Prompt
Students are studying multiplying binomials (factoringeantl bcatslcx +d A st udent ask:

we divide instead of multiply?o0

Commentary

In our foci, we are assuming that wa hewefunction f(x) = (ax(exb}/ d)We prove that this is a

function within Mathemat@maBRasymptotes)ith this new function, we find that there are restrictions
on the domaamd rangeunlike the function f(x) = (afcx BJd)ln this situation, wendd consider

complex numbevie see that the graph of this function is always a hyperbola, with the exception of the
degeneratier undefinedasesTo completely discuss hyperb@dsund it important to dislcags

to represettieroots andaterceptgraphically and algebraidally/alsmecessary to shbaw the

coefficient, b, ¢, andaffetthe graph. In the last two foci, we éxplamitand the inverse of the

function.

Mathematical Foci

Mathematical Foci 1: Roots and Intercepts
1. Xdintercepts/Roots:
a. Graphically: A root-amtercept occurs when our function crossasisheé/e could
also think obots as thevalue such that f(x) intersects the line y=0. 5
b. Algebralcallxm— 0 wherix+ @= 0. Theefore, ourmtercept/rootusz —
2. Y-intercepts:
a. Graphically: where does f(x) crossuxtis®yWhen our x value is O.
b. Algebraicallgvaluate f(x) at x = 0.
al0)+b _b

f(0):c(o)—+d=a,d,o

Mathematical Foci 2: How the variables a, b, c, and d affect the graph

As fado changes:
1 Vertical Asymptote @k =
1 Horizontal Asymptote @ y = a
1 The graph shifts horizonthlyp endi ng on the value of fAabo



Graph 1 (when a is positive)
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Graph 2 (when a is negative)
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Graph 1 (when b is positive)
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Graph 2 (when b is negative)
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As Aco changes
1 Vertical Asymptote @¥c=

Graph 1 (when c is positive)

Graph 2 (when c is negative)




As Ado changes
1 Vertical Asymptote @ x = d

Graph 1 (when d is positive)

Graph 2 (when d is negative)l

In general, as all valapproach zero the two parts of the graphs converge upon one another. As the
values distance themselves from zero, the two parts move further away from one another.

Seeanimatio(using graphing calculator) as a, b, anyd tigether


Desktop/abd.gcf

Mathematical Foci 3: Asymptotes

Anasymptoteof a curve is a way of describing its behavior far away from the origin by comparing it to
another curve.

Asymptotes occur when you have a value for which the function is undefinedlimaitd tvbere th

number the function is approaching as it gets close to that value) is either positive or negative infinity.
could result from a denominator in a function including a variable that cannot be canceled out with
something in the numerator.

The line x = a ivertical asymptdftéhe graph increases or decreases without bound one or both sides
of the line asmoves in closer and closer to x = a. The line fieribaatal asymptibtiie graph
approaches y = bxdacreasesordecsea s wi t hout bound. Note that i
as BOTH increases and decre#isadly needs to approach it on one side in order for it to be a
horizontal asymptote.

ax® +--
To find the asymptotes, start with the ratlonarflv‘&rgctldm +--- wherenis he largest exponent in
the numerator amds the largest exponent in the denominator.

1. The graph will have a vertical asympteta ditthe denominator is zero at x = a and the
numerator isnét zero at x = a.
2. If n < mthen the-axis is the horizontal asympibége are some cases where this is not true.
a

3. Ifn=m, then the Ii%e: b is the horizontal asymptote.
4. If n > m, there will be a slant asymptote.
In general, rational functions have a horizontalee®Rnptslansymptote; not both.

If the degree of the numeragomistly one more ttiae degree of the denominator (so that the

polynomial fraction is "improper"), then the graph of the rational function will be, roughly, a slant straig|
line. The equationtfa slant asymptote is the polynomial part of the rational that you get after doing the
long division.

A little more about horizontal asymptotes

Supposéis a function. Then theyimais ahorizontal asymptoferf if

lim f(x)=a or E@mf(x} = a.

L —20

Intuitively, this meansf(Ratan be made as close as desidyy tmakingbig enough. How big is
big enough depends on how close one wished() twakehis means that far out on the curve, the
curve will be close to the line.



Another exainpe  wo u | —englb whiclé has<a)horizontal asymptet@, ats can be seen by the
X

1
lim =
limitz—oc 12 + 1

0.

A different situation arises in this problem. Generally, most textbooks state that when the degree of the
denominator is greater thaneiipe€ of the numerator in a rational function, the horizontal asymptote will

be y =0. However, for f{)géz—i, when x = 4, y = 0 as well which is supposed to be the asymptote. By
X

the definition of an asymptote, it is a linefthrattitve gets infinitely close to, but does not touch. We
should not bother about a point of intersect@n at ¢en (40000000000WOW, only beyond that
point there are no more points of intersection.

The line y = b is a horizontal astgopthe graph of fif{ixp asx¥ N .D

Mathematical Foci 4: Limits

f(x)= (ax + b)/(cx#+ d

What is a limit?

A limit is the output value a function appears to be reaching as it approaches a specific x, or input valu
from one side of the grapime@lly it is referred to as the left and right hand limit. Both of these limits
may be equdlut they may not. Limitsdwfain the behavior of functions graphically.

Concerning horizontal asymptotes
When x gets very large (heads towarty3 orfirery small (heads towards negative infinity) the limit of
the function is equal to a/c. This is true only if we assume A, B, C, aedoDharebwos.

Below is an example. If we let a=6, b=1, c=3, andvd==bpdene that the linf{kphs it
approaches negative and positive infinity=2, or a/c.
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Concerning vertical asymptotes:

When x approaches the vallgethe limit of the function of f(x) goesedivargositive or negative
infinity. It will head towards positive infinity from one side of the graph and negative infinity from the ot

When aslthe limit of the function approaches negative infinity from the left side and infinity from the rig
side

When a>lthe limit of the function approaches infinity from the left side and negative infinity from the rig
side.

In example #1 a=6, b=8, c=3, and d=1. Observing the graph, there appears to be anB8ymptote at x=
or ¢(d/c). It alsode observed that the limit from the left side is going towards negative infinity and the
limit from the right side is going towards positive infinity. Here b>a.




In example #2 a=6, b=1, c=3, and d=1. Observing the graph, there appearstticbatxFHSym
or (d/c). It also can be observed that the limit from the left side is going towards infinity and the limit fr
the right side is going towards negative infinity.. Here b<a




Concerning Holes:

If a=b=c=d and does not dljtredn where xic, there is a hole. The limit of the function from the right
in this instance is equal to a. The same limit is approached from both the right and left sides of the
function.

In the graph below a, b, ¢, and d = 1. The graph d@peansinoiousiowever there is a hole at f
1).

This is bmause2/0. When we solve (fd) fs undefined.
However, going from the left anddigtitesilimit here appears to be equal &

It is important to note that limits can alfoaefxisction is continuous. A limit is just helping explain what
is going on graphically from the left and right as x, or the input value approaches a specific value.




What if instead of looking at theflimitve look at the limits of aabdaln relation to our function?

Limit of @owards infinity):

As the limit of approaches infinity the right hand limit approaches negative infinity afidx}gft hand limit
approadats infinityThis happens very quickly. Below is a grapinglttssadea. Here, b, ¢, and d=1
andnz 50 . Wh i | e =inhfinity we cansggenéralizeshle deai ng a

We also know)¥(cannot exceed the value of infinity sorcaatal asymptote exists at a
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Limit of @&owards negative infinity):

Here as approaches infinity the left hand limit approaches negative intfiartgl amok agiht
approach infinit®nce agaim, grapls used to illustrate this poift§8=b=1, c=151). In this cgse

the function approaches negdiivéyinather quickly. Addilipve know that the limikpéibes not
go past negative infinity simmiaontal asymptote exists at a
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Limit of ftowards infinity and negative infinity):
Here | looked what happens to the funf{if the limit ofsbexamid. First, we can see that as b
goes towards infinity, the right handf{ixhigoés towards infinity and the left hand limit goes towards

negative infinitlso, if poes towards negative infinity, the rightit§ryldioes towards negative
infinity and the left hand limit goes towards positive infinity.

The first graph shows f(x) with a=230, b=1, c=1, and d=1 to ilhaspeaswaergbes towards
infinityThe second graph shows f(x) wg®0ab%, c=1, and d=1.

Graph #1
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Graph #2
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Limit of towards infinity and negative infinity):

Here whenapproaches infinity the lirf()cdipproaches 0. We can see this illustrated through graphs
by observing what happens when anB80Dyve let a, b, an@mhain as fixed valuefielthis

happens, the limit(&j fpproaches 0 from both sides.is also true if we allamapproach negative
infinity.In the second graph | allow&®@ to illustrate this point.



Graph #1
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Limit of ¢cowards positimad negative infinity): When a, b, and ¢ remain fiapgdraadttes positive
or regative infinity, the limit of f(x) approachediést graph illustrates this pahowyng=500,

a=1, b=1, andX. The second grapbvahthat this also occurs wiagphches negative infinity,
where d&00, a=1, b=1, andlc

Graph #1
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Final thoughts on a, b, ¢, and d

It maks sense algebraically that as aaputdmcinfinity the limit)fGoes towards infinity and as a
and approach negative infinity the limit of f(x) goes towards negative infinity.

For instancd,we are looking at a going towards infinity and b, ¢, and d are fixed and ¢ and d are even
some lagvalues (c=500, and d=1000)addéowe ar e st il |l approaching i

Why?
Because numbers such as 9,999,999,999,999,98898@remely large in comparison to numbers
such as 500 and 1000.

9,999,999,999,999,999,999X + 1
500X+1000

= A very large number!

*Also, as eoninues to increase the limikpapproaches infinity. The same idea holds for negative
infinity (except we are approaching negative infinity) and if wé imategpd| atea

For c and d, it makes sense that asapmodches infinity or neganfinity that we are approaching O.
Why?

Well because as this happens we are essentially generating the value

f(x) = (1/9999999999999999999)9$99999999999999€8pEnding on whether or not sor d

approaching positive or negative iiitiigr. way, these values becomasimgg smaller and smaller

as ¢ and do towards positive or negative infinity. Eventually, they are so small that they essentially eq
0.

Mathematical Foci Biverse of f(x)
Inverse of the function f(x) = fax (cx + d)

Definitian
A function is said to be an inverse of a given function if the domain and the range trade places. The
elements of the domain become rangeawd.vis

The given function is: a(x) = (ax + b) [/ (cx + d)
The inverse of the function &t (x) = (dkb)/(-cx + a).

Below is the expl¥Hation on how to solve for

The inverse of the function &a(x) = ax + b/ cx



a) Algebraically:
Assuming YRR a function and f(x) = (ax + b/cx + d).
To find an inverse of a function we assume a
We will get c¢cxy + dy = ax + b and-aj=idwe trans
Dividing both side byacthen we get x =dfh)/(cya). Multiplying both sidelliien we get x =-{g¥
(cy+a). The | ast step X¥syHdip)l/&xHang yos with x

b) Using linear algebra method

_la b
Assume [C d} isaX2matrixand-adc | 0. Mu | ta2xp mayxithengve geh i s ma
2x1 matrigfx] =

To find the inverse of A[x] = we must define identity matrix. ldentity matrix is denoted by

{00 (1 0 --- 0]
01 --- 0
n=[) k=g =0 o =0
001 e T
o0 --- 1
We denotthe inverse of a 2X2 métris A~ such tha® A~ = 1. where | is identity matrix. Then the
inverse is
l ld =b
Al zad-bel-c al whereahc | o. |-bc=wéhefdx]sume ad

The inverse of the function has something to say about the function itself. Here are some that we foun

Take for =eXampl3g / & @x P00 F (58)/¢Mxt2)i Thesgrapha of the fisnetiona
and its inverse are here below.
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To make a reasonable observation, the graphs below are presented. Thanchomesset i
inverse is used. The valuemfand d are changed in grafhai2d 4 respectively.

Graph 2

Graph 3



