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A better understanding of plausible reasoning and conjecture and their role in learning is vital in describing the development of students’ mathematics. The works of Lakatos (1976), Peirce (Fann, 1970) and Polya (1954) already offer descriptions and examples of plausible reasoning and conjecture but are not supported by actual episodes and are not fitted in a comprehensive model of mathematical learning, such as von Glasersfeld’s scheme theory (1998). The present study presents two possible models developed from teaching experiments with three tenth-grade geometry students. These models, which are based upon von Glasersfeld’s “pattern of action” (1998, p. 8), describe how abduction (Fann, 1970) and repeated assimilation often serve as conjecture for geometry students.

It has been called “guess” and “hypothesis,” and has been attributed to notions as vague as intuition. However allusive the concept may be, the crucial role conjectures play in mathematics is recognized by logicians (Fann, 1970), mathematicians (Lakatos, 1976; Polya, 1954), mathematics educators (Steffe & Thompson, 2000), and psychologists (von Glasersfeld, 1998) alike. In order to handle conjectures in the present study and their nature in geometrical reasoning, it is important to begin with an explicit working definition. At least for now, conjectures are ideas formed by a person (the learner) in experience which satisfy the following properties: the idea is conscious (though not necessarily explicitly stated), uncertain and the conjecturer is concerned about its validity. Though this exhaustive list of descriptions may render the working definition broader in comparison to some or more restrictive than others, it is useful in the present study to adopt these and only these restrictions. Further directions for study, which are discussed below, may require alternative definitions. 

Once a working definition of conjecture is adopted, plausible reasoning may be considered as that reasoning we use to support our conjectures. Even with these working definitions in mind,  this study does not snare the allusive concept of conjecture, let alone the results reported here. Rather, these results  offer a couple of possibilities and suggestions for further study in addressing the following questions: what is the nature of plausible reasoning and conjecture in geometry? how might the role of conjecture be described in a larger theory of learning? The research hypothesis of this study follows from the work of Peirce on abduction and von Glasersfeld’s use of this work in providing a solution to the learning paradox (1998). In short, conjectures from geometric experience may be described as abductions which serve in accommodating the learner’s cognitive structure to the new experience.

Theoretical Framework

As hinted above, this research was conducted from a radical constructivist perspective using von Glasersfeld’s scheme theory to build models for students’ reasoning in their mathematical environments. His pattern of action describes the implementation of schemes in assimilation. When perceived results do not fit expected ones, the learner experiences a perturbation. Von Glasersfeld asserted that one reasonable response to such a perturbation is the re-examination of situational aspects that were, in assimilation, previously ignored (1998, p. 9). The present study was intended, in part, to affirm, refute or revise von Glasersfeld’s claim through teaching experiments with three geometry students. Indeed, an extension of his scheme theory model, including re-examination, can often be used to describe the larger concern of the study: the nature of students’ conjectures and plausible reasoning in geometry.

For Peirce, conjecture is synonymous with abduction in which “we find some surprising fact which would be explained by supposing that it was a case of a certain rule, and thereupon adopt that supposition” (Fann, p. 21). If the “surprising fact” can be considered a perturbation for the observer, Peirce’ definition fits nicely with the stated working definition of conjecture and with von Glasersfeld’s scheme theory. In fact, in describing how the re-examination of a situation might lead to accommodation, von Glasersfeld claims that “if the accommodation were done consciously, it would be an abduction, because, at the moment the changes are made, they are hypothetical in the sense that their usefulness has not yet been tested in further experience” (1998, p. 9). The results reported in this study reveal the depth of the connection between the theories of Peirce and von Glasersfeld and their relevance for geometric reasoning.

Methodology and Analysis

Three students were selected from a tenth-grade geometry class in a southern United States public high school. Students of low, average and high ability were selected based on the classroom teacher’s evaluation of their classroom performance. An initial van Hiele interview was conducted to corroborate the diversity in levels of reasoning of the students selected.

Data collection consisted of five 45-minute teaching episodes conducted with each student individually. Teaching episodes were designed for the researcher to build and revise models of students’ reasoning where interaction with the student in a learning environment is crucial. Specifically, students were investigating geometric constructions and relations using the Geometer’s Sketchpad (Jackiw, 1991) as a medium. 

During the episodes, the researcher’s role was to interpret the students’ statements and actions in order to form a working hypothesis for each student’s reasoning. Thus, as the students were forming and testing conjectures about their geometry, so the researcher was forming and testing hypotheses about the nature of those mathematical conjectures (note: “hypothesis” is used here to describe the research-related nature of conjectures concerning models of learning, so as not to be confused with the “conjectures” students were forming). In order to test the hypotheses, the researcher posed questions to students, not so much to guide the students, but to compare student responses to predicted responses based on the experimental hypothesis. 

The researcher wrote journal entries for each teaching episode and video-taped the last three teaching episodes with each student. In order to describe a general nature of plausible reasoning and conjecture in geometry, these materials were thoroughly reviewed. Instances of various activities were categorized into groups, such as “student examined key properties of a geometric construction.” These categories were used to identify students’ tendencies in plausible reasoning and forming conjectures. Then, two or three specific episodes were highlighted for each student in which the student exemplified such tendencies; that is to say, these episodes were transcribed and a model for the student’s reasoning was offered to explain her or his actions. Further analysis of such episodes yielded descriptions of the student’s geometric reasoning in forming plausible conjectures about her or his experiences.

Results

In terms of von Glasersfeld’s scheme theory, the researcher assumes that the realm of conjecture is in that interval following perturbation and preceding a re-established equilibrium. Students begin plausible reasoning when the use of an existing scheme yields an unexpected result – a perturbation. The results reported here describe models for students’ reasoning following perturbation and leading up to conjecture; this reasoning is referred to as pre-conjectural plausible reasoning. As von Glasersfeld suggested (1998, p. 9), it was found in this study that pre-conjectural plausible reasoning often begins with the re-examination of situational aspects that were ignored in the initial assimilation. At such time, two courses in conjecture were found to be common amongst the three students of this study.

Upon re-examining a situation following perturbation, students in this study often devoted attention to aspects of the problematic situation which appeared uncommon or out of place. Students’ conjectures were often centered around these “key properties.” In such cases, they commonly related, in a causal manner, the key property to the surprising result of the initial assimilation. Recall that this is what Peirce referred to as abduction. This study not only corroborates Peirce’ model for abduction, but also suggests that students attend to unusual aspects of the situation in developing the rule or conjecture. For instance, one student in this study, after observing the surprising result that the sum of the top and bottom angle measures of a diamond (rhombus situated like a compass) was equal to the measure of each side angle, determined that this was true for diamonds in general because of their symmetry with respect to each diagonal. For him, the unusual property of the quadrilateral in question was this symmetry. When further perturbed by the measure of a second diamond not satisfying the ascribed property, again the student identified a key property of the first figure: that it was a diamond formed by two equilateral triangles. This constituted a second abduction for the diamond, from associating the surprising result of measurement with the unusual property of containing equilateral triangles.

Another course of action observed in the research was caused by the recognition of previously ignored properties. Attention to these properties sometimes triggered a second scheme that called for a specific action. Since these successive assimilations of the situation occur in a conscious attempt to eliminate a perturbation, they also serve as conjecture. This iterative process often allows the student to eliminate the perturbation and alter the problem. This is exemplified by a second episode in which a student was trying to justify that a given angle in a construction was a right angle. The student independently used three consecutive schemes before she arrived at an explanation with which she was satisfied. Each time that she realized one scheme was unsuccessful, she re-examined the situation until she was able to assimilate it into another existing pattern of action. Though this study did not attend to changes in the schemes of assimilation after the conjecture, it seems reasonable to assume that the result of this experience altered the schemes used, at least in terms of the trigger for the schemes. Under this premise, it can be said that accommodation, or learning, took place in such episodes as a result of the assimilation conjectures.

Discussion


The first case reported in the results demonstrates the usefulness and compatibility of the theory of abduction and scheme theory in describing students’ plausible reasoning. The second case offers a possible alternative to abduction in resolving perturbations through conjecture. Of course, arguments for each of these would, by necessity, be relative to one’s definition of conjecture. For Peirce, it is clear that abductions are conscious conjectures. In describing learning in a less formal manner, it may be useful to include unconscious conjectures as well. Conscious or otherwise, conjectures play a crucial role in accommodating schemes. Thus, for a deeper understanding of conjecture, researchers need to examine students’ scheme structures and their modifications resulting from conjecture.


In using a definition of conjecture which is compatible with abduction, the goal in analysis is to explain how we decide on which supposition to adopt. The results of this study describe some of the tendencies of such pre-conjectural plausible reasoning, in the context of students’ geometric experiences. Peirce himself offered a few guidelines for the formation of abductions, though he warned against the extensive use of logic in describing it. In addressing an extreme case of abductive inference (perceptual judgment), he described how a researcher might be led down Achilles’ path of analysis in chasing the inferential tortoise (Peirce, p. 227). Thus, the psychological implications for studying plausible reasoning may run deeper than the consciousness of the learner, whereas the logical implications may run no deeper than the study of students’ schemes. As the reader is left to ponder, Peirce’ statement may apply equally well to all abduction (conjecture) formation: “because it is subconscious and not so amenable to logical criticism, [the process of forming perceptual judgement] does not have to make separate acts of inference but performs its act in one continuous process” (Peirce, p. 227).
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