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I have been asked to discuss questions of the stakes in mathematics education for the societies of today and tomorrow: For whom is mathematics taught, and why?  What “political tools” (in their broadest sense) should we mathematics educators develop for reflecting on how to teach?  These are not minor questions, and with limited space to discuss them, I clearly can address only some aspects of each one.


I have decided to concentrate on the question of why societies include mathematics in the school curriculum and for whom it is taught.  Regarding tools for reflection, I have only a few possibly provocative comments to make at the end.

Why Teach Mathematics?


Over the years, a variety of justifications have been offered for teaching mathematics.
  These justifications can be classified in a variety of ways.  For example, some are concerned with why every modern society has made mathematics a compulsory part of schooling, whereas others concern the reasons individual students might have for studying mathematics.  In this discussion, I address only the former, the reasons that societies provide mathematics instruction to their members.  I make a further simplification: There are essentially two broad categories of reasons for people to learn mathematics—the practical and the intellectual.


Practical justifications for teaching mathematics range from a society’s need to have a numerate citizenry, one that can cope with the quantitative demands of everyday life in the home, marketplace, and workplace, to its need for people who can build its buildings and bridges, develop its seeds and medicines, and design its airplanes and computers.  Societies invest in school mathematics because they want to improve their technological and socio-economic standing, as Niss (1996) points out, “either as such or in competition with other societies/countries” (p. 13).  They have political, economic, and even military reasons for wanting some of their members to know and be able to use advanced mathematics in solving a variety of practical problems.  They also want as many people as possible to be numerate at some basic level.


Intellectual justifications for teaching mathematics range from a society’s need for an educated citizenry that understands and appreciates the role mathematics has played in building that society and developing its culture to its need for people who can extend mathematics into new realms.  Deductive reasoning, proof, and axiomatic structure, for example, are features of mathematics that ought to be understood and appreciated by educated people in a modern society.  Mathematics has historically been taught at least in part because people have believed that its study develops habits and attitudes that are important for their intellectual development.  Even today, a cogent argument can still be made that all students, and not just those who go on to become mathematicians and create new mathematical ideas, can profit intellectually and aesthetically from studying the mathematics developed in their society and elsewhere.


These two types of justification are connected with the way in which mathematics has been institutionalized in schools across the centuries.  All societies, as they have developed methods for symbolizing ideas, have also developed their own mathematical systems, which have then had to be taught to the next generation.  Today’s school mathematics curricula can be seen as resulting in large part from the collision of two tectonic plates.


The first plate developed within primary education.  Societies have traditionally established some form of primary education as a means of giving children a rudimentary education in reading, writing, and elementary arithmetic.  Since the mid-nineteenth or early twentieth century, free, universal, and compulsory primary education has been available in the industrialized countries of the world, and the second half of the twentieth century saw a tremendous expansion of primary education in developing countries.  Mathematics is virtually universal in the curriculum of primary education, with the traditional role of mathematics teaching in primary schools being to prepare children for their future societal roles.  In principle, they were learning mathematics as a tool for solving practical problems.


In contrast, the second tectonic plate developed within Western secondary and tertiary education.  When the seven liberal arts were first formulated around 100 BC, mathematics—cutting across the four liberal arts of arithmetic, geometry, music, and astronomy—had already acquired a prestigious place in the curriculum of the academy.  For Plato, mathematics was the test for the best minds.  Secondary and higher education should aim not at the accumulation of knowledge but rather at the development of the intellect.  Because mathematics was included among the liberal arts, it remained alive in the monastic and cathedral schools of medieval Europe and in the universities that were their successors even when little original research was being done in mathematics and the level of mathematical teaching was not very high.  As new universities were founded during the nineteenth century around the world and the older universities expanded and developed in Europe, mathematics in secondary education was directed toward university preparation.  It retained its liberal arts character.


In a simplified view, therefore, the tectonic plates of justification for the traditional school mathematics curriculum looked roughly as follows:




Primary school mathematics aimed at teaching the practical side of mathematics, and, for those who continued their education, secondary school mathematics aimed at the intellectual side.  This rough picture of tectonic plates characterized many curricula at the beginning of the twentieth century, and in some countries it is still a reasonable portrayal.

As the figure might suggest, the middle grades—marking the transition between primary and secondary education—became one of the most contentious parts of the curriculum as societies struggled to organize school mathematics at those grades to allow a smooth transition from one set of goals to another.  It is no accident that the middle grades were characterized in the mid-twentieth century as “the doldrums of school mathematics,” nor that many of the curriculum reform efforts that became known as the new math began in the middle grades.

As part of those reform efforts, although it had begun earlier, the tectonic plates began to shift in many societies.  Mathematics in the primary grades acquired some of the intellectual character of secondary mathematics, and, as more secondary students and teachers embraced practical reasons for the study of mathematics, it became a more practical subject in the secondary grades.  The line separating the practical and intellectual justifications for studying mathematics began to cut across grades rather than to separate levels of education, as below:


The shift in the line of demarcation became even greater in the last three decades of the twentieth century as technology made the study of applications of mathematics and mathematical modeling not only more feasible but also more desirable for those students who would go on to use mathematics in their careers to solve practical problems.

Despite its many oversimplifications, this analysis allows us to see the following:

1. For centuries, societies have had both practical and intellectual justifications for teaching mathematics, and these remain intertwined in today’s school mathematics.

2. The twentieth century witnessed a broadening of the mathematics curriculum at all levels, which allowed practical and intellectual aims to cross more grades.

3. In the last three decades, more arguments have been put forward for practicality in school mathematics and students now have more opportunities to use in realistic situations the mathematics they are learning.

What is at stake for the societies of tomorrow are the intellectual justifications for school mathematics: Can they be maintained in the face of what appears to be an overwhelming push for practicality?  In 1904, Poincaré was bemoaning the extraordinary fact that so many people find mathematical definitions and proofs obscure and emphasizing the importance to mathematicians of making their subject comprehensible to engineers.  In today’s societies, politicians, parents, students, and many mathematics teachers clamor for mathematics that students can use to solve practical problems, whether they become engineers or not.  The old claims for the intellectual and aesthetic value of learning mathematics are seldom heard today except among mathematicians and some mathematics teachers who continue to argue for the disciplinary value of the subject.  If one sees “pure mathematics” as the consequence of intellectual justifications and “applied mathematics” as the consequence of practical justifications, it appears as though the pure side of school mathematics is gradually being eclipsed by the applied side.  Will the future see a total eclipse or a reappearance from somewhere of justifications for developing the intellect?  Perhaps we will again one day hear the argument that there is nothing so practical as a good mathematical abstraction.

For Whom Is Mathematics Taught?


The twentieth century saw the expansion of education at all levels in virtually every country of the world.  In many respects, it might be called the century of the secondary school.  Before the Second World War, “secondary education, especially at the upper level, and to an even greater extent higher education, was only open to limited numbers of the corresponding age-group, and usually only to boys” (Unesco, 2000, p. 14).  By the end of the century in many countries of the world, the opportunity for some form of secondary education had in effect been extended to all students.  A recent report from Unesco (2000) summarized the situation for developing countries:

[In the past half-century,] school enrolment has doubled or even tripled in the developing countries, according to the level of education.  By the middle of the 1950s, [the] groundswell had reached secondary education, where structures had been unified (creation of comprehensive middle-schools), arriving in the 1970s at post-secondary and higher education, the generalization of which—i.e. extension to over half of a generation—is a reality today in many countries.  (p. 15)


The previous figures showing justifications for the curriculum, with school mathematics sitting within a rectangle, clearly do not portray who takes mathematics.  First, one should remember that even as access to secondary education has improved dramatically, there are still many countries of the world in which the number of students completing secondary school is well less than half of their age cohort.  If we were to draw a picture of the fraction of the cohort in school at each grade, and therefore available to be taught school mathematics, we would have, for each country, a figure roughly approaching a trapezoid or triangle and not a rectangle.

Second, every society has to deal with built-in tensions that arise from the disparate goals of, first, educating all students to be numerate and, second, educating some students to study mathematics at advanced levels.  Modern societies want essentially everyone to learn basic mathematics as part of the preparation they need for adult life.  Not everyone, however, needs or wants to study mathematics at the advanced levels that society must demand of some if that society is to develop and maintain its scientific and technical prowess.  Society needs what has been termed a mainline to provide numerate citizens, and it needs a pipeline to provide specialists in mathematics.  Of course, this picture is highly oversimplified, since societies have many ways of setting up mainlines and pipelines for mathematics, and they have often developed different pipelines for students headed for different careers that require a knowledge of advanced mathematics.




Regardless of how society has structured its educational system, however, at some point in each pupil’s education, a decision needs to be made as to whether, and if so when, the pupil will leave the school mathematics mainline to enter a school mathematics pipeline.  When that decision is made, who makes it, and what the consequences will be for the pupil are questions that every society has had to face.  One reason mathematics has come in for so much scrutiny over the past century has been its role in most societies as the filter or gatekeeper that determines who enters which pipelines since they lead not only to advanced study of mathematics but also to differentially desirable careers and social advantages.

In some cases, the decision point to enter a school mathematics pipeline comes at the transition from elementary to secondary education, and the kind of secondary school the pupil enters will determine whether he or she is in a pipeline.  In other cases, the decision is made within a secondary school as the student is encouraged or not to pursue studies leading to advanced mathematics.  And in still other cases, no decision is made until the student enters tertiary education and chooses or is chosen for a career demanding further study of mathematics.  The general tendency during the twentieth century, as I see it, was to delay the decision point and sometimes to allow the decision to be reversed later if necessary.  The decision has often been delayed more than in the past because of changes in what it means to be numerate.  The sheer amount of mathematics that students need to know for numeracy today has been redefined upward in many countries.

Furthermore, the criteria used in making the decision have changed somewhat in many societies.  Traditionally, performance on an examination in mathematics has been the main way to decide who stays in the mainline and who enters a pipeline.  The quality of the examination has not always been high, the criterion for passing the examination has usually been set quite arbitrarily, and at times the connection between the examination and the school curriculum has been questionable.  But schools have almost always found themselves needing to devote substantial time to preparing students for such examinations.  In some educational systems during the twentieth century, the judgment of the mathematics teacher began to play a more important role, as did, in some cases, the desires of the pupil and his or her parents.

As we consider challenges for the societies of the future, we can expect to see access to the study of mathematics continuing to expand around the world.  A reasonably safe prediction is that if the twentieth century was the century of secondary education, the coming century will be the century of tertiary education.  Note that I say tertiary education and not university education or university-level education.  In many societies, the university is being supplemented by a variety of postsecondary institutions that lead to careers for which university studies would be neither necessary nor suitable.

Universities as we know them today are only a couple of centuries old, although of course their roots go back several millennia.  Change seems inevitable for universities over the next century, but the direction and magnitude of that change are far from clear.  A number of commentators (Brown & Duguid, 1996; Duderstadt, 1997; Noam, 1995; Reid, 1998) view the twenty-first century university as likely to retain many if not all of its traditional functions but also to change in sometimes drastic ways under the pressure of electronic technology.  In particular, Eli Noam (1995), an economist, sees the economic foundation of universities collapsing because face-to-face teaching is becoming too expensive.  In contrast, John Seely Brown and Paul Duguid (1996) see a hybrid university emerging in which institutional arrangements are changed and the university devolves into components—a degree-granting body, the academic staff, the campus facilities, and the students—that are no longer tied tightly together.  Brown and Duguid envision a middle way between the natural centralizing tendencies of the monolithic university and the vision advanced by so many futurists of a completely dispersed distance education mediated by technology.

In all of these scenarios, many more people enter universities and related institutions as tertiary education evolves into a more democratic and open “global knowledge industry” (Duderstadt, 1997).  The challenge to school mathematics, regardless of which scenario comes about, will be to prepare increasing numbers of students to enter tertiary education equipped to continue learning not only mathematics but also the other subjects they will study.  That challenge is nontrivial in view of the experience of the past century, which suggests that a rapid expansion of enrollments in advanced courses in school mathematics is almost inevitably accompanied by a perceived decline in the content and rigor of those courses.
  Creating a smooth transition from secondary to tertiary education so that society’s intellectual and practical goals for learning mathematics are kept in some sort of balance is part of the challenge.

L’Enseignement Mathématique was founded in the spirit of scientific solidarity that brought together mathematicians and teachers of mathematics in a mutual effort to improve the teaching and learning of mathematics.  From the beginning, the editors saw both the intellectual and the practical demands that would be placed on the subject of mathematics.  As they said in the editorial in the inaugural issue,

L’avenir de la civilization depend en grande partie de la direction d’esprit que recevront les jeunes générations en matière scientifique; et dans cette education scientifique l’élément mathématique occupe une place prépondérante.  Soit au point de vue de la science pure, soit à celui des applications, le xxe siècle, qui va s’ouvrir, manifestera des exigences auxquelles personne ne doit ni ne peut se dérober.
[The future of civilization depends mainly on the direction that the younger generations will receive in understanding scientific subject matter, and in this scientific education the mathematical element occupies a dominant place.  Whether from the point of view of pure science or from that of applications, the approaching twentieth century will impose requirements that must and cannot be concealed from anyone.]  (Fehr & Laisant, 1899, p. 5)

Their words are as pertinent for the twenty-first century as they were for the twentieth.

Tools for Reflecting on How to Teach


Scientific solidarity has been demonstrated in a different way in the invention of curriculum development projects in mathematics.  Although they may seem to have been around forever, curriculum development projects are actually a phenomenon of the last half of the twentieth century.  Before that time, schools had a mathematics curriculum, of course, but it had not been developed through a project.  All through the twentieth century, groups were organized to look critically at school mathematics, study various curriculum problems, and make recommendations.  The International Commission was a pioneer in that process, stimulating a serious of national reports early in the century.  Most of the groups working on curriculum, however, confined their activities to the production of reports and recommendations that were seldom accompanied by teaching materials or efforts to try out the recommendations (Howson, Keitel, & Kilpatrick, 1981, p. 68).  The idea that the curriculum could be studied and purposefully developed, rather than just being allowed to evolve, led ultimately to the first project in 1951 with the establishment of the University of Illinois Committee on School Mathematics at the dawn of the new math era.  The curriculum development project, which was modeled after military and public health projects aimed at a specific result—a weapon, a vaccine, a therapy—brought together mathematicians and teachers of school mathematics in a new kind of partnership and solidarity.


One of the great lessons taught by the new math era, however, was that curriculum development and solidarity within a project are not enough.  Every teacher is involved in curriculum development at some level, and if ideas and materials developed by projects are to take root in classrooms, teachers need to be educated and supported in becoming more competent, autonomous developers and users of curricula (Howson et al., 1981, p. 260).  That is why I see, as an essential item on the agenda for improving the practice of mathematics teaching in the coming century, the creation of new forms of continuous professional development for teachers of mathematics.


It is far from clear what these forms might be or how they might be organized institutionally.  The past half-century saw the establishment in many countries of centers and institutes where curriculum development could take place.  In some cases, these centers were able to undertake, in addition to curriculum development, programs of research in mathematics education, but most of them—with the striking exception of the Instituts de Recherche sur l’Enseignement des Mathématiques in France—did not have the resources, or even the mission, to do very much in the way of professional development.  Furthermore, many of these centers have had a precarious existence.  Governments have changed, bringing into office administrators who were not convinced that such centers warranted their continued support.  Foundations have turned their funding elsewhere, figuring that they had launched an effort that needed to continue on its own.  Officials of universities that housed a center have wanted it brought under their control or wanted it terminated as an unnecessary drain on their resources.  I cannot tell you how many letters I have been asked to write and have written over the past several decades to administrators threatening drastic cuts of one sort or another in which I testified to the good work a center had done and the need for its continued existence.  These centers have sometimes been able to find new sources of funding or have been able to reinvent themselves, but often they have continued on in a very diminished form, and sometimes they have essentially disappeared from view.  Last January, I was present in Gothenburg for the inauguration of the Swedish National Center for Mathematics Education (NCM).  I was delighted to see this enterprise underway—with careful planning, talented people, and what appeared to be a firm commitment from the national government for sustained support—but I also could not help worrying, in view of the history of similar ventures elsewhere, what the center might look like a decade from now.


Any enterprise that is set up to address the continuous professional development of mathematics teachers, in my view, cannot avoid also addressing matters of curriculum development and of research.  That is an ambitious program for anyone to undertake, and it is not clear that the type of center structure available in the past will continue to work.  In particular, pressures to move such centers out from under the umbrella of the university are likely to increase in many countries.  Somehow, ways need to be found to insulate such enterprises from the winds of politics both academic and civic.


A useful activity for the International Commission on Mathematical Instruction (ICMI) or some other organization to take on would be to survey systematically the history and fate of institutes and centers for mathematics education around the world over the past three decades or so to see what might be learned from the various ways in which work has been organized, funding secured, and programs conducted.  Such a survey might suggest how new institutional structures might be built to house the sort of programs I envision for integrating professional development with curriculum development and research.


In 1992, ICMI began a study entitled “What Is Research in Mathematics Education, and What Are Its Results?”  The purpose, as expressed in the letter of invitation to conduct the study, was “to review the state of the field and to begin a dialogue with other scientific communities” (Sierpinska & Kilpatrick, 1998, p. x).  Those communities included, specifically, the community of mathematicians.  The ICMI Executive Committee felt that mathematicians did not know enough about what was happening in research in mathematics education and were questioning whether it had yielded any results at all worth considering.  Anna Sierpinska and I edited the report of the study, which appeared in 1998 and was entitled Mathematics Education as a Research Domain.  Because we wanted to convey the point that the study had not yielded a single, definitive answer to the questions it addressed, we made what turned out to be a tactical error and added the subtitle A Search for Identity.  That, of course, all but invited reviewers to make wisecracks about adolescents seeking identity and to ask what other field would be questioning whether or not it is a research discipline.  Mathematicians, of course, would never engage in such questioning.


Perhaps the questioning comes from the history of the field, and in particular, from the way mathematics education has developed internationally, as illustrated in the ICMI.  One can also ask, what other field would have the officers of its premier international organization appointed by a group outside the field?  The ICMI is a commission of the International Mathematical Union (IMU) and is therefore subject to IMU’s oversight.  Could it be that the insecurity and apparent disarray of the field, despite its growth and accomplishments through the twentieth century, might stem in part from the way it has been treated by mathematicians?

In 1984, in an address at the Fifth International Congress on Mathematical Education, I made the following modest proposal:

Perhaps the field [of mathematics education] has reached a point in its development where it needs to set up a permanent executive—a secretariat that would facilitate communication among mathematics educators around the world. . . .  The International Commission might even wish to sponsor some sort of individual membership organization, possibly with a newsletter, so that interested persons might maintain contact with one another in the four years between congresses.  (p. 20)

I felt then, as I feel now, that the ICMI needed more autonomy as well as more involvement by its constituency.  Since that time, I have served on the ICMI Executive Committee, and I have a better understanding of the reasons, not only historical but also economic, that have kept the ICMI from becoming or initiating a membership organization despite the growth of the field.  Nonetheless, I believe that the ICMI needs to become an independent group of some sort.


I don’t want to be misunderstood.  I am certainly not suggesting that mathematics educators should sever all ties with mathematicians.  Both groups have much to learn from each other.  I have recently been very encouraged, despite the so-called math wars, to encounter mathematicians who are beginning to understand better than in the past and truly to appreciate the complexity and difficulty of the issues that mathematics educators are wrestling with in their research and their practice.  For too long, mathematics education has been seen as a field open to anyone knowledgeable about mathematics in which having an interest and perhaps some experience in teaching is sufficient for entry.  That attitude is, I think, beginning to change.


I used to think that it would be helpful to mathematics education if it could be seen as included among what are called “the mathematical sciences.”  I have changed my mind.  The tactic is a little like the one used during the so-called back-to-basics movement of the 1970s in North America: Define problem solving as a basic skill and then embrace the slogan “back to basics.”  Such rhetorical tricks never work.  Mathematics education is not a branch of mathematics, nor does it belong among the arts and sciences.  It is a separate field with very different traditions, foundations, problems, methods, and results.  It is much more contingent on history and culture than mathematics could ever be, and that is part of the reason for what outsiders perceive as a field in disarray.


A major challenge for the twenty-first century is for mathematicians and mathematics educators to modify their mutual relationship.  Moreover, both need to modify their relationship with teachers.  In a recent book, Ellen Lagemann (2000) documents the widening gap during the twentieth century between U.S. education researchers and schoolteachers.  The condescension researchers in mathematics education have shown teachers of school mathematics has sometimes mirrored the condescension they have received themselves from mathematicians.  All three groups need to learn to work more productively together with greater understanding of their differences and greater appreciation for the strengths the others are bringing to the enterprise.  The relationships need to shift from outmoded paternalism to true fraternalism.  Only then can we have scientific solidarity in learning and teaching mathematics as well as with mathematics itself.
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� Paper prepared for the session “Stakes in Mathematics Education for the Societies of Today and Tomorrow” at the international symposium “One Hundred Years of L’Enseignement Mathématique: Moments of Mathematics Education in the 20th Century,” Geneva, 20-22 October 2000.  I am grateful to Hélène Gispert and Gert Schubring for providing information that was helpful in defining the topic.


� For reviews and more elaborated discussions, see D’Ambrosio, 1979; Niss, 1996; Stanic, 1984.


� For further discussion of the challenge of “ensuring mathematics for all,” as well as other challenges facing mathematics educators in the United States and Canada, see Kilpatrick and Silver (2000).
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