Theory of Finite Differences


Given a sequence that follows a distinctive pattern (the pattern does not have to be known, in fact, the pattern, or formula, is what we are in search of) finite differences refers to the subtracting of consecutive values in the sequence.  The following example may help clarify my explanation:
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The column labeled “n” is the number of trials or the domain of my function.  The “Closed Formula” column is what I will essentially be trying to discover later in the essay.  This formula gives me my output, or range, respective to my “n”.  The column labeled “∂1” is the first differences between values in my range.  The column labeled “∂2” is the second differences between values in my range.  Notice that after two sets of differences, the difference is constant.  You might also notice that the closed formula I am using in this case is 
[image: image1.wmf].  The degree of the closed formula is two.  After two sets of differences, I get a constant difference.  This is no coincidence.  The Theory of Finite Differences basically states (in my own words) that when using a series of differences to find a closed formula that produces a distinctive sequence, the number of difference sets needed to produce a constant difference set tells the degree of the polynomial (closed formula).  I had to find the differences twice to get a constant difference for the sequence above.  Likewise, my closed formula should be degree two, which it is.

How then, do you use the degree to find a closed formula?  What if the formula is more complicated than 
[image: image2.wmf].  I know my formula is of degree two, so I let it be the most basic degree two formula:  
[image: image3.wmf].  I use this formula and enter my domain.  Like I did before, I simply find the differences of each of my outputs until I have a constant difference: (next page)
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Now I just set the equations with A, B, and C equal to their respective differences from the first table. 

2A = 2

3A + B = 3

A + B + C = 1

A = 1

3(1) + B = 3

1 + 0 + C = 1



B = 0


C = 0

Now that I know what my coefficients have to be, I know what my closed formula is.  As you can see, my closed formula does become 
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