you guess would the linear relationship that we see?

Assessment


Students will be assessed informally during the class activity as the instructor circulates the classroom, asking questions to guide students in their exploration.  Additionally, student work will be assessed for completion, correctness of computation and general formula, and quality of spreadsheet creation, data collection, and data analysis.  In particular, the instructor will evaluate each student’s ability to gather, organize, and make conjectures from spreadsheet data.  

NAME __________________________________

DATE _____________

Circle Area

During the following investigation of circles you will look at the area of lots of polygons and try to make estimates about the area of circles.  You will also be trying to figure out if there is any relationship between the radius of a circle and its area.  Be sure to organize your work and be prepared to present your findings to the class.  

Take a look at the figure below.  In this diagram a regular triangle (er . . . equilateral triangle) has been circumscribed around a circle with radius r. 

[image: image8.emf]
Your first task is to find the area of the triangle in terms of the radius, r, of the circle.

Triangles are not the only regular polygons that can be circumscribed around our circle.  In fact, any regular polygon can be circumscribed around this circle.  Your second task is to figure out a formula for the area of a regular n-gon (polygon with n sides) that has been circumscribed around our circle.  This formula will depend on r (the radius of the circle) and n (the number of side of the polygons).  You may want to use the unfinished sketch of a circumscribed n-gon below to help you.  

[image: image9.emf]
Once you’ve figured out a candidate for your general formula, your third task is to check this formula by using it to compute the area of a circumscribed equilateral triangle Compare the value to the area you calculated in your first task.  

Additionally, sketch a picture of our circle with a square circumscribed around it.  According to your sketch, what is the area of the square in terms of r?  Does that match the value you compute using your candidate formula?

Using spreadsheet software, your fourth task is to create a table of values of the areas of various n-gons that have been circumscribed around a circle with radius equal to 1.  How does the area of the polygon change as the number of sides gets larger and larger?  How does the area of the polygon compare to the area of the circle as n gets very large?  How might you use your spreadsheet to estimate the area of a circle with radius 1?  With radius 4?

Using the table below and your spreadsheet, your fifth task is to gather and organize data about the radius and estimated circumference of lots of circles.  After you have collected your data, create a graph of the data (you can use spreadsheet software or create a graph by hand).  

Make conjectures about the relationship between the radius of a circle and its area.    

	Radius of Circle
	Estimated Area of Circle

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	


Lesson 3: Parallelogram, Circle, Vertices

Introduction

Student Audience and Timeline:


This lesson is designed for implementation in a high school Euclidean Geometry course and is designed to be completed in one 55 minute class period.  

Objectives:

· Students will construct a dynamic sketch of a parallelogram

· Students will construct circles through each of 4 pairs of adjacent vertices

· Students will investigate the results of connecting the centers of these four circles, forming conjectures about resulting figures and noting special cases

· Students will articulate their conjecture and provide a supporting proof, either formal or informal

· Students will extend this outlined investigation to other polygons of their choice, creating an associated sketch and forming conjectures about their investigation

Mathematical Concepts:

· Properties of a parallelogram

· Construction of a circle through three points

· Parallel and perpendicular lines

· Perpendicular bisector of a segment

· Midsegment

Lesson Synopsis:


The lesson will begin with an instructor-initiated student investigation of the results of connecting the centers of the circles passing through each set of three adjacent vertices of a parallelogram.  During this investigation, students will construct a dynamic sketch then form and support conjectures.  The second component of this lesson is a student-selected extension of the initial investigation.  Students, either working individually or in pairs should fully investigate a related but different mathematical situation, creating a dynamic sketch and supporting their findings.  The results of these extensions will be compiled as a Powerpoint slideshow, with each student (or student pair) contributing one or two slides of their extension exploration.  

Lesson

Materials:

· Geometer’s Sketchpad software

· Microsoft Powerpoint software, or similar

Implementation:


The instructor will begin the lesson by leading a brief discussion about constructing a circle through three given points.  The instructor may highlight the elements of this construction, connecting this to constructing the circumcircle of a triangle.  In particular, the instructor should question the students about the possibility of creating a circle that passes through any three points.  The instructor will then shift the lesson focus toward constructing circle through sets of three special points, namely the four sets of three adjacent vertices of a parallelogram.  


After the instructor poses the question of what these circle may look like and what properties their centers may possess, students will work either individually or in small groups to construct a dynamic Geometer’s Sketchpad sketch.  A sample sketch can be found here.  Students should investigate the properties of resulting circle as related to parallelogram type (e.g. square, rectangle, rhombus, general parallelogram).  Additionally, students will investigate the results of connecting the centers of the four circles in their sketch.  After making conjectures about the resulting figure and noting special degenerate cases, students will develop supported reasoning, either as a formal or informal proof, explaining their conjectures.  

 
Next, students will design an extension of this investigation.  Some may choose to look at a broader range of original quadrilaterals (including kites, trapezoids, and irregular quadrilaterals).  Others may want to investigate connecting the centers of circle created from polygons with different numbers of sides.  As students investigate, the instructor will encourage them to select one piece of their work that they find particularly interesting and develop a single (or set of two) Powerpoint slides that captures their investigation and findings.  Students should strive to incorporate images, dynamic sketches and a clearly articulated summary of this component of their investigation.  The students’ slides will then be compiled in a logical order for presentation. 

Facilitator Questions:

· In order to connect the centers of the circles, is it necessary to construct each circle?

· Can you find a shortcut construction that yields the same final figure (from connecting the circle centers)?

· What properties does the resulting figure appear to have?

· How can you use Geometer’s Sketchpad to support your conjectures about the quadrilateral’s properties?

· How does the resulting quadrilateral relate to the original parallelogram?

· Are there any situations in which the resulting quadrilateral is very different or very unique? When does this occur?

· How does the area of the parallelogram and the resulting quadrilateral relate?

· How does the orientation of the original parallelogram and resulting quadrilateral relate?

· Is the resulting quadrilateral every wholly contained within the original parallelogram?  When does this occur?

Lesson 4: Tangents to a Circle

Introduction

Student Audience:


This lesson is designed for implementation in a high school Euclidean Geometry class.  As written, this lesson is expected to be completed in 2 one-hour class periods.  

Objectives:

· Students will use a Geometer’s Sketchpad script tool to create the tangent lines to a circle

· Students will discover the relationship between the angle formed by a secant and tangent and the angle of the arcs of a circle

· Students will investigate properties of the tangents they have drawn, including the following:

1.  Relationship between tangent and radius of the circle

2.  Angle of a tangent and arc angles

3. Congruent tangents

4. Angle formed by a secant and a tangent

5. Angle formed by 2 secants through a common exterior point

6. Product of the lengths of the segments of secants through a common exterior point

Mathematical Concepts:

· Tangents of a circle

· Properties of circle tangents

· Secant

· Angle measure of an arc

Lesson Synopsis:


Using a Geometer’s Sketchpad script tool, students will investigate properties of the tangents of a circle.  After students discover and articulate properties they will select one property and construct a proof to support their conjecture.  Students proving the same property will then gather in groups to discuss and evaluate their method of proof.  Each group will construct a brief presentation of their conjecture including one proof.  

Lesson

Materials:

· Geometer’s Sketchpad software

· TangentScriptTool.gsp file

· Presentation software (optional)

Implementation:


The instructor will begin the lesson by equipping individual students (or very small groups of students) at computers that has Geometer’s Sketchpad software and the TangentScriptTool.gsp file loaded.  After the instructor explains to students that they will be working with something called tangents to a circle, the students will launch into an investigation of the properties of the tangents.  Using facilitator questions as appropriate, the instructor will direct students to explore such properties as length and angle.  Students should utilize extreme or degenerate cases to help focus their investigation.  Additionally, each student should keep a record of her findings, properties, and conjectures.  


After a student has identified a significant number of tangent properties, the instructor will guide them to select one property and generate a proof of their conjecture. When all students have had an opportunity to complete a proof (possibly a homework assignment for the first day of this lesson), the instructor will group students who proved the same conjecture.  During this group component of the lesson, students will compare, contrast, and gently critique proofs.  Additionally, each group will be responsible for creating a presentation (either electronic or traditional) of their conjecture including 1 proof.  The final component of the lesson will be a series of brief presentations from the groups.  


Facilitator Questions:

· Based on your observations, how would you describe a tangent?

· What appears the same in each of the figures you have created with your script tool?

· What changes as you vary the size of the circle or the location of the exterior point?

· How might one precisely and mathematically articulate the idea that a line touches the circle at only one point?

· How is the tangent line and the radius of the circle related?

· What is the largest possible measure of the angle between two tangents through a particular point?  When does this occur?

· What is the smallest possible angles measure between two tangents through a particular point?  When does this occur?

· What are some ways to increase the angle between the tangents?

· What are some ways to decrease the angle between the tangents?

· In trying to find a relationship between the angle between two tangents through an exterior point and the associated circle, what geometric entities might be useful (e.g. inscribed angles, central angles, arc angles)?

· What do you notice about the distance between the exterior point and the point of tangency for each tangent point?

· How is a secant like a tangent?

· How is a secant different from a tangent?

· Examine the measure of the angle between a secant and a tangent.  How do you think that angle measure might relate to the circle?

· How many arcs are formed when one secant intersects a circle?

· How many arcs are formed when a tangent and secant through a particular exterior point intersect a circle?

Lesson 5:  Inscribed Angles

Introduction

Student Audience:


The target audience of this lesson is high school students studying Euclidean geometry.  Completion of this lesson is estimated to be 1 one-hour class period.

Objectives:

· Students will investigate the meaning of the angle of an arc of a circle

· Students will deduce the method in which the angle of an arc is measured

· Students will compare the measure of an inscribed angle to the measure of its intercepted arc

· Students will discover the relationship between the measure of any inscribed angle that intercepts the same arc of a circle

· Students will prove that the measure of an inscribed angle equals half the measure of its intercepted arc.  

· Students will for hypothesis about the measure of an angle inscribed in a semicircle

Mathematical Concepts:

· Arc of a circle

· Measure of central angle

· Measure of inscribed angles

· Circumscribed right triangle

· Supporting examples as compared to proof

· Counterexamples and mathematics

Lesson Synopsis:


Using a prepared Geometer’s Sketchpad file, student will investigate the relationship between the angle of an arc of a circle and the measure of its central angle.  Students will also compare inscribed angles, central angles, and intercepted arcs to deduce the relationship between the measure of an inscribed angle and the measure of its intercepted arc.  Using their hypothesis as a guide, the instructor will direct a proof of their conjectures.  Finally, Students will use these findings to discover the measure of any angle inscribed in a semicircle.  

Lesson

Materials:


· Student access to Geometer’s Sketchpad software

· ArcAngle.gsp Geometer’s Sketchpad file

· InscribedAngle.gsp Geometer’s Sketchpad file

Implementation:


The instructor will begin the lesson by introducing student to the notion of arcs of a circle.  Embedded in this brief discussion will be the methods of measuring the geometric objects – by length and by angle measure.  While measuring the length of an arc will likely prove intuitive, and understanding of the notion of the degree measure of an arc is likely to elude students.  To clarify this concept, the instructor will direct students to investigate the ArcAngle.gsp file to generate hypothesis about how the angle of an arc is measured.  Students may work individually, in small groups, or even collaborate as an entire class for this component of the lesson.  The instructor will circulate the room, addressing points of confusion and incorporating facilitator questions as appropriate.  When this portion of the lesson is complete, each student should have a firm grasp of the relationship between the measure of a central angle and the measure of its intercepted arc.


Next, students will investigate properties of inscribed angles by manipulating the figured in the InscribedAngle.gsp file.  Students should complete both investigations found within this file (Investigation 1 and Investigation 2), answering associated questions within the file or on separate paper.  During Investigation 1, students will manipulate the angle of an arc and observe the effect this has on the measure of the associated inscribed angle.  In particular students should develop conjectures that the measure of the inscribed angle is half the measure of its intercepted arc.  If students struggle to discover the 1:2 relationship between an inscribed and its intercepted arc the instructor may encourage students to collect data from their GSP file and graph this data using spreadsheet software.  A sample data set and graph can be found here.  


During Investigation 2, students will vary the location of the vertex of the inscribed angle (without changing the angle of the intercepted arc) and notice how the measure of the inscribed angle varies with the location of the vertex.  Students should not that all angles intercepting a given arc of the circle have the same measure. 


Following these investigations, the instructor will direct students to develop a proof that the measure of an inscribe angle equals half the measure of the associated central angle.  Since this proof is frequently completed in multiple cases, the instructor may wish to direct all students to first examine the case where the legs of the angle are congruent.  Following this proof the instructor may direct students to investigate additional cases.  Alternatively, the instructor may divide students into small groups, distributing the cases among these groups.  At the completion of this component of the lesson, students should have an understanding not only of this particular theorem, but also of the relationship between exploration, confirming examples, and proof.  

A sample proof of one case is shown below:

[image: image1.wmf]     Case 1: AB is congruent to AD

Drawing radii AC, CB, and CD we form two isosceles triangles ABC and ADC. 

Since all radii are congruent and AB is congruent to AD, triangle ABC and ADC are congruent (side-side-side congruence postulate).  

Since base angles of any isosceles triangle are congruent and since triangles ABC and ADC are congruent, the following angles are congruent:  < CAB, <CBA, <CAD, < CDA. 

Extending segment AC we form exterior angles BCE and DCE.  





  In any triangle, the measure of an exterior angle is twice the sum of the remote interior angles.  Consequently, m<BCE = 2(m<BAC).  Similarly m<DCE = 2(m< DAC).  Thus m<BCD = m<BCE + m<DCE = 2(m<BAC) + 2(m<DAC) = 2(m<BAC + m<DAC) = 2(m<BAD).
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Finally, students will translate their findings to answer the question of what the measure of an angle inscribe din a semicircle will be.   

Facilitator Questions:

· Does one typically measure line segment in terms of angles?
· How is the arc of a circle like a line segment?
· How is the arc of a circle not like a line segment?
· What kinds of things do we measure in degrees?
· How could we relate an angle to the arc of the circle?
· Do you think that an inscribed angle will be larger than or smaller than an inscribed angle?
· Do you think an inscribed angle will be smaller than or larger than the angle of the arc?
· What happens to the measure of the inscribed angle as the arc becomes very large?
· What happens to the measure of the inscribed angle as the arc becomes very small?
· What is the smallest value that you can find for the measure of an inscribed angle?  What does the intercepted arc look like in this situation?
· What is the largest value you can find for the measure of an inscribed angle?  What does the intercepted arc look like in this situation?
· How does the measure of the inscribed angle change as the location of its vertex changes?
· Does this change depend on whether the arc gets larger or small?
· Does finding many positive examples ensure that a conjecture is true?
· How can one be sure that a conjecture is true for every situation?
Lesson 6:  Inscribed Quadrilaterals

Introduction

Student Audience:


This lesson is designed for implementation with high school students studying Euclidean Geometry.  Completing the activities in this lesson is anticipated to require 1.5 one-hour class periods.   

Objectives:

· Students create numerous quadrilaterals including the following and determine if they can be inscribed in a circle:  square, rectangle, parallelogram, rhombus, trapezoid, kite, irregular quadrilateral

· Students will note whether particular quadrilaterals can be inscribed in a circle and record properties of these quadrilaterals, such as angle measures and side lengths.  

· Students will organize data using either a chart or electronic spreadsheet 

· Students will analyze data, determining the properties that determine whether a quadrilateral can be inscribed in a circle.  

· Students will generalize their findings and develop an if-and-only-if statement about the properties of inscribed quadrilaterals.

· Students will use formal proof to verify their conjecture.  

Mathematical Concepts:

· Types of quadrilaterals and associated properties (square, rectangle, parallelogram, rhombus, kite, trapezoid, irregular quadrilateral)

· Inscribed quadrilateral

· Data collection and organization

· Supplementary angles

· Measure of an inscribed angle

· Property of arc addition

· Sum of  interior angles of a quadrilateral

· Degrees in a circle

Lesson Synopsis:


Using Geometer’s Sketchpad software, students will construct familiar quadrilaterals and determine whether each can be inscribed in a circle.  Students will collect data about the properties of each of these quadrilaterals.  Students will then expand their search of quadrilaterals that can be inscribed in a circle by manipulating the Geometer’s Sketchpad file provided.  Students can examine and collect data about the properties associated with irregular quadrilaterals that can be inscribed in a circle.  Students will then analyze their data to form conjectures about what quadrilateral properties determine whether a quadrilateral can be inscribed in a circle.  After articulating their findings, students will use formal proof to confirm their conjectures.

Lesson

Materials:

· Geometer’s Sketchpad software

· DynamicSketch.gsp Geometer’s Sketchpad file

· Spreadsheet software (optional)

· Student Data Organization Table (optional)

Implementation:


The instructor will begin the lesson by reviewing the concept of inscribed polygons.  The instructor may choose to focus on previous work with inscribed triangles or may extend the discussion to other contexts.  Ultimately, the instructor should focus students on the fact that, for a polygon to be inscribed in a circle all vertices of the polygon must lie on the same circle.  The instructor will then pose the question of what kinds of quadrilaterals can be inscribed in a circle.  Students may be encouraged to make conjectures about familiar quadrilaterals such as squares and rectangles.  The instructor will then encourage students to utilize the Geometer’s Sketchpad software to construct familiar quadrilaterals and attempt to inscribe them in a circle.  During this component of the lesson, students should collect data about each quadrilateral they investigate including attributes ( side length, angle measure) and whether it could be inscribed.


After students investigate these quadrilaterals, the instructor will lead the class in a brief discussion of their findings.  The instructor may use the facilitator questions provided to highlight the similarities and differences among these quadrilaterals.  Following this brief discussion, the instructor will pose the question of whether any irregular quadrilaterals can be inscribed in a circle.  The instructor will direct students (either individually, or in small groups) to manipulate the DynamicSketch.gsp file and try to find any irregular quadrilaterals that can be inscribed in a circle.  For any inscribable irregular quadrilaterals, students should record prominent attributed (side lengths, angle measures, presence of any parallel sides, presence of any perpendicular sides).  A sample collection of data can be found here.  


As students accumulate data, they should analyze their findings looking for patterns and ultimately properties that determine whether a quadrilateral can be inscribed in a circle. During this portion of the investigation, the instructor will circulate the room, addressing concerns and incorporating facilitator questions as appropriate.  Students may become overwhelmed by the amount of data that they are collecting and consequently, the instructor should be cognizant of offering supportive, but not directing, advice.  


When students have developed a conjecture the instructor should guide them toward developing a proof of their conjecture. By utilizing the notion that the measure of and inscribed angle is half the measure of its intercepted arc and the fact that the arcs intercepted by opposite angles form a complete circle, students should be able to prove that the opposite angles of any inscribed quadrilateral must be supplementary. 

Facilitator Questions:

· What does it mean for a polygon to be inscribed in a circle?

· Compare the situation in which a polygon is inscribed in a circle and that same polygon has a circumscribed circle.

· What are the properties of common quadrilaterals?  Compare and contrast these quadrilaterals.

· Which quadrilaterals do you than can be inscribed in a circle?  Why?

· What quadrilateral properties do you think would be important to record data about for our investigation?

· What properties do the common quadrilaterals that can be inscribed in a circle have?

· Do you think that it is possible for an irregular quadrilateral to be inscribed in a circle?  Why?

· Were you able to find any irregular quadrilaterals that could be inscribed in a circle?  How many?

· Did you see any common properties among inscribable quadrilaterals?

· How can examples help you form a conjecture?

· How can examples discredit a conjecture?

· When would a proof be useful for supporting a conjecture?

· When examining an example of an inscribed quadrilateral, what other elements of circle geometry can you find?

· How might these other elements be useful for your developing a proof of your conjecture?

NAME _______________________________







DATE __________________
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Lesson 7:  Parallel Chords

Introduction

Student Audience:


This lesson is designed for implementation in a high school Euclidean Geometry class.  This lesson is designed to be completed in 1 one-hour class period. 

Objectives:

· Students will construct a set of parallel chords within a circle

· Students will investigate the location of midpoints of parallel chords

· Students will prove that the midpoints of parallel chords are collinear

· Students will create and investigate an activity extension of their choice, forming and proving their conjectures

Mathematical Concepts:

· Chords of a circle

· Parallel segments

· Midpoint of a segment

· Colinearity

· Right triangle congruence

· Line perpendicular to a segment and passing through a particular point

· Supplementary angles

· Definition of a right angle

Lesson Synopsis:


Students will begin the lesson by constructing a circle and a set of parallel chords within the circle.  Students will then investigate the midpoints of these chords, making conjectures about their location and colinearity.  Students will then formally prove the conjecture that the midpoints of parallel chords are collinear and lie on a diameter of the circle.  Finally, students with instructor guidance, students will examine an extension of this investigation.  They will form conjectures, develop a proof of their hypotheses, and provide a short demonstration to the class.

Lesson

Materials:

· Geometer’s Sketchpad software

· Sample

Implementation:


The instructor will introduce the lesson as an investigation into the properties of parallel chords.  After using Geometer’s Sketchpad to construct a circle with containing a set of parallel chords, the students will explore properties of these chords.  In particular, the instructor should guide students to investigate the midpoints of the chords.  After students have developed an hypothesis about the midpoints of parallel chords, the instructor will guide them to construct a proof of their conjecture.  Student may work individually or in small groups to compete this proof.  A sample proof is shown below:

[image: image10.emf]
[image: image11.emf]
[image: image12.emf]

The final component of the lesson is a student-selected extension of this activity.  In particular, students should investigate a related but different geometry scenario, looking for pattern or inconsistencies and offering examples, counterexamples, and proofs as necessary.  Below is a menu of possible extensions.  

· Instead of constructing the midpoints of the chords, divide the segments into a different proportion, such as 1:4 or into three congruent segments.  Are the points associated with your new division collinear?  Do they lie on a circle? An ellipse? Something else?

· Investigate “chords” of polygons.  Image that a “chord” of a polygon is a segment connecting two sides of the polygons.  Are the midpoints of parallel chords collinear?  Sometimes? Always? Does your finding depend on the type of polygon you use?  Does your finding depend on whether the sides being connecting are adjacent or not?

· Construct chords of an ellipse?  Is the same property true for the midpoints of parallel chords of an ellipse?

Students should utilize the dynamic features of Geometer’s Sketchpad software to aid in their investigations and assist them in generating examples and counterexamples.  

Lesson 8: Chord Length and Distance from Center

Introduction

Student Audience:


This lesson is designed for implementation in a high school Euclidean geometry class.  Completion of this lesson is anticipated to require 2 one-hour class periods.

Objectives:

· Students will investigate the properties of the chords of a circle

· Students will examine distance between a point and a segment

· Students will form conjectures about the relationship between chord length and distance from center

· Students will create a dynamic sketch which addresses the question of how a chord’s length relates to its distance from the circle’s center

· Students will collect data including chord length and distance from center

· Students will graph and analyze data to form conjectures about the precise relationship between chord length and distance from center

· Students will prove that the graph relating chord length and distance from center is a portion of an ellipse

· Students will evaluate the role that domain plays in the graph of their data and the graph of a representative equation (equation of the ellipse)

Mathematical Concepts:

· Chord of a circle

· Distance measured between a segment and a point

· Pythagorean theorem

· Graph of an ellipse

· General equation of an ellipse

Lesson Synopsis:


Students will be investigating the question of how the length of a chord varies with its distance from the center of a circle.  Students will create a dynamic sketch of the situation using Geometer’s Sketchpad software.  Using this sketch, students will collect data of the length of a cords and their distance from the circle’s center.  Using a spreadsheet software, students will input and graph their data.  Students will make conjectures about the relationship between chord length and distance from a circle’s center.  A proof of this conjecture will be created through applying the Pythagorean theorem.  

Lesson

Materials:

· Geometer’s Sketchpad software or similar

· Microsoft Excel software or similar

· Student Data Organizer worksheet (optional)

Implementation:


The instructor will begin the lesson with a brief discussion of chords.  In particular, the instructor should inquire whether all of the chords in a particular circle have the same length.  As students decide that the chords of a circle have varying length, the instructor should inquire which chords will be longest and which will be shortest, in essence framing the underlying question of how chord length varies with distance from the circle’s center.  After being presented this underlying question, students will use Geometer’s Sketchpad software (either individually or in small groups) to create a dynamic sketch in which the length of various chords of a circle can be examined.  A sample sketch can be found here. 


Using their dynamic sketch, students should collect data for chord length and distance from the circle’s center.  The instructor may encourage students to either individually organize their data or utilize the Data Organization worksheet provided.  Students will subsequently input their data into an electronic spreadsheet and create a scatterplot of the data.  Using this scatterplot, students will form conjectures about the relationship between distance and length.  A sample data set and scatterplot can be found here.   


After students have reported their conjectures to the class, the instructor will direct the students to support their conjecture that the scatterplot is part of an ellipse, that is the students will be pushed to prove their conjecture.  The instructor will guide students to create a sketch of a general chord and the segment which measures its distance from the circle’s center.  Students should use their knowledge that distance is measured along a segment through the center that is perpendicular to the chord to create the following sketch:  

[image: image13.emf]
Finally, students will use this sketch to develop an equation relating chord length and distance.  One possible solution method is shown below.  

The second leg of the right triangle shown is half of the chord.  By the Pythagorean theorem the length of that leg (half of the chord) is √(r2 – x2).  Thus, the length of the chord is 2√(r2 – x2).  

If y represents the length of the chord then the following statements are true:

y = 2√(r2 – x2)

y/2 = √(r2 – x2)

y2/4 = r2 – x2
x2 – y2/4 = r2          which is a familiar equation for an ellipse.  

Following this proof component, the instructor will guide students to compare the graph of the elliptical equation to their scatterplots.  In particular, the instructor should guide students to notice that only a portion of the ellipse can represent data points since lengths are solely positive real numbers.

Facilitator Questions:

Throughout the lesson, the instructor my incorporate the following facilitator questions to guide student activity.  

· How is the distance from a point to a line measured?

· Does the relationship between distance and length appear linear? Quadratic? Something else?

· If your scatterplot were reflected over the x-axis and the result was then reflected over the y-axis, what shape would form?

· Are there multiple chords of the circle that have the same lengths?  How do you know?

· Are chords that have the same length the same distance from the center?  How do you know?

· What would your scatterplot look like if two chords were the same distance from the center but had different length?

· What would your scatterplot look like if two chords were the same length but at different distances from the center?

· What might a sketch that showed the relationship between a chord length and its distance from the center look like?  

· Does the equation you found fit every data point that you collected?  

· Does every point on the graph of this equation exist as a possible data point for our exploration?  Why?

Extension Activity:

Chords and elipses?  Is the same relationship true?

NAME __________________________________
DATE ________________________
Data Organization Form
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Lesson 9: Intersecting Chords

Introduction

Student Audience:


This lesson is designed to be a component of a high school Euclidean Geometry course.  Completion of the activities in this lesson is anticipated to require 1 one-hour class periods.

Objectives:

· Students will create a dynamic sketch of intersecting chords within a circle

· Students will analyze their dynamic sketch, looking for a relationship between the segments created when two chords intersect

· Students will create and analyze special cases of intersecting chords to aid in their discovery of a relationship between the segments of intersecting chords

· Students will articulate a conjecture based on their observations

· Students will utilize formal proof to confirm their conjecture

Mathematical Concepts:

· Chords of a circle

· Properties of quadrilaterals

· Inscribed angles

· Similar triangles

· Methods of proof

· Median of a triangle

· Proportions

Lesson Synopsis:


Using Geometer’s Sketchpad, students will create a dynamic sketch of intersecting chords.  Analyzing this sketch, students will formulate a conjecture of the relationship between the segments created by two intersecting chords.  Finally students will construct a formal proof to support their conjecture.  

Lesson

Materials:

· Geometer’s Sketchpad software

Implementation:


The instructor will commence the lesson by posing the question of what picture would occur when two chords are drawn in a circle.  Students will likely respond by elaborating the following two cases, (1) the chords intersect and (2) the chords do not intersect.  The instructor will present a sketch (either hand-drawn or dynamic) of the two situations, asking students to compare and contrast them.  In particular, the instructor should aim to initiate an observation that four segments result from two chords intersecting.


After students have made this observation, the instructor will challenge students to discover if any relationship exists between these four segments.  Students should work individually or in small groups to construct an appropriate dynamic sketch using Geometer’s Sketchpad software. A sample sketch can be found here.  Each student will then analyze their sketch, observing lengths of segments for numerous cases in an effort to determine a general relationship.  During this student exploration, the instructor will circulate the classroom addressing concerns and facilitating investigations by incorporating facilitator questions as appropriate.   


After students have formed conjectures that the product of the segments of the chords is equal, this instructor will guide students to create a proof.  A sample proof is shown below.  

[image: image16..pict]
Given: A circle with intersecting chords AB and CD.

[image: image17..pict]
By connecting points A, C, B, and D we form quadrilateral ABCD.  Notice that angles ACD and ABD both subtend chords AD. Consequently, angles ACD and ABD must be congruent.  

[image: image18..pict]Similarly, angles CAB and CDB both subtend chord CB and are therefore congruent.   

Examine triangles AEC and DEB.  These triangles have two pairs of congruent angles.  Therefore triangle AEC is similar to triangle DEB.  Therefore the following proportion is true:




AE    =     DE 



CE
     BE

Therefore (AE)(BE) = (CE)(DE).  


When all students have succeeded in developing a conjecture, the instructor will reassemble the class to discuss possible extensions of this problem.  In particular, the instructor may lead students in an exploration of intersecting “chords” of a triangle, that is what relationships, if any, occur when segments joining two sides of a triangle intersect.  A sample sketch can be found here. Students should investigate whether the relationship seen for the circle is always, sometimes, or never true for the triangle.  While the instructor may lead this investigation extension as a whole-class activity, students may also work individually or in small groups to gather evidence and form conjectures.   

Facilitator Questions:

· What properties of the segments might be useful to examine (e.g. length and slope)

· Are there any unique or degenerate cases that might be helpful to examine?

· Can you generate a situation in which a segment of one chord is nearly the same length as a segment of the second chord?  

· One technique for proof is to draw in “missing” lines and segments.  Are there any “missing” segments in your sketch?

· What shape(s) results from drawing the missing segments?

· Each chord cuts the circle into two pieces.  What are these pieces called?  

· How are arcs measured?  

· How might angles and arc lengths be useful?

· Do any segments always appear congruent?

· Do any angles always appear congruent?

· How can one be certain that two inscribed angles will be congruent?

· Can any similar triangle be found in your sketch?

· How might similar triangles help prove the product conjecture?

· What might a “chord” of a triangle look like?  

· Can ‘chords’ of a triangle ever intersect?  When would this happen?

· When will chords of a triangle fail to intersect?

· When the chords of a triangle intersect, how many segments are formed?

· Is the relationship between the segments of intersecting chords of a circle true for intersecting ‘chords’ of a triangle?  When?
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