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In the above spreadsheet shows, the first column is the Fibonacci sequence,
F,1 = F,+ F,_1, with Fy = F; = 1. The second column shows the ratios of successive
terms. Anyone familiar with the golden mean, might notice that it appears that the second
column is approaching the golden mean, %‘F’ ~ 1.618. The third column shows the ratio

of every other term. If we suspect that the second column is approaching the golden mean

then we should expect the third column to have the following limit
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and it appears that this is the case. The fourth, sixth, and eighth columns are examples of
Lucas sequences, which are sequences with the same recursion relation as the Fibonacci
sequence; they just start with values other than two ones. The columns immediately to the
right of each Lucas sequence shows the ratios of successive terms. It appears that each of

these limits is also the golden mean. We will in fact prove this.

Problem: Prove that the ratio of successive terms of the Fibonacci sequence and all Lucas

sequences (not seeded with two zeros) converge to the golden mean, 1(1 + v/5).

Solution: We denote the Fibonacci sequence by F),, with Fy = F; = 1 and

Foy1 = F, + F,_, for n > 0. We will use the method of (simple) continued fractions to

show that lim F};—:'l =1(14+V5).

n—oo
An expression of the form

L1
ao —_—
a+ o

with a,, € Z for all n, and a,, > 0 for n > 1 is said to be a (simple) continued fraction.
(Simple means that we have a 1 in all the numerators. Since we will only be concerned

with simple continued fractions, we will drop the word “simple” from here on out.) For



notational convenience we denote the above expression by

1
lag; a1, ag, ...| = ag + ———
al + az+...

Certainly, if our sequence is finite, i.e. if we are considering [ag; a1, as, ..., a,], then since all
the a; for ¢+ > 1 are positive, we have no chance of dividing by zero and
lag; ay, as, ..., a,] € Q.

In the finite case, to actually compute [ag; a1, ag, ..., a,], the straightforward way to
proceed would be to start on the right, with a,,, and work from right to left. Our first goal
is to make sense of an infinite continued fraction, and in that case working from right to
left won’t be possible. Thus our first Lemma gives us a way to compute a continued
fraction from left to right.

Lemma: Let [ag; ay, as, ..., a,] be a continued fraction. Define two sequences by p_s = 0,

p_1=1and for all i > 0, p;, = a;p;_1 + pi—2, and g_o =1, g_; = 0 and for all z > 0,

3

n

¢i = a;qi—1 + Gi—2. Then [ag; ay,aq, ..., a,| =

)

n

Proof. We will induct on the length of the continued fraction. For n = 0, we have

[ag] = ao
. apg-14+0
oap-0+1
_ Qaop-1 +Dp—2
 apg-1+ g2
)
do

Now suppose that for some n > 0 we have |ag; a1, as, ..., a,] = 2. Then

n

=)



lag; ay, ag, ..., any any1] = |ao; a1, a9, ..., an + 1/a,11]

(an + ﬁ)pn—l + Pn—2

(an + ﬁ)Qn—l + Gn—2
Ap+1AnPn—1 + Pn-1 + Qp+1Pn—2
An4+1anQn—1 + dn—1 + Ap4+14n—2
aTLJrl(aannfl + pan) + Pn-1
a’nJrl(CLHanl + Qn72) + Gn—1
(p+1Pn + Pn—1

nt1qn + Gn-1
pn+1

Gn+1

]

In the infinite case, we define [ag; a1, as, ...| = lim [ag; a1, as, ..., a,]. Our next goal is to

n—oo

show that this limit always exists. The next Lemma will help us show this.
Lemma: With the sequences {a;}, {p:}, and {¢;} as above, p,¢n_1 — Pn_1¢, = (—1)"7', for

alln > —1.

Proof. Again, we proceed by induction. For n = —1 we have

po1goa—p2g1=1:-1-0-0=1=(-1)"

Suppose this is true for some n > —1. Then



Pn+19n — PnQn+1 = (an+1pn'+fpn71)Qn _'(an+IQn +'Qn41)pn

= _(pHQn—l - pn—lqn)

Thus
Pn Paa (=D

dn n—1 qndn—1

Now ¢ = 1, ¢1 = a1, and g2 = asa; + 1. Thus {¢;}52; is a strictly increasing sequence
of positive integers and therefore so is {¢;11¢;}32,. Therefore for n odd
Pn Par _ (=D 1

dn qn—1 Gndn—1 Gndn—1

and for n even

n n— -1 -l -1
Pn  Pno1_ (D" <0
qn qn—1 Andn—-1 qnqn—1
Also
Pn _ Pn—2 _ Pn _ Pn— n Pn—1 _ Pn—2 _ (—1)nt N (—1)n1
dn qn—2 Qn Gn—1 Gn—1 Gn—2 Gndn—1 dn—149n—2
So for n odd,

Dn Pn—2 1 1

= — <0
dn gn—2 qndn—1 qn—19n—2




and for n even

n n— 1 1
Do Pn2 — >0

An Gn—2 qndn—-1 qn—19n—2

Putting everything together we have

Theorem: In the sequence {%}2207 every even term is less than every odd term, the even
1
terms form an increasing subsequence, and the odd terms form a decreasing subsequence.

Thus the even subsequence has a limit as well as the odd subsequence. Since qnql — — 0,

both these limits coincide and thus we can define

[ag; a,...] = lim[ag; aq, ..., a;] = lim —

1—00 1—00 q:

Now we can apply this to the Fibonacci sequence by considering the infinite continued
fraction [1;1,1,1,...]. The sequence of p’s is {0,1, 1,2, 3,5, ...} while the ¢’s are

{1,0,1,1,2,3,5,...}. So both these sequences are the Fibonacci sequence, just shifted by

one, SO
[1;1,1,1,..] = lim 2 = lim —!
Letting x be the value of this limit we have
1+ !
r = :
1+ T
1
= 14+ =
x
¥ = z+1



But since = > 1, z = (1 + V/5).

Now we consider the Lucas sequence starting at a and b. Thus our sequence is
{a,b,a+ b,a + 2b,2a + 3b,3a + 5b, ..., F;a+ F;1b,...}. If a = b = 0, then our sequence is
identically zero and we can’t consider ratios of successive terms. If one of a and b is zero,
then the ratios are precisely the ratios of the Fibonacci sequence, so we consider the
nontrivial case where both a # 0 and b # 0. Scaling the sequence by a nonzero constant,
will not affect the ratios of successive terms, so we can scale the sequence by 1/a, or
assume a = 1.

We consider two cases.

Case 1: b # —1+2\/5. Thus

foy Bt Fiab ; 1+ Bt
- — m —
i—oo Fy_1 + Fib i—00 FiT’il—f—b
1+v5
1L+
- 2
1+\/5+b
If we let
1 + L5y,
9(6)22—ib
1+v5

then g is a differentiable for all b # — 1+2 7

Our aim is to show that ¢ is constant (and equal to the golden mean).

So



i i ; — 145 _ 1+V5 2
So ¢ is locally constant, and since bginmg(b) = L5 g(b) = I for all b # -2z
S 2
Case 2: b= L
We compute as follows
Fy + Fipqb . 1+ %b
lim ——— = lim d

v i—1+ Fib Fl +b

1 2
1+v5 = —
T— 3 x 1+v5
)
. 145
= lim +1‘[
CC—>1+2\/5 _$_2
2
= lim 22
s 1+2\/5

Thus we are done.



