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ABSTRACT

Teachers plag critical role in determining not only the mathematical content in
their lessons but also the ways their students think about that content. Although many
mathematics teachers want their students to develop the ability to problem solve and
think critically about mathematics, the tasks they select and use for their lessons lack the
cognitive demanid the kind and level of thinking needed by students to attain a
solutiorN appropriate for developintpese skills. In this qualitative case study, |
investigated thb practices of three high school mathematics teachers with respect to the
tasks they selected and used in instruction. | paid particular attention to the relationship
between cognitive demand and the use of instructional technology in these tasks. |
obsered one class period a day of each participant oveweek period. Each
participant also participated in two-tkepth interviews, one preceding and one following
the observation period. Each participant had his or her own reasons for selecting the tasks
used in class, and the cognitive demand of these tasks varied across participants. The
strategies used by participants to maintain the cognitive demand of the tasks they used

also varied. Two aspects of studentsO technology use affected cognitive demand: (a



examining the mathematical features of the task to determine the appropriateness of
technology use and (b) connecting the mathematical context tafski® a technological
representation of it. From these findings, | suggest a technolagyted addestum to
Stein, Smith, Henningsen, and SilverOs (2000) framework for analyzing the cognitive
demand ofmathematical tasks
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CHAPTER 1
THE RESEARCH PROBLEM

The development of highpeed communication, rapid innovations of digital
technologies, and shifts in political climates have together unleashed an unprecedented
level of globalcollaboration (Friedman, 2005). As a result of this trend toward
globalization, the supply of workers who can perform routine technical tasks has
increased and prompted a greater need for those who can adapt quickly to rapidly
changing conditions in the wkplace.These changes can be seen in many professions
that make use of mathematics, where the requisite mathematical understanding and
abilities have shifted to include higher degrees of creativity and analytical skills (Lesh &
Zawojewski, 2007).

Policy makers, business leaders, and educators have responded to these changing
conditions by calling for schools to provide students with cognitive skills that enable
them to think critically and creatively, work collaboratively, balance multiple tasks, and
learnnew technologies (e.g., see Partnership f8rCdntury Skills, 2002). This focus is
not new in mathematics education and has been described in many different ways. For
example, the National Council of Teachers of Mathematics [NCTM] (1989, 2000)
emphasied the importance of students learning mathematics thibagt
simultaneously developifgproblemsolving skills as well as the ability to reason,
represent, connect, and communicate oneOs mathematical ideas. The National Research

Council (2001) describedathematical proficiency as consisting of five interwoven



strands, includingtrategic competendgroblem formulatingnd solving) anédaptive
reasoning Othe ability to think logically about the relationships among concepts and
situationsO (p. 129).

Formathematics students to develop the kinds of mathematical thinking described
above, they must have opportunities to practice them. Not all mathematical tasks,
however, evoke the level of intellectual engagement needed for this development. Tasks
requiringstudents to merely recall memorized facts or follow a prescribed procedure, for
example, fail to provide the intellectual stimulus needed for students to gain experience
thinking critically or flexibly. Sadly, many studentsO experiences in mathematics
classrooms focus almost exclusively on these kinds of tasks.

Mathematics teachers play a critical role in providing their students with
opportunities to develop the mathematical thinking that has become increasingly
important in todayOs world. This role carviesved as having three components. First,
teachers determine the mathematical tasks that will be used in class. Schmidt, McKnight,
and Raizen (1997) found that teachers had a large degree of latitude in the way that they
use mathematics textbooks and,dexe of the unfocused nature of many books, were
able to select from a wide array of material.

Second, mathematics teachers plan how selected tasks will be implemented in
class. This process includes makingtgak decisions during class that may affect
studentsO work and thinking on those tasks. In this process, the mathematics content
implemented in class and learned by students can change from what was originally

intended (Robitaille, 1980; Travers & Westbury, 1989).



Third, teachers govern their studigd use of instructional technology, including
graphing calculators, computer spreadsheets, and dynamic geometry and statistical
software. Although these resources enable students to interact with mathematics in ways
that were previously impossible, thigeraction can change the nature of the
mathematical tasks with which the technology is used. For teachers, effectively using
technology in the classroom entails understanding not only the mathematics being taught
but also how it can be represented ir@hnhological environment and how those
representations can be used to develop studentsO mathematical understanding.

Howson, Keitel, and Kilpatrick (1981) suggested that curriculum Odepends upon
individual teachers, their methods and understanding, andritexpretation of aims,
guidelines, texts, etc. The part played by the individual teacher must, therefore, be
recognizedO (p. 2). In this way, a curriculum designed to cultivate sophisticated
mathematical thinking in students can do so only if teacleégstsand implement tasks
from it that serve this purpose. Therefore, an investigation of the choices teachers make
when selecting and implementing mathematical tasks would help us to better understand
the mathematics teacherOs role in cultivating stu@engthematical thinking.

The purpose of this study was to investigate and describe how high school
mathematics teachers select and implement tasks in their lessons and to describe the
mathematical thinking required by those tasks. To better understanuewtietse tasks
elicited the kinds of mathematical thinking consistent with the cognitive skills that are
increasingly called for in our global society, | used the construct of cognitive demand to
characterize the possible work (or task) that a studerttmpéayform to solve each task.

In this process, | paid special attention to how the use of instructional technology



influenced the cognitive demand of particular tasks and teachersO decisions about them.
In particular, this study addressed the followingstions:
1. How do high school mathematics teachers select the tasks that they implement
during instruction? What is the cognitive demand of these tasks?
2. How do high school mathematics teachers maintain or fail to maintain the
cognitive demand of the tasitsey implement in their classrooms?
3. In what ways, if any, does the use of instructional technology influence how
mathematical tasks are selected, the cognitive demand of those tasks, and how
they are implemented?
Some of the concepts used in this sthdye a variety of meanings depending upon the
context in which they are used or the scholar who is using them. To clarify the
perspective taken by this study, | present my interpretations of these concepts here:

Task A task is aclassroom activityhatfocusesstudents' attention amd
contributes to the development a particular mathematical kedhis study, several
tasksmight be used in succession for a given mathematical idea. In this sense, a
mathematical task includes items commonly referred py@semsor exercises.

Cognitivedemand Stein, Smith, Henningsen, and Silver (20868jinedcognitive
demandbf a mathematal task a®the kind and level of thinking required of students in
order tosuccessfully engage with asdlvethe taskO(p. 11).Cognitive demanderves as
a way of classifyinghe intellectual engagement that a task elicits from students

Curriculum My definition of curriculum is adapted from one proposed by NCTM
(1989) in itsCurriculum and Evaluation StandardSor me, a curriculum is an

instructional plan that outlines goals for mathematics studentsO learning, how students are



to achieve those gaalwhat teachers are to do to help students achieve those goals, and
the classroom context in which this process is to occur. In this vein, curriculum is more
than a list of mathematical topics or even a mathematics textbook. It encompasses the
pedagogy tht teachers are directed to use and the kinds of work that students will do as
they learn mathematics.
Rationale

During my time as a high school mathematics teacher, | often noticed a large
discrepancy between the activities | had planned for my studeshtha way those
activities unfolded in the classroom. At times, tasks | had perceived to be mathematically
challenging when planning became something altogether different in the context of the
classroom. In other cases, a challenging task | had devigedetated into something
that could scarcely be called mathematical. Although | could identify these discrepancies
between what was planned and what was presented, | did not have any means of
describing them in a way that was helpful to improving my practi

Upon returning to graduate school, my interests focused on mathematical problem
solving and factors that enable teachers to effectively engage students with challenging
tasks. While readingmplementing StandareBased Mathematics Instruction: A
Casebok for Professional Developme(8tein et al., 2000), | found | could better
describe many of my frustrations with teaching mathematics by focusing on how the
tasks | had used and the cognitive demands of those tasks had evolved over the course of
the lessn. More importantly, | became cognizant of the classrbased factors that
possibly influencedhe tasks | used with my students and how my students thought about

them.



The analysis of cognitive demand of mathematical tasks has been used as a
professionhdevelopment tool for practicing teachers (Arbaugh & Brown, 2004; Boston,
2006;Neumann, 2004; Stein et al., 2000). Teachers participating in professional
development of this nature tended to focus more on the connection between tasks and
student thinkingselect more highevel tasks for instruction, and maintain higivel
cognitive demand during implementation of those tasks. Further exploration of how
teachers select and implement tasks for their practice, especially when technology is
involved, may hip to inform professional developers of ways to improve the programs
they offer to both prospective and practicing teachers.

The use of technology in mathematics classrooms has the potential to enhance
studentsO mathematics learning, support effectieematics teaching, and enable the
study of more sophisticated mathematical ideas (NCTM, 2000). In addition to these
potential benefits, the use of technology in the mathematics classroom gives rise to
additional considerationZbiek, Heid, Blume, & Dick2007) For example, teachers
may govern when students use technology and privilege the use of technology for
particular situations, such as only after a topic has been thoroughly studied. Teachers may
not give their students much experience with a padideichnological tool, preventing
the student from developing effective strategies for using it. Finally, teachers may have
varying familiarity with the capabilities of a technological tool as well as the implications
of using that tool to represent diféait mathematical ideas. This lack of knowledge may
potentially alter or limit what may be learned. Each of these considerations may affect the

ways students use technology while working on mathematical tasks. As a consequence



studentsO technology usay dfect the cognitive demand of a task and limit their
development of cognitive skills.
Benefits

The potential benefits of studying teachersO selection and implementation of tasks
with respect to cognitive demand and technology use can be framed with tespect
NCTMOs (2007) standards for teaching and learning mathematics. In particular, the first
five standards, which address what teachers know and how they implement that
knowledge while teaching, play a crucial role in the phenomena | studied. | briefly
degribe each of these five standards below and state how my study may have contributed
to our ways of thinking about them.
Standard 1: Knowledge of Mathematics and General Pedagogy

Included in this standard is that teachers should have a deep knowledge of
mathematics content. By uncovering teachersO rationales for their dewigiog with
respect to selecting and implementing mathematical tasks, this study might help to further
elaborate on the nature of specialized content knowledge (Ball, Thames,p&,P1118),
mathematics content knowledge used exclusively by teachers. In addition, this study
might help us to understand teachersO knowledge of mathematics and of technology and
how these domains of knowledge might interact.
Standard 2: Knowledge of Sttt Mathematical Learning

A key component of this standard with respect to this study is teachersO
knowledge of Omethods of supporting students as they struggle to make sense of
mathematical concepts and proceduresO (NCTM, 2007, p. 25). As teachers mnpleme

tasks in their classrooms, they need to make important decisions about how to respond to



student questions about a task, evaluate student work, and suggest strategies to help those
students who are struggling. These decisions can influence a taskéseabgmand
(Henningsen & Stein, 1997). This standard also includes teacher knowledge of Oa variety
tools for use in mathematical investigation and the benefits and limitations of those toolsO
(NCTM, 2007, p. 25). By focusing on how the use of technotbgamls may influence a
taskOs level of cognitive demand, this study addressed these toolsO possible benefits and
limitations.
Standard 3: Worthwhile Mathematical Tasks

This standard embodies the main theme of my study as it calls for teachers to
implemert tasks that, among other things, Oengage studentsO intellect; E stimulate
students to make connections and develop a coherent framework of mathematical ideas;
call for problem formulation, problem solving, and mathematics reasoning; E and
promote commungttion about mathematics (NCTM, 2007, ppE32). These
characteristics represent the essential cognitive skills described earlier in this chapter, and
the main focus of this study was teachersO use of tasks with these characteristics.
Standard 4: Learningenvironment

Mathematics teachers need to create an environment that optimizes student
learning. NCTM (2007) described this environment as including Oaccess and
encouragement to appropriate technologyO (p. 40). As part of this study, | examined how
teachersncorporated technology into their studentsO exploration of mathematical tasks.
Part of this incorporation of technology involved governing studentsO access to
technology in order to preserve cognitive demand and evaluating whether studentsO use of

appropiate technology altered the cognitive demand of tasks. In addition, this standard



called for students to work collaboratively, another quality desired of students in todayOs
world.
Standard 5: Discourse

This standard calls for mathematics teachers tdittgei discourse with and
between their students. A way for teachers to facilitate this discourse is by Odeciding
when to provide information, when to clarify an issue, when to model, when to lead, and
when to let students wrestle with a difficultyO (NCT2@Q7, p. 45). By focusing on
teachersO implementation of mathematical tasks and its effect on cognitive demand, my
study investigated the kinds of decisions described here and how teachers made these
decisions.

This review of teaching standards pertainiogeacher knowledge and how it is
implemented demonstrates that my investigation of how teachers select and implement
mathematical tasks with respect to cognitive demand and technology use was situated
within several areas of a broad framework used soritee good mathematics teaching.

As a result, the study had the potential to contribute to a wide array of literature on
mathematics teaching. The following chapter describes some of this literature and how

the ideas therein helped to shape this study.
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CHAPTER 2
REVIEW OF RELATED LITERATURE
The following review of literature addresses the key ideas that served as the
foundation of my study. First, | describe how different scholars have used smaller units
such as tasks or problems to describe and thinktanathematics curricula. Second, |
present literature describing the different stages of mathematics teachers® work and how a
teacherOs practice may influence the curriculum at these stages. Third, | describe how
scholars have attempted to define an@soee the level of intellectual engagement
students must have in order to solve a given mathematics problem. Finally, | will present
an analysis of research that investigated how instructional technology may affect
mathematics teaching and learning andvthia effect might have on my study.
The Curriculum as Problems and Tasks
Doyle (1983) suggested that one way to understand the inherent demands of a
curriculum is to view it as a collection atademic tasksvhich Oinfluence learners by
directing theirattention to particular aspects of content and by specifying ways of
processing informationO (p. 16iF)one is to focus on curriculum at this scale and study
it by examining individual tasks, then it is crucial to understand and clearly define what a
tak, problem, or other arbitrary name for a unit of academic work, is. This goal is not
new. Many mathematics educators have thought about the nature of studentsO
mathematical work by focusing on and characterizing a basic unit of it. | present several

of these characterizations that influenced this study below.
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The termgproblemandproblem solvinghave been prominent in the lexicon of
mathematics educators for nearly a century. Stanic and Kilpatrick (1989) provided a
historical account of how problem solgiimas been studied, used, and championed as a
vehicle for teaching and learning mathematics. As perhaps the most noted proponent of
problem solving in the 2dcentury, George P—lya (1945/1973, 1962, 1965) wrote
extensively about solving mathematical peshs, which he described as occupying Othe
greater part of our conscious thinkingO (1962, p. 117). To him, problems presented some
sort of difficulty, obstacle, or elusive goal. Problem solving is the act of facing and
meeting the challenges provided byraljem, which P—lya described as Othe specific
achievement of intelligence, E the most characteristically human activityO (1962, p. v).

P—Ilya (1962) wrote about the utility of using problems in high school
mathematics, suggesting that problem solving provided studentkneitikhow in
addition to simply possessing mathematical information. He also suggested that problems
could be used nainly to develop studentsO mathematical thinking but also to channel
their motivations for studying mathematics at successively higher levels.

Although P—Ilya wrote extensively about problems and problem solving, he did
not provide a clear definition gfroblem In bothHow To Solve 1{1945/1973) and
Mathematical Discover{1962, 1965) he began each preface discussing the art of
problem solving but assumed that the meaning of problem was understood by the reader
or implied by his description of what it medatsolve one. Although he defined specific
types of problems (e.g. auxiliary problem, routine problem, problem to prove) in his
glossary of terms related beeuristic P—Ilya (1945/1973) defined each of these as a

problem with particular features. Agaihgtassumption was that the reader had an
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understanding of the terproblem to which these features could be applied. Further
discussion of P—lyaOs notion of problem is provided below in the context of the level of
studentsO intellectual engagement.

As mathematics educators increased their focus on problem solving as an
effective medium for teaching and learning mathematics and researchers studied it in
practice, many different definitions pfoblem arose. Wilson, Hernandez, and Hadaway
(1993) proviekd a brief summary of these definitions. Synthesizing these views, a
problem must have a goal to be attained, some sort of obstruction to the goal that makes
the method for attaining it not readily apparent, and a willingness on the part of the
individualto pursue a solution. There may be individual differences in what constitutes a
problem (Schoenfeld, 1985). First, students have varying resources at their disposal in
terms of prior knowledge and experiences, as well as varying degreeseafgtirey
matematical proficiency. These resources may alter the nature of the obstruction to a
solution. Second, students® motivation and attitudes may vary, affecting their willingness
to attempt looking for a solution. In other words, if there is no desire to evoak
problem, then it is not a problem.

As mentioned above, Doyle (1983, 1988) used the &etifemic task to describe
the work in which students engage. Four components constituted his description of
academic task

1. A product, such as numbers in blanksaoworksheet, answers to a set of test

guestions, oral responses in class, or a solution to a word problem

2. Operations to produce the product, for example, copying numbers off a list,

remembering answers from previous lessons, applying a rule E , or
formulaing an original algorithm to solve a problem.

3. Resources, such as notes from lectures, textbook information, conversations
with other students, or models of solutions supplied by the teacher.
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4. The significance or OweightO of a task in the accountalyiitgms of a class
(Doyle, 1988, p. 189)

Although these components describe a great deal about what students are to produce, how
they are to produce it, what tools will they have available to them, and how prominent
their work is in terms of the greatai®me of the course, it does not specifically address
the content itself. The conceptual ideas of the mathematics underlying the academic task
are only implicitly defined by this category scheme.

Stein, Grover, and Henningsen (1996) adapted DoyleOs (19g8)pt of
academic task for the purpose of studying mathematics instruction. They defined
mathematical tasksQ classroom activity, the purpose of which is to focus students'
attention ora particular mathematical ideaO (p. 460). For the purposesroetiearch, a
new mathematical task began only when a new mathematical idea was addressed, making
successive items dealing with the same idea a single task. They noted this approach
differed sharply from research that examined performance assessmeantawiragle
item constituted a single task.

Herbst (2006) built upon the work of Doyle (1988) and presented a way of
thinking about tasks that differed from that of the work of Stein and her colleagues
(Henningsen &Stein, 1997; Stein et al., 1996; Stein et al., 2000). In his study of a
teacherOs use of geometry problems, Herbst made a distinction between the mathematical
content with which the students are engaged and the nature of this engagement by using
two distinct conceptsproblemandtask He defined problem as Oa question whose
answer hinges on bringing a mathematical theory within which a concept, formula, or

method involved in answering the question is warrantedO (p. 315). This definition does
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not make refeence to students, their actions, or the context of the classroom. It confines
its focus to the problem as a representation of mathematical knowledge.

HerbstOs (2006) definitiontakkmade use of the components of task described
by Doyle (1983, 1988). Hdefined task as:

specificunits of meaningi.e., the actions and interactions with the symbolic

environment) that constitute the intellectual context in which individuals think

about the mathematical ideas at stake in a probletaslds the universefo

possible operations that an individual might or might not take while working on a

problem, toward a certain product, with certain resources (p. 315)

HerbstOs conceptualization presents a different view of the relationship between the

problem and task. Wereas Stein et al. (1996) could incorporate several problems within

a single task, HerbstOs model describes a task as being particular to a single problem. This

distinction became important when considering how to analyze the data of this study.
Teachersfluence oriTasks

Teachers determine not only what part of the curriculum will be used in class, but
also how it will be presented to students and how students will interact with it. Therefore,
the teacherOs role must be accounted for when considerfiffehent conceptions of
problem and task presented above.

To describe the influence of the teacher on the use of mathematical tasks in the
classroom, Stein et al. (1996) presented the Mathematical Tasks Framework (MTF). The
MTF uses three steps to daberhow mathematical tasks develop in the classroom: (a) as
the task appears in the curriculum materials available to the teacher, (b) as the task is

introduced by the teacher to students, and (c) as the students work on it. From step to step

in this mode| the task may undergo changes depending upon what occurs in the
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classroom. The changes in a task may affect its final manifestation and the knowledge
gained by students from working on it.

As another way to think about teachersO influence on curridBlukhardt,

Fraser, and Ridgeway (1990) presented a framework that attended to how a mathematics
curriculum varies according to the context in which it is defined. This framework has six
different levels of curricula: (a) thdeal curriculum as described/lexperts, (b) the
availablecurriculum for which teaching materials exist, (c) #u®ptedcurriculum

mandated by state or local policy, (d) thplementeaturriculum actually taught by

teachers, (e) thechievedcurriculumlearned by students, and (f) ttestedcurriculum
measured through assessments. ldeally, these six curricula are aligned, but forces on a
variety of scales, including the actions of teachers, prevent such an alignment. As this
study proposed to examineachersO selection and implementation of mathematical tasks,

| focused on two levels of this curriculum framework, adopted and implemented.

If one accepts DoyleOs (1983) conception of curriculum as a collection of tasks,
then the potential metamorphosfdite mathematical tasks depicted by the MTF can be
placed in correspondence with the levels of curricula (Burkhardt et al., 1990) described
above (see Figure 1). Because this correspondence encompasses both the adopted and
implemented curriculum, it proges a rationale for the MTF as an appropriate model to

incorporate into this study.
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. Tasks Tasks Tasks Student
Mathematical Task appearing in selected and worked learning from
Framework Stages instructional set up by on by the tasks

materials teachers students
Levels of The Available The Implemented The Achieved
Curriculum or Adopted Curriculum Curriculum
Curriculum

Figure 1. The Mathematical Tasks Framewailigned with corresponding levels of
curriculum. Adaptedrom Stein et al. (1996ndfrom Burkhardt et al. (1990).

Like the dher models, HerbstOs (2006) definition of task enables one to consider
the relationship between a teacherOs actions and the curriculum. By stipulating the
product students must create and the resources students may access while working on a
problem, teackrs exert a great deal of influence on HerbstOs notion of task, the possible
operations students might consider or use. For example, allowing the students to use
graphing calculators on a problem might enable them to consider different operations
(such asusing a brute force approach) that would not have been feasible had calculators
not been permissible. Similarly, specifying the solution of the problem must include an
explanation of the studentOs method for solving it rather than just simply an andwer mig
affect the studentsO choice of operations asFuethermorerequiringstudentgo
provide an explanation for their solut®may increaser decreasthe studentsO
intellectual engagement (to be defined in detail below) with the problem.

Like the researchers aboveylewedthe mathematics curriculum as a collection

of tasksor problemghat undergo potential transformations during the course of planning
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and instructionThe MTF described by Stein et al. (1996) provided a suitable way to
describe ths change. A correspondence can easily be drawn between it and the levels of
curricula presented by Burkhardt et al. (1990)e conception of task offered Byein et
al., 1996 where a single task corresponds to an underlying mathematical ideal and could
be linked to several items (problems, exercises, etc.), created difficulty in terms of
considering the level of intellectual engagement (addressed below) inherent in the task.
Because this level could vary from item to item, it became difficult to chaizctbe
overall task. As a result, | viewed the MTF as a model for portraying the transformation
of tasks during planning and instruction, but chosadjast the definition ofask
suggestedby Stein et also that multiple tasks could address a singihematical idea
Level of Intellectual Engagement

An important characteristic of angskis the amount of mental effort that a
student must exert in order to successfully work on and solve it. | call this construct the
level of intellectual engagemenito further define what is meant by this construct, |
present several representations of it found in the mathematics education literature.

P—Ilya (1945/1973) made a distinction among the levels of difficulty found in
problems. He definembutine problemss those that Ocan be solved either by substituting
special data into a formerly solved general problem, or by following step by step, without
any trace of originality, some welorn conspicuous exampleO (p. 171). In
characterizing a studentOs effodadiving such a problem, P—Ilya described it as Onothing
but a little care and patience E [and] no opportunity to use his judgment or his inventive

facultiesO (p. 171).
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P—Ilya (1945/1973) conceded that routine problems are necessary ambsoprop
for someeducational goals such as to develop studentsO ability to perform routine
mathematical operations quickly and accurately. However, he stressed routine problems
should by no means constitute the entire curriculum. His three principles of learning
(P—Iya, 965N (a) active learning, where optimal learning is based upon discovery; (b)
best motivation, where problems should stimulate studentsO interests; and (c) consecutive
phases, where exploration, formalization, and assimilation occur succeNsiggérated
the importance of including nonroutine problems in the high school mathematics
curriculum. More recent scholars have echoed this reasoning in describing studentsO
development of mathematical proficiency (National Research Council, 2001).

Madaus, Clarkeand OOLeary (2003) identified Ralph Tyler as an early proponent
for considering the Otypes of mental actionO (p. 1326) that pupils should exhibit when
taking mathematics tests. Tyler proposed educational objectives should be defined
according to both the athematical content students should master along with a
behavioral componenthis idea of considering what students did with respect to the
mathematics content became the foundation for the taxonomy of educational objectives
developed by Bloom et al. (185 This taxonomy, commonly referred to as BloomOs
Taxonomy, contains six hierarchical levels of student behavior (listed from lowest to
highest): knowledge, comprehension, application, analysis, synthesis, and evaluation.
Thus, by classifying the behavioassociated with curricular objectives, one could define
and compare the intellectual engagement needed by students on natbamatics

assessments.
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Researchers tailored the ideas of Tyler and Bloom to develop srfodel
examining aspects of matheneaticurricula. Wilson (1971) described several of these
models. For example, the School Mathematics Study Group (SMSG) developed and used
a two-dimensional classification model in the National Longitudinal Study of
Mathematical Abilities during the 1960shi§ model embodied TylerOs idea of looking
beyond the nature of a taskOs mathematical content and incorporated levels of behavior
adapted from BloomOs Taxonomy. The SMSG model classified mathematics test items
according to one of three content areas (nurapstems, algebra, and geometry) and one
of four behavior levels (computation, comprehension, application, and analysis). Wilson
noted the behavior levels were intended to Oreflect the cognitive complexity of the task
(not simply the difficulty of the tdgO (p. 648). This distinction could be found in later
models and was important within the context of this study, as | was primarily interested
in cognitive processes needed by students to solve a task.

The National Assessment of Educational Progress (NAER established in the
late 1960s with the goals to Oreport what the nationOs citizens know and can do and then
to monitor changes over timeO (Jones, 1996, p. 15). The early development of
mathematics test items used a category scheme that includezbbteht and behavior.
Wilson (1971) described some of the early development of the NAEP framework and
compared it to the SMSG model:

The cognitive levels [of NAEP] were later reorganized as follows:
Recall and/or recognize definitions, facts, and symbols
Perform mathematical manipulations
Understand mathematical concepts and processes
Solve mathematical probleissocial, technical, and academic

Use mathematics and mathematical reasoning to analyze problem
situations, define problems, formulate hypotheses

abrwnE
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6. Appreciate and use mathematics (Committee on Assessing the Progress of
Education, 1969, p. 6)

Level 6 is notable in this scheme in that it is, in part, a noncognitive category.
Level 1 is a separate knowledge category. Except for this separation of
knowledge-level behaviors, the cognitive levels are very much like the ones given
[by the SMSG model]. (p. 652)
In the time since these early iterations of a model for classifying mathematics test items,
NAEP has refined its model while still focusing on more than merely the content area
addressed by a given item. The most current version of the framework (National
Assessment Governing Board, 2008) used a three-level model of mathematical
complexitymeasuring the demands a test item placed on student thinking, described as
“what [the item] asks the students to recall, understand, reason about, and do” (p. 37).
This framework articulated the three levels of mathematical complexity as follows:
Low-complexity items expect students to recall or recognize concepts or
procedures specified in the framework. Items typically specify what the student is
todo ... (p. 38)
Moderate-complexity [items] involve more flexibility of thinking and choice
among alternatives ... The student is expected to decide what to do and how to do
it ... (p.42)
High complexity items make heavy demands on students, because they are
expected to use reasoning, planning, analysis, judgment, and creative thought. (p.
46)
These categories focus on the types of thinking a test item asks students to do, but not the
particular approaches students might take to formulate a solution. This distinction was
aptly described in a discussion of in the 2005 framework: “[mathematical complexity]
focuses on the characteristics of items rather than on inferred cognitive abilities of

students, which may vary widely from student to student” (Neidorf, Binkley, Gattis, &

Nohara, 2006, D-1). This separation of the mathematical content from student strategies
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is similar to that which Herbst (2006) described when distinguishing between his
concepts oproblemandtask

As another way of describing studentsO intellectual engagement in mathematics,
Doyle (1983) and Stein et al. (1996) used the twgnitive demantb characterize the
thinking by students needed to solve a particular task and, as a result, that taskOs
appropriatenes®r a given learning objectiv&teinet al.(2000)defined cognitive
demand a®the kind and level of thinking recedrof students in order to successfully
engage with and solve the taskO (p. 11). Different tasks place different cognitive demands
on students, depending upon their content and the processes needed to complete them
(Doyle, 1983) According to this modelasks with a high level of cognitive demand
(subsequently referred to as hilgivel tasks)were characterized as requiring complex
mathematical thinking or having connections to other concepts. Tasks with a low level of
cognitive demand (lovlevel) encompased recalling facts or completing procedures
isolated from any context.

Stein et al. (2000) developedask Analysis Guid€rAG) as a tool for
describing and classifying the cognitive demand of a mathematicallasgisting of a
list of general criterigescribing studentsO work with a given task, the TAG enables one
to classify tasks according to one of four levels of cognitive demand (listed from lowest
to highest level):

@) Memorizatiorfwhich | callRecall and Recognitigncharacterized by

the recallof basic facts and operations and expligiection given to

the student;



22

(b) Procedures Without Connectigrsich as using algorithns an
explicitly prescribed manner with no connection to the underlying
mathematical ideas;

(c) Procedures With Connectionshere, for example, where broad or
general procedures encourage students to create connections between
different mathematical representations or to underlying mathematical
ideas; and

(d) Doing Mathematicswhich requires complex and naigorithmic
thinking, self-regulation of problersolving behavior, and a great deal
of effort.

The first pair of categories represents@wel tasks, and the second pair represents
high-level tasks.

Stein et al. (2000) described two important considerations when assessing th
cognitive demand of a task. First, they stressed the importance of going beyond the
superficial features of a task because these features often do not indicate the level of
mathematical complexity found in the task. For example, tasks presented in a
comgicated manner requiring use of manipulatives, diagrams, ewadd contexts can
often require the students to apply simple, wellearsed procedures whereas tasks that
are stated simply can require complex mathematical thought. Second, the level of
cognitive demand is dependent upon the students who work on the task. The options
students have for strategies to solve a given task are defined by their dgdeges and

prior mathematical experiences. For example, a student in an Algebra 1 glass mi
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expend considerable energy thinking about a task that an AP Calculus student could solve
with a simple, easily recalled procedure.
Engaging students with highvel mathematical tasks is important, but teachers
faceseveral obstaclaa achieving thigjoal First,teachers may not select hitgvel
tasks. e selection of appropriate tasks is crucial for fostering studssmséptions of
mathematics and the ability to think mathematicadly Otasks convey messages about
what mathematics is and whatinip mathematics entailsQEGTM, 1991, p. 24)Failure
to include highevel tasksouldoccurfor a variety of reasons includitignitations of
available classroom materiafgessure to prepare students for kigdkes assessments
that do not include higlevel tasksand theknowledge, goals, and beliefs of teachers.
Even if teachers select higével mathematical tasks, they may inadvertently alter
the nature of these tasks during instructiooyle, 1983) As a result, the level of
studentsO thinking m@nded by these tasks may change, particularly at junctures of the
MTF. P—lya (1965) also addressed this phenomenon as he described the dilemma
teachers face when helping students to solve problems:
This situation requires careful handling. If the teadtedps too little, there will be
no progress. If the é&her helps too much, there will be no opportunity for the
students to learn from their owrovk. (pp. 139136)
P—Ilya suggested the key question to ask in this dilemméahimmatuchhelp should be
given to students, but ratheowthat help should be given.
Scholars (e.g. Bennett & Desforges, 1988; Blumenfield & Meece,, TH88e,
1983, 1986, 1988) havevestigated this key question by describimays that higHevel
tasks haveither remained atlagh level orevolved into lesslemanding forms of

student activity. This researelsoincludesfindingsby the QUASAR project (see Silver



24

& Stein, 1996) with respect to mathematical tagkse result of this research was an
augmented version of the MTRat included factors of mathematics lessons that may
affect the cognitive demand. For example, during the set up of a task, teachersO goals,
content knowledge, and knowledge of students may compel them to modify a task from
its original form. During the kson, classroom norms, features of a task, and dispositions
of the teacher and students may affect how the task is implemented. This framework
accommodates the assertibatthe nature of anathematical task, as represented in
curricular materialsnay changeduring classrooninstruction

Because in the present study | strove to analyze possible changes in the level of
cognitive demand before and during classroom instruction, this framework aided in the
identification of classroorbased factors that hadch an effect. | also considered one
additional factor, the use of instructional technology, which is examined in the next
section.

Technology Use and Cognitive Demand

As an available resource, technology may change the substance of a task and, as a
resut, its cognitive demand. For example, technology may shift the cognitive demand
from a symbolic analysis to one that is more visual or from analyzing the features of a
series of static representations to determining the influence of parameters driving a
representation that is dynamic and fluid.

Zbiek et al. (2007) provided a thorough summary of existing research on
technology in mathematics education. Instead of trying to characterize the literature on
technology in its entirety, | focused on one framewbet aided my thinking with

respect to technology and cognitive demand, Salomon and PerkinsOs (2005) distinction
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between different kinds of effects technology has on intelligence. A broad definition of
technology includes any practical application of kiemge, including a wide array of
tools that are implemented in mathematics classrooms such as manipulatives,
measurement tools, and calculators. Although Salomon and Perkins proposed their
framework in this general sense, in this study | used a narrovweitida of technology,
focusing solely on computing technology such as calculators, computers, and the
software used by teachers and students to facilitate mathematics learning.

Salomon and Perkins (2005) explored the relationship between technology and
intelligence. In doing so, they attempted to better understand whether the use of
technology expands our cognitive capabilities. They classified the technological effects
on intelligence in three ways: (a) effeetsh technology, (b) effectsf technology and
(c) effectsthrough technology. These effects were briefly defined in the following way:

Considered areffects with technology, how use of technology often enhances

intellectual performanceffects of technology, how using a technology may leave

cognitive residues that enhance performance even without the technology; and
effects through technology how technology sometimes does not just enhance

performance but fundamentally reorganizes it. (p. 72)

To place these definitions in the context of my gtuaffer the following examples of
how each type of effect could be observed in the mathematics classroom.

Effects with technology occur when certain intellectual operations are exclusively
carried about by the technology, dividing the labor betweenamktechnology.

Salomon and Perkins (2005) noted that this division of labor Ofrees the user from

distractions of lowetevel cognitive functions or ones that simply exceed mental

capacityO (p. 74). In the mathematics classroom, studentsO use of satoytatdorm



26

computations involving large or tedious numbers or graphing complicated functions in
conjunction with solving a task exemplifies effects with technology.

Effects of technology are those that remain after a period of using the technology
but when the technology is no longer in use. Salomon and Perkins (2005) described the
manifestation of this type of effect as the acquisition of a new skill or the improved
mastery (or atrophy) of an existing skill. In the mathematics classroom, dynamic
geomety software packages give students the opportunity to test a vast number of
geometric cases very quickly. Whereas students who have not used software packages
like this may have trouble envisioning more than a few cases, those who have used the
software maybe able to envision many, even without the use of the software. Another
example of effects of technology in the mathematics classroom might be the deterioration
of basic computation skills owing to overdependence on use of calculators.

Effects through tdmology occur when use of the technology gradually reshapes
the way we perform an activity. Salomon and Perkins (2005) stated such effects do not
emerge quickly, because new technologies are often assimilated into already established
systems where the tawblogies cannot be used to their fullest potential. With respect to
the mathematics classroom, Herrera, Preiss, and Riera (2008) provided example of effects
through technology by describing how recent mathematical technologies have aided in
reshaping thetaucture of mathematics teaching, from one that began with the
formulization of the result and ended with visualization and analysis to another where
that process is reversed.

Although my study asked a different question with respect to technology than tha

of Salomon and Perkins (2005), there is a relationship between the depictions of these
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different technological effects on intelligence and how technology, as a tool in solving a
mathematical task, affects both the mathematical constraints of the tasle avalys that
students might formulate a solution. By considering the use of technology observed
during my study with respect to the three classifications of technological effects, | was
better able to identify instances where the cognitive demand maybleawn affected by
technology use.

The review of literature in this chapter provided a foundation for developing the
research methodology of my study as well as a framework for interpreting the results. A
description of the methodology is presented in the following chapter, along with

desciptions of the three teachers whose practices | studied.
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CHAPTER 3
METHODOLOGY AND CASES

Marshall and Rossman (2006) listed several types of research that warrant the use
of qualitative methods. Three types of research included in their list coulibeethiis
study: (a) research eliciting tacit knowledge and subjective understanding and
interpretations; (b) research delving in depth into complexities and process; and (c)
research on real, as opposed to stated, organizational goals. By attemptithey staunal
how mathematics teachers select and implement mathematical tasks, | explored the
teachersO understanding of the mathematics they teach, monitored how they manage the
implementation of tasks in a rei@ihe environment, and examined differences leetw
expected and actual outcomes. Hence, this study warranted a qualitative approach to
collecting and analyzing the data.

More specifically, acase study methodologyasusedto gather data, dssought
Oto answer focused questions by produciraepthdescriptions and interpretations over
a relatively short period of timeO (Hays, 2004219. Particular details about the
methodsused areprovidedbelow.

Participants

This studyexamined the practices of three high school mathematics teadiers
incorporated instructionakchnology in their teachingn particular, | sought veteran
teachers who were regarded in the local mathematics education community as effective

educators. In this way, | hoped to observe teaching representing best prattices wi
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respect to choosing and implementing higbel tasks as well as incorporating

technology into that process. To locate these teachers, | made a preliminary list of those |
knew who might be suitable candidates. In addition, | consulted my major prodesiso

other colleagues who suggested other teachers | might consider.

At this point, | contacted and, when possible, met five of these teachers to
ascertain both their availability and willingness to work with me. Several of these
meetings were fruitlesas either the teacher was not in a situation conducive to
participate or felt the use of instructional technology at their school would not meet my
needs. For example, one teacher who had recently earned her doctorate in mathematics
education was strugglinto reacclimate to the demands of high school teaching and felt
she could not provide the time needed outside of class to facilitate my research. Another
had transitioned from being a classroom teacher to a mathematics instruction specialist in
his distrct. A third potential participant said his school mandated uniformity in how and
what mathematics teachers taught with very little consideration made for the use of
technology in the classroom.

From each of these setbacks | gained connections to otleetipbparticipants.

Some of the teachers recommended other teachers in their district. One sent an email to
calculus teachers from other schools through an electronic discussion group. | followed
each of these leads in a way similar to that with my aaigiontacts, making contact

with five additional teachers.

From my search, four teachers expressed a willingness to participate in my study.
| used acriterionbased sampling method (deMarrais, 2004) to select particijpants

this group. | focused on theachersO experience (how long and in what settings they had
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taught), educational background (the amount and diversity of training they had received),
and the kinds of technology usadd with what frequency, and their teaching philosophy

in general and ith respect to technology. After beimformed of thegeneral nature of

the study | asked the four potential participants to completariaf questionaire

(Appendix A) adapted with permission from an instrument designed by Becker and
Anderson (1998). Tik questionnaire collected data with respect to the above criteria and
informedmy selectionof the participants

| selected threparticipantshased upothe questionnaireesponsesihe
responses of the excluded teacher indicated, unlike the threddaddkachers, he used
instructional technology minimally, far below the degree that | had hoped to observe. In
addition, his school was nearly 90 miles from my residence, creating potential logistical
difficulties with respect to my teaching and other cesbilities.

Prior to the participanselection process, | had obtained approval from the
University of GeorgiaOs Institutional Review Board to conduct my study and followed
their guidelines throughout the study. In addition, once | had selected the thre
participants, | contacted an administrator at each sébopkrmissiorto collect data in
the participantsO classroomgor to data collection | visited each participant at his or her
school to introduce myself, schedule interviews, and determiregtstics of my daily
visits.

Data Collection

| used a variety of data sources to address my research questions. Table 1 lists

these sources as well as the how data collected from each source corresponded to my

three research questions:
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1. How do high schol mathematics teachers select the tasks that they implement
during instruction? What is the cognitive demand of these tasks?
2. How do high school mathematics teachers maintain or fail to maintain the
cognitive demand of the tasks they implement in tblassrooms?
3. In what ways, if any, does the use of instructional technology influence how
mathematical tasks are selected, the cognitive demand of those tasks, and how
they are implemented?
Further detail on how data were collected from each source istaEsbelow.
Preliminary Interview

| conducted aemistructured preliminary interview with each participant.
Interviewsare used Owhen researchers want to galapth knowledge from participants
about particular phenomena, experiences, or sets of expefdedarrais, 2004, p.
53). The preliminary interviedetailed in Appendix B) had several purposes. First, it
allowed meto gain insight with respect to the teacherOs general methods and rationale for
selecting tasks to be used in class. Second, it established for me the teacherOs general
practices in using technology during instruction and any special considetagons
teacher may make when choosing technologgnted tasks (TOTskinally, the
preliminary interview provided me with a look at the teacherOs background, personality,
and general habits that would allow me to better understand what was happening in the
classes | observed. Each preliminary interweas audiaecorded and transcribet@ihe
duration of the preliminary interview varied by participant, with none exceeding 45
minutes. Excerpts from preliminary interviews appearing in this report are labded wi

the acronynPI followed by the line numbers.
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Observationinterviews

Immediately before@ach observed lessdrinterviewedthe participaninformally
to determinghe goals for that particular lessahge understanding of the mathematics
needed to reacthose goalghe mathematicahsksselected to meet those goaadthe
rationale forselecting thoseasks An interview guide for these interviews can be found
in Appendix C. Field notes were taken to capture the participantOs responses.
ClassroomObservations

For each participant, one class period was selected for observation based upon its
content and potential for producing viable data. | observed thisedaksday over the
course of dypical (not including standardized testing, arfecourse gaminations, etc.)
2-week periodEach dsened class session was videotapeith the camera located in
the back of the classroom and focused on the teacher. During times when the class was
engaged in individual or small group work, the camera followedgacherOs movement
around the room. A portable microphone carried by the teacher was used to capture
conversations between the teacher and individual students or groups of students. Excerpts
of classroom discourse appearing in this report are labetbdhvei date of the lesson
followed by the time interval of the lesson during which the discourse occurred.

After each observed lesson, | wrote field notes to reflect upon what had occurred
during the lessarfocusing on the following questiogsiidedby the MTF, when
appropriate:

¥ How dd the teacher initially present theesk? Wasthis presentation consistent

with how it is found in theextbook or curriculum materiéds
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¥ How dd the studentsiork on the taskWasthis implementation consistent with
the teackrOs presentation?
¥ How dd the teacher interact with students while thvaye working?
¥ How dd the teacher and students collectively resolve therk on the tasRWas
this resolution faithful to theeacherQmriginal intentfor thetask?
In my field notes, | also recorded my general impressions of what had occurred during
the lesson, as well as any comments the teacher made about it.
Final Interview
Following the2-weekperiod of observatioof a participantl reviewed the
transcript of the preliming interview, watched each recorded lesson again, and reviewed
all field notes | had written. During this process, | noted particular events as well as
general trends in the data pertaining to my research questions. From this analysis, | wrote
questions foused on capturing the teacherOs perspective of what | had observed during
the lessons. | compiled these questions to ceefital interviewprotocol customized for
each participant. (Each participantOs final interview protocol is provided in Appendix C.
The final interview wagonducted with each participant to provide further detail,
clarify, andgeta general response to the events that transpired durinbggbevations
Because some questions referred to specific incidents occurring during theedbse
lessons, the participant was invited to watch a video excerpt of that incident to refresh his
or her memory. Although | began asking the questions in the order they appeared on the
protocol, | often changed the order of questions based on the partfgpresponses.
When time did not permit me to ask all questions on the interview protocol, | prioritized

guestions according to their perceived strength with respect to generating worthwhile
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data and maintaining a balance in addressing my three resg@stions. Each final
interview was audioecorded and transcribe@ihe duration of the final interview varied
by participant, with none exceeding 70 minutes. Excerpts from final interviews appearing
in this report are labeled with the acronfnfollowed by the line numbers.
Student Data

Finally, student data, including recordings of discussions with the teacher during
class and written work on class handouts, were collectechdisouts given to students
duringthe observedkssongprovided a record ofhe tasks used and established a basis
for determining the cognitive demand associated with those @Bigkient work on these
handouts was collected from a sample of students. Although the study did not focus on
student learning (the achieved curriculueRamining student discussion with the teacher
and written work aided me in confirming the analysis of the other sources of data. In
particular, it helped to clarify my thinking with respect to cognitive demand and, in some
cases, identified additional metls or resources students might use when working on a
task. Examining how students chose to appréasksalso confirmed whether teacher
actions in the classroom influenced the cognitive demand.

Data Analysis

To ensure that the collected data are notaudged, repetitious, or overly
voluminous, case studies require an ongoing data analysis while they are collected
(Merriam, 1988). This ongoing analysis informed subsequent data collection in an
attempt to ensure the relevance of data. In addition, thes¥vark for analysis changed
after each pass through the data as | refined my concepts of task, problem, and cognitive

demand. Data were analyzed in the following manner.
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Mathematical Tasks

Each observed lesson was partitioned according to the mathertesisathe
teacher used. To determine where this partitioning should occur, | consulted the
videotaped lessons | observed as well as data obtained from the observation interviews. |
initially used the definition of task offered by Stein et al. (2000),Qaesgpf classroom
activity devoted to the development of a mathematical ideaO (p. 7), but this way of
thinking presented difficulties in my initial pass over the data. It entailed identifying the
underlying mathematical ideas, some of which encompasseiglaproblems or
exercises. For example, one task in a classroom might have been to review the factoring
of quadratic equations. The activity occurring during this task might take the form of a
review of homework problems or students working on a waprmproblem to begin the
lesson. My dilemma then became how to characterize the cognitive demand of the task
associated with that mathematical idea, especially when the problems and exercises
varied in cognitive demand. Furthermore, the boundaries betweeamadital ideas
examined during the same lesson sometimes proved to be nebulous, especially when one
idea built on another.

In addition to these difficulties, | initially struggled with the idea of a
mathematical task, defined in this sense, as havingyigatognitive demand according
to the students involved. This variation stemmed from the lack of separation between the
mathematical elements of the task and the studentsO ways of developing a solution. As
increasingly more advanced students work onlg the task itself does not change, even

though the approach students take might.
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My conceptual and practical difficulties in using the Stein et al. (2000) definition
of task with my data led me to adopt HerbstOs (2006) organization, in which each
mathematal problem has its own associated task. Having a@@oee correspondence
between problems and tasks, | could establish clear boundaries between my units of
analysis and easily assign a single level of cognitive demand to a problem and its
associated &k. Furthermore, | found that when considering different levels of student
ability, the problem remained static while its associated task, the possible operations
students might use to solve it, could change.

Despite these apparent advantages, | struggléxdthis organization as well. |
had difficulty finding the boundary between the domains of problem and task. Where did
mathematical components of the problem end and the mathematical strategies that
students might use begin? In addition, the use afettmesproblemandtaskin this sense
created difficulties in communicating my findings and ideas, as these terms could be
perceived as interchangeable.

As a result of my struggle to adopt the terminology for task used in other studies,
| modified the ternmtaskthis study. For my purposes, a task was a segment of classroom
activity devoted to the development of a mathematical idea, as Stein et al. (2000) defined
it, but a task did not necessarily have to represent the entirety of that development. In
other words, multiple tasks could address a single mathematical idea. In this way, the
scope of my conception of task is similar to HerbstOs (2006) conception of problem in

terms of relative size as a unit of curriculum.
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Task Selection and Cognitive Demand

| analyzed the data from the preliminary interview and the observation interviews
to determine how the teachers selected the mathematical tasks they used in instruction.
This analysis entailed looking at the teacherOs purpose for each lesson and rationale fo
how the tasks chosen addressed that goal. In addition, | analyzed the collection of lessons
and tasks as a whole (for the entire period of observation) to identify overarching trends
in task selection (e.g., the source material for tasks with respe&tticular goals).

Despitemodifying the Stein et al. (2000) definition of taslighosetheir construct
of cognitive demanébr my analysis. Once individutdskswere identified, the cognitive
demandsvascharacterizeat thethree stagesf the MTF: (a) initially, as written in the
curricular materials (if applicable, as some tasks were created by the teachers
themselves); (b) as set up by the teacher in class (determined by the observation video
and field notes); and (c) as implementedHtsy students (observation video, field notes,
and student data).

To identify the cognitive demand for each task at these three stages, | developed
and used a modified version of thask Analysis GuidéStein et al., 2000). Becaute
language othe orignal Task Analysis Guidearied in focus between elements of the
task and the thought processes of studéamjustedhe languagéo focus consistently
on the thought processes of studeBtsmaking thisadjustmentthe characteristics of the
taskwereconsistenthflinked topotential student thinkings calledor by the definition
of cognitivedemand My modified Task Analysis Guide is presented in Figure 2.

Once | classified eadaskOsognitive demand according to onetioé four levels

of the Modfied Task Analysis Guide for each of three stages described dbove,
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compared these demands across the stages. This comparison served two purposes. First it
served as a way to verify the accuracy of my description of each taskOs cognitive demand.
For example, examination of the cognitive demand for a given task as implemented by
students may reveal ways of thinking not considered when initially analyzing the task. In
that case, the cognitive demand of the task at earlier stages of the MTF was reahnsidere

The second purpose of comparing the cognitive demand of a task at each of the
three stages of the MTF was to determine whether the original cognitive demand had
changed during instruction. This information helped me to identify actions taken by the
teacher that maintained or failed to maintain the cognitive demand. &laéeas,when
identified, were used in the final interview to elicit further information about the teachersO
analysis of those instances and the decisions leading to those actions.
Tecmology

| gave special consideration to every task that included instructional technology as
an available resource for students. For each of these tasks, | considered how the
availability of technology might influence the decisions students made with téspec
solving the task, the role the technology played in the mathematical work done to solve
that task, and the level of thinking needed for students to use the technology
appropriately when working on the task. From these considerations, | made an
assessent of how the availability and use of technology might affect the cognitive
demand of that particular task.

Validity and Reliability
As displayed in Table 1, multiple sources of data were used to answer each

research question. In this way, the data frova source corroborated the data from
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another. This triangulation supported the validity of the studyOs findings. The ongoing
analysis of data as it was collected helped to ensure that it remained relevant to the
research questions.

In addition, a membethecking procedure, Oone of the most needed forms of
validation in qualitative researchO (Stake, 2005, p. 462), was used. | asked participants to
read pertinent sections of a preliminary draft of the research report to corroborate the
descriptions and elimate any misunderstanding. One of the three participants, Michael,
commented on the draft by correcting a minor detail about his educational background
and offering an alternative interpretation of two occurrences | reported.

The Cases

This section providean introduction to the three teachers who participated in this
study and a description of each teacherOs class | observed.
The Case of Michael

Michael was a veteran mathematics teacher at the Creekbend Academy, a private
K-12 Christian school located imrithern Georgia. In his nineteenth year of teaching,
Michael attained a doctorate in education and National Board Certification, and his
teaching was recognized at the state and national level. His interest in technology and, in
particular, computer algedisystems (CAS) afforded him opportunities to participate in
professional experiences beyond the classroom such as contributing to textbooks and
journals and organizing professional development opportunities for mathematics teachers
to learn about technaly.

Background. The first from his family to attend college after graduating from high

school, Michael began his studies focused on chemistry, but soon gravitated toward
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mathematics and philosophy. He enrolled in mathematics courses as electives and
realized that, by totring others in mathematics, he could make the money needed to
support his studies. In addition, his experiences as a tutor fostered his desire to be a
teacher. While discussing this experience, Michael descriffée, light that went off as
somebody undstood something because of whatever it was that | was doing. E | just
got such a high off of other people finally understanding something that had been eluding
themO (PI, B8). Upon completing his teaching certification, Michael began teaching
mathematis at Creekbend.
MichaelOs interest in technology began well before teaching, but he cited his first
year ofteaching as being paramouatshaping his teaching with it. @Mepartment
chair, one or two days prior to school startjitg handed me a T81E and said youOre
going to be teaching that, teaching with thigaur Algebra 2 class this yearO (PI,236
239). At the time, graphing calculators were a new technology, and Michael encouraged
his students to experiment with thed1 and share what they d/ered. This classroom
environment, according to Michael, shaped his practice:
[The students] noticed patterns that | hadnOt seen before. They offered theorems
that | had never considered. And now | had to go back as a learner. | was the
teacher but I hatb go back and figure: Is this something legit? E If it is, what in
the world is going on here? E This is how math and science really does grow.
Somebody notices a pattern, and youOve got to figure out: Is it real? E And thatOs
what technology gave me.|(R64ER70)
The contributions of students provided Michael with a standard for success in his
teaching. When asked to describe a lesson he had taught that was, in his opinion,
particularly successful, he stated that his best lessons inwwbwdéhg on Oe or two

problems andsolving] each one of them three or four different wagRIQ179), with

some of these methods involving novel techniques or approates. li@en doing this
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for 20 years andE i tOs a tremendous day when a student offers a parsytkat |
hadnOt quite considered beforeO (PEIER).

Michael also attributed his development as a mathematics teacher to opportunities
for professional development in which he had participated. Early in his career, MichaelOs
department chair sent hitn conferences focusing on instructional technology, often
specifying which sessions he must attend. Michael described the advantage of his
situation: @hat | was free to move about, that | was free to explore, that | was hungry. |
was very fortunate to ka right mind and the right mentor in the right plagelO38®
388).

In addition to exposure to new ideas relatively early in his career as influencing
his professional growth, Michael also stated the importance of working and interacting
with his collegues. At the time of my observation, Michael and a colleague were
revising an honors calculus textbook that they hadiGgtten. Speaking of this and other
interactions with his colleagues, Michaghted, Ojust being around people can spur your
own mind b be creative and keep exploringO (FSE#30).

Observed clasd=or my study, | observed MichaelOs Honors Calculus class during
a 2week period late in the school year. This class comprised seleari® 11"-grade
students: three girls and four boyauring my observation, | found these students to be
enthusiastic towards the mathematics Michael taught (mirroring his own enthusiasm), as
well as very creative in their explorations of it.

The Honors Calculus course designed by Michael was part-geargdequence
encompassing the content of both precalculus and an Advanced Placement (AP) Calculus

BC course. Explaining the courseOs design, Michael stated, OEssentially the precalculus
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year is condensed into slightly more than the first semester, and tiezardial
[calculus] fills out all but a month of the spring® (PEER). In the second year, the
students explore integral calculus in preparation for the AP exam.

The students in MichaelOs Honors Calculus course were expected to use the Texas
Instrumens TI-Nspire calculator model, which features a CAS platform capable of
performing many algebraic and calcuh&sed operations including solving equations
and inequalities, factoring and simplifying expressions, differentiation, and integration.
Michael viewed the calculator use in his class not for explicitly defined times but rather
as@an organic separate t@PI, 97) to be used when appropriate. In order to use the
calculator in this way, he stressed the importance of his students learning taidilsting
when calculator use is appropriate. Although common practice might suggest this goal
entails encouraging students to recognize opportunities where technology use is
unnecessary, Michael stated that, for his students, the situation is the opposite:

|;c”s really difficult for students to know when to use the machine and when not to.

E W ith the honors students, 10m not worried about calculator dependency N

with them because theyOve been trained so hard away from the machine that IOm

trying to pull them bac (FI, 119122)

Michael also explained that his students were expected to understand all topics in both
technology and nontechnologipased contexts. This expectation was evident in his tests,
which comprised two parts, one in which calculator use Wwawed and one in which it
was not.

Honors Calculus met four times a week, each for 55 minutes, on a rotating
schedule. The subject matter of the class sessions | observed is provided i Table

These class sessions contained the last novel materidiehstiients would study prior

to reviewing for the final exam.
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Table 2

Class Sessions Observed for Michael®s Honors Calculus Course

Date Topic
Thursday, April 23 Particle motion
Friday, April 24 Chapter review

Wednesday, April 29  Parametridifferentiation

Thursday, April 30 Parametric differentiation

Monday, May 4 Review of homework

Thursday, May 7 Roots of tangent lines, NewtonOs method
Friday, May 8 NewtonOs method, basins of attraction

Note. Honors Calculus did not meet on Tuesd&yass sessions on April
and May 6 were not observed because of testing. The class on April 2
videotaped and analyzed, though | was not present during class. Michk
was absent frorachool on May 1.

When asked to describe his role in the classroom, Michael said he vkeuld li
be more of a facilitator but that he spends a lot of time during the lesson at the front of the
classroom. He quickly added there is also a great deal of discussion takanmpgiac
lessonsOItOs not just pure lecture from my end. 1tOs always interacting. Bassey
will often be pretty noisy because theyOre rsittjaving conversations with @¢€P!,
215ER17). He said this unstructured form of interaction, althoughd@maand chaoticO
(P1, 224) at times, facilitated his studentsO learning.

The Case of Sarah
Like Michael, Sarah was a veteran mathematics teacher, having taught at the

secondary level for 15 years. Sarah and David (the third participant, to be introduced

below) taught at Mountain Lake High School located in a small city in northern Georgia.
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Sarah’s experiences in mathematics education extended beyond the secondary classroom;
she had earned a doctoral degree in mathematics education and had taught at the college
level before returning to the high school classroom.

BackgroundSarah had initially enrolled in college as a chemistry major with
aspirations of being a veterinarian. After deciding that she did not like chemistry and
reflecting on her own teachers’ positive influence on her life, she gravitated toward being
a mathematics teacher. Describing her choice of mathematics, she said, “I picked math
because I thought it would be the easiest thing to teach” (PI, 13—14), referencing her
experiences as a good student in a traditional classroom. Her courses in mathematics
education as an undergraduate, however, challenged her initial conception of what it
meant to teach mathematics. Throughout her coursework, she embraced a student-
centered approach to teaching mathematics. “I just thought, ‘Why didn’t somebody teach
it to me like this? And how did I never get to ask these questions?’ And I just completely
fell in love with it” (PI, 31-32).

As a mathematics teacher, Sarah focused on her how her students worked together
and discussed the mathematics at hand. She described her idea of a successful
mathematics lesson as “when kids are talking to each other about mathematics and ...
they’re getting somewhere with their conversation” (PI, 137-138). When elaborating on
facilitating student discourse, she also noted an inherent difficulty between balancing the
sharing of ideas and maintaining the opportunity for individual students to make their
own discoveries or mathematical connections:

The hardest part for me is to balance that kind of lesson where it is exciting when

you figure it out. ... I want the kids to be enthusiastic about sharing, [but] when

they all have the opportunity to get it themselves, that’s the best lesson to me. (PI,
144-147)
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Sarah viewed her job as rmily cultivating her studentsO interest and enthusiasm in
mathematics but also channeling that enthusiasm in a way that each student had an
opportunity for personal discovery.

Observed clasg.observed Mathematics 1, SarahOs first class of the day.
Mathematics 1, designed for students in their first year of high school, was a part of the
newly implemented state curriculum framework called the Georgia Performance
Standards (GPS). Designed to address process as well as content, GPS provided teachers
with content standards, suggested mathematical tasks, and examples of student work with
accompanying commentary.

In their first year of implementing Mathematics 1, Sarah and her colleagues
struggled with implementing the GPS as it differed considerably What teachers and
students alike were used td.hi3 is by far the most difficult year IOve ever had teaching
just in terms of planning and classroom management. | think itOs just a different kind of
mathematicgand] kids who just didnOt get prepade@P) 26 ER63). In addition to
striving for more of a balance between conceptual and procedural understanding, the GPS
was also organized in an integrated manner with algebra, geometry, and other strands of
mathematics spread across the entire high schoat@hum.

The Mathematics 1 class | observed had 24 students (13 boys and 11 girls) and
was representative of the diverse population of students attending Mountain Lake (12
Latino, 8 Black, and 4 White, with several English language learners). Sarah dakscribe
her Mathematic4 students as below average for their grade leeehpounding the
challenges provided by the new curriculudThey are, by whatever standards weOve set,

these are the weak math students. And | guess our standard is they havenOt been
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suc@ssful in math in the pastO (Fl, 8839).Sarah viewed her job as important because
learning in her class was a way for her students to overcome their fear of mathematics
and boost selésteem. However, she admitted this task was incredibly difficult:
| feel bad for a lot of them because theyOre just struggling. So they act out. A lot
of my planning is really taking into account what my kids can handle, what their
attention span is, and if | give them somethag they going to throwt
TheyOre reallygeet [but] they havenOt learned that this is how ydabe in
school. (PI, 26B268)
This struggle to acclimate to a productive learning environmvasevidentas few
students had completed their homework assignments during the course of my
observation. As a result, Sarah had to rely on class time alone to attain her goals for the
class.
To aid her studentsO learning, Sarah had a classroom set of Texas Itsffiémen
83 calculators and computer software that projects the calculator for the class to see, as
well as listing the keystrokes Sarah would use during a demonstration. Sarah viewed her
studentOs use of the calculator as important because it performeof thengalculations
with which the students struggled:
| just put the calculator in their hand and beg them to use it. IOve taught them how
to put fractions in the calculator. TheyOre missing the questions on probability
because they canOt add a half ahitéh Well, at this point | care way more about
if they know when to add a half and a third than can they do it by fRnd.82D
185)
Sarah was enthusiastic about the ways that calculators could help her students, but she
also noted that they were ausce of tension at her school. Despite the benefits of using
graphing calculators to learn mathematics, students were not allowed to use them when

taking GeorgiaOs high school graduation test. (The test prohibited graphing calculators

and those with datd@age capabilities.) Sarah said this policy was especially frustrating
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because many of the tasks written for the GPS framework encouraged students to use
graphing calculators for exploring the mathematics at hand. As a result, Sarah said she
had to balane her teaching so her students would not become overly dependent on using
their TI-83s.

SarahOs Mathematics 1 class met each day for 90 minutes over the course of the
semester. Table 3 displays the subject matter addressed during my observation. These
lesons represented part of a unit on quadratic functions, focusing on the relationship

between a functionOs factorization andktimgercepts of its graph.

Table 3

Class Sessions Observed &arahOllathematics Lourse

Date Topic

Thursday, February 19 Describing families of parabolas

Friday, February 20 Characteristics of quadratic graphs

Monday, February 23  Factors of quadratic functions

Tuesday, February 24 Solving a quadratic equation by factoring
Wednesday, February 2The relationship betweeolutions and factors
Thursday, February 26 Fitting a quadratic curve to realorld data
Friday, February 27 Maxima and minima of quadratic functions
Tuesday, March 3 Finding the maximum in a realorld context
Wednesday, March 4  Review of factored andxpanded form

Thursday, March 5 Comparing the minimum points amredntercepts

Note. Though class met on March 2, | did not observe it as my return -
Georgia from weekend travel was delayed due to inclement weather.
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During our conversations, Sarah did not explicitly discuss her role as a teacher in
the classroom. Her lessons focused on activities students did in groups of three or four.
During group work, Sarah moved around the room, listening to student discusking, a
guestions, and providing feedback. She intermittently interrupted group work to discuss
what the students had found, where they struggled, and how it was connected to what
they had previously learned.

The Case of David

As mentioned above, David wascolleague of SarahOs, teaching Mathematics 1
students at Mountain Lake High School. Unlike Sarah, David was relatively new to
teaching mathematics, having taught for 3 years. A secarakr teacher, he had earned
a masters degree in education and haidtenest in using technology to teach
mathematics.

Background David entered college out of high school with the intention of
becoming a mathematics teacher. After enrolling in college, however, he decided to look
at more financially lucrative career pat including electrical engineering. He did not
finish his degree initially and spent several years in the freight industry driving a semi
trailer truck before returning to school. David described this experience as important in
shaping his views of thenportance of precise communication with respect to learning
mathematics:

| would have a much harder time teaching if | had gone into teaching right out of

high school, having worked with people who couldnOt communicate. If you drive

a truck and you havéo talk to peopleand theyOre trying to give you directjons

you get really good at understanding how important precision is. So thatOs one of

the things | stress more fmy studentsthan a lot of other teachers.dBl, 331D
335]
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DavidOs experiencestside of the field of education also shaped his view of the value of
learning mathematics:

[My studentsitell mg QOII never have to solve any of this stuff in realdife

ThatOs probably true. So the big thing that weOre trying to teach is moreeof th

thinking skills than the math. The math is aiehto teactstudentsjwhat they

need to know[FIl, 336E841]

For David, the process of leang mathematics helped students shape their ability to
think critically and solve problems in nonmathematicah@ll as mathematical contexts.

David chose mathematics because it had been the easiest subject for him to learn.
The easevith which he learned mathematics, howey®sed a challendger him as a
teacher What IOm finding out teaching [mathematicshés;ause it came easiest to me,
it makes it probably the hardest to tedétyou learn something right away, itOs hard to
explain itto someone el€2 (P1, 2f23). This challenge was compounded by the
implementation of the GPS Mathematics 1 curriculumnbled that because the topics
found in an Algebra 1 course were now distributed across several grade levels, it was
more difficult for him to make assumptions about the knowledge his students brought
from their previous mathematics classes. In additiomdmitted struggling to devise
handson activities to support studentsO learning of mathematics, the kind of activities
emphasized by the GPS.

Despite the challenges presented by the GPS curriculum, David thought that
adopting it was a step in the rightalition. When asked to describe a successful lesson
he had recently taught, he cited a @Rspired lesson he and his colleagues had
implemented in which the students constructed different sized cubes with sugar cubes in

order to study linear, quadratiaydicubic relationships. Describing his studentsO work,

David said,Ol was impressed with what they were able to learn and acetallyed it
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for later assessmed(P1, 8&87). Although he could see the potential of the GPS
curriculum, David was also cditl in his assessment of it: Ol donOt think itOs going to get
easier to teach as you go onO (FIEB92).

DavidOs teacher education program had exposed him to a variety of instructional
technologieghat mathematics teachers could use in their classriomhasling Microsoft
Excel, Key Curriculum PressOs GeometerOs Sketchpad and Fathom software, as well as
the Texas Instruments Calculat®ased Ranger and Calculat®ased Laboratory. At the
time of my observation, he and one of his colleagues at Mountk@ere working to
develop an elective mathematics course featuring these technologies. Noting the
constraints of the mainstream curriculum, David envisioned his course as being offered to
noncollegebound students:

1tOs more hands), and itOs more prasal. The things you can do in Excel that

would help the average studewe donOt offeE because we have a curriculum

and we have to cover things. Unfortunately, Excel doesnOt mesh really well with

what we have to get ifPI, 175179)
Despite theressure to cover certain topics in the GPS curriculum, David did manage to
incorporate some forms of technology in the Mathematics 1 course | observed.

Observed clasdgzor my study, | observed DavidOs Mathematics 1 class that met
during the second blocK the school day. As in SarahOs class, the 17 students (7 male,
10 female) David taught represented a diverse set of backgrounds (8 Latino, 1 Asian, 4
Black, 4 White), and many lacked the mathematical competencies expected at their grade
level. David commeted on how his studentsO mathematical abilities interfered with

learning more advanced concepfBhé€y all struggle wittE the math facts, the

multiplication facts. 1tOs hard to factor when you donOt know how to get 12 other than by
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3 and © (FI, 4850). In reflecting upon the challenges of trying to use the GPS
framework with his students, he said:

We do have a different population than the rest of the gEte. GPS framework]

is written for the state. So, because of the language barriers that wenbaeeo

with our students, there are things that we have to chérigd.78180)

As an example of the changes he had made to the GPS framework, David said that he
sometimes modified or omitted material that might be problematic for his students.

David had a classroom set of Texas Instrument84rgraphing calculators for
student use. In many cases, however, he refrained from allowing the students to use them,
because of GeorgiaOs mathematics assessment:

IOm trying to move away from using graphing datous 1tOs a great tool for

them to haveand it does help give them access to some of the Higelr

thinking that they are going to have to do. The problem is they canOt rely on it too

much because, when they get to the assessment at the endetbeestaOt let

them use a graphing calculat@®l, 108112)

Although he had reduced the use of graphing calculators in his classes, David did
say that he relied on the graphing calculator to show his students how functions could be
represented in differg ways, as a graph, a table, or an equation. He also mentioned that
his school was working to obtain scientific calculators without graphing capabilities for
students to use in class.

Table 4 displays the subject matter addressed during eanim@€ bbck of
DavidOs class that | observed. Like SarahOs Mathematics 1 class, DavidOs class was
engaged in a unit on quadratic functions.

When talking about his classOs discussions, David described his own role as one

who synthesized the contributions that stuid made in class. During our final interview,
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Table 4

Class Sessions Observed BmvidO#Mathematics Lourse

Date Topic

Thursday, February 19 Modeling quadratic functions: Graphs

Friday, February 20  Modeling quadratic functions: Average ratechfinge
Monday, February 23 Factoring trinomials

Tuesday, February 24 Factoring trinomials

Wednesday, February Quiz: Solving quadratic equations by factoring
Thursday, February 26 Solving quadratic equations by factoring, with graphs
Friday,February 27 Modeling quadratic functions: Solving with graphs

Tuesday, March 3 Solving quadratic equations with graphs; odd and eve
functions

Wednesday, March 4 Odd and even functions; modeling rational functions

Thursday, March 5 Modeling rationafunctions

Note. Though class met on March 2, | dit observe it as my return to Georgia
from weekend travel was delayed due to inclement weeath

he described how students would present different partially correct solutionsdskhe
hand. Tareconcile the differences, he would
show the commonalitiefbetween student contributionsi actually just merge
them into oneE A ot of times, one group wilk explain the input part really
great and theyOll just sort [#ay], Ot gives yousomethingOAnother group will
E give this nice long eloquent answer on this is how you ftinedoutput] this
is what you did, and this is what it means. So if | take their input and their output
and put them together, 10ve got a better answer thanditine groups hadFl,
311E816)
In this way, David thought that he helped his students see how their work fit into the

larger context of théaskat hand and how collaboration with others was helpful in

solvingtasks
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The profiles of each participaahd his or her observed class above provide a
foundation for presenting the results of the study. In the next chapter, | attempt to answer

the three research questions with respect to each participant.
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CHAPTER 4
RESULTS

The results of the study are argzed according to the research questions. Each of
the three participants is discussed in turn in the context of each question. The participants
and their background were introduced in chapter 3.

Question 1: TeachersO Selection of Mathemdtasks
To examine the mathematical tasks selected by teachers to be used in instruction, | posed
the following research questions: 9w do high school mathematics teachers select the
mathematical tasks that they implement during instruction? (b) What is theiagnit
demand of these tasks?

To address the first question, | asked the participants to describe their planning
practices and to clarify how they produced the tasks they used. In addition, | used the
observation interviews and final interview as a mearm®ofirming their rationale for
selecting the specific tasks from the lessons | observed. To address the cognitive demand
of each selected task, | used my modification of the Task Analysis Guide (Stein et al.,
2000) and assigned one of four levels of cagmitiemand: (a) recall or recognition, (b)
procedures without connections, (c) procedures with connections, and (d) doing
mathematics. A selection of the tasks used by the teachers during my observations

appears in Appendix E.
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Michael

Selection ofasks When asked how he planned his mathematics lessons, Michael
replied that he did not plan nearly as much as he used to early in his career, relying on his
experience. To put it in his words, Ol just know the courses coldO (PI, 87). He cited the
Honors Calclus course he created and | observed as evidence of his familiarity with the
content.

Michael described his lesson plans as centered on three to four tasks, each
preceded by a brief introduction when a new topic was introduced. A list of the tasks he
usedduring my observation along with where he found them is provided in Table 5.
These tasks came from a variety of sources: Ol pick my [tasks] by always exploring,
reading journals, reading textbooks. | very rarely just follow a textbookO (Bl 2009
An example of this practice occurred on May 7, when Michael used a task (Roots of a
Cubic, 5/7) he had found in a book on CAS (Fey, Cuoco, Kieren, McMullen, & Zbiek,
2003). This task required students to explore a specific relationship between the roots of a
general cubic function. In another situation, Michael used information he found in a book
on chaos theory (Gleick, 1988 to modify a tdimensional equation illustrating basins
of attraction into a ondimensional model for use in class (NewtonOs Methd@)2, 5

In addition to using tasks from a variety of sources, Michael also sought to bring
unique challenges to his students:

A lot of times 10Il give them[task] that has something subtle or a particular

characteristic that will force them to pause agdife out how do | get myself past

this one point. E So it really is just trying to be creative in trying to get the
students to think(PI, 3¥87)

Many of the tasks Michael chose for his students were from past AP Calculus exams.

During my observation diis classes, five of the eight homework tasks that
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Table 5
MichaelOF asksfor Honors Calculus
Initial level of
Date  Task name and source cod Class context cognitive demand
04/23 Lamppost Shadow (U) Homework review PWC
Circle and Square (A) Homeworkreview PWC
Bug on a Line () Topic introduction PWOC
04/24 Critical Points (T) Student exploration PWC
Particle on Line 1 (A) Homework review  PWOC (a, b), PWC (c)
Total Distance (U) Homework review PWC
04/29 Unit Circle (1) Topic introduction PWOC
Inverse Sine (T) Topic introduction PWC
Parametric Function (1) Topic introduction PWOC
04/30 Tangent Line (U) Homework review PWC
Parametric Ellipse (U) Homework review PWOC (a, b), PWC (c, d
05/04 Particle on Line 2 (A) Homework review PWC
Kite (A) Homework review PWOC (a, b), PWC (c, d
Particle on Circle (A) Homework review  PWOC (a), PWC (b, c¢)
05/07 Roots of a Cubic (O) Student exploration PWC
NewtonOs Method 1 (1) Topic introduction PWC
05/08 NewtonOs Method 2 (O) Topicintroduction PWC

Note. The parenthetical notations after each task indicate its source: (A) AP task, (1)
improvised task, (O) outside source, (T) past test item recast in a new context, (U)
unknown source. The codes for level of cognitive demandRYEOC) procedures
without connections, (PWC) procedures with connections. Multiple levelsgyoito/e
demand listed for a given task indicates a muljjae task where the parts diféer

students asked to review were from past AP exams. (This rati@@nsistent with the
overall ratio between the AP tasks and all tasks used in MichaelOs assignments.) When
asked how he selected the AP tasks to be included on assignments, Michael stated he
solved the tasks released each year, looking for Oanythirgjrikes me as interestingO

(FI, 10) which he described as a task that has
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multiple solutions, a clever twist or an idea that will let you shortcut something,
pulls together ideas in an uncommon way, sometimes maybe just a little bit more
challenging, sontanes may involve a subtle point in a definition that students
will often take for grantedFI, 10013)
Michael added that if he were to rate tasks on a scale of 0 to 10 in terms of difficulty, he
selected only tasks that had a difficulty of 5 or grefatehis students.
On four occasions during my observation, Michael improvisiedkused in his
lesson, choosing the function to be used at the moment of instruction. For example, when
introducing the concept of particle motion (Bug on a Line, 4/24), he said, OlOve got some
particle, some little bug, E moving along theaxis. E The bugOposition along the-
axis will be defined ax(t) =t* D6t + 50 (CT, 4/23). There was a distinct hesitation before
Michael stated the function describing the bugOs position. During the final interview,
Michael confirmed that he had improvised this fumectiwhen asked if there was a
rationale for deciding what function to use, he repliédhGse a cubic so that the range
would be all[realnumbers] so that no matter where | wasking there would be a
solutionQFI, 29E81). He also purposefullgelected the terms included in the function.
Michael said he eliminated the quadratic term and used a negative linear term to ensure
that the derivative would be a quadratic equation with real solutions. In addition to this
technique, Michael said he sonmets eliminated the linear term in a cubic function to
ensure that the derivative would always be factorable.
Furthermore, Michael said his improvisation was intentional. He was not
particularly concerned if the functions he used in class were easy towtlrk
A lot of times IC)IJ just call for random coefficients from the students so that they
even know theyOre making up the function as we go along. Part of the point is that
itOs not special functions. 1tOs not like these are the little unique casekighere

works. This is a general relationship. E | really donOt care if the numbers are
pretty or the numbers are ugly. In fact, E having ugly numbers come out in the



60

very first shot also keeps students from believing that answers have to be pretty.
(FI, 330)

Although Michael found improvisation to be a good way to emphasize the generality of
mathematical techniques, he also emphasized the importance of adhering to the central
goal of the task at hand. For example, given his choice of equation for Bugron he

stated, OA quadratic is always solvable, but the effort to do so can be distracting when the
goal is understanding, not manipulation® (email communication, 6/30/09).

In another example of improvisation, Michael used the functignof’ D5 to
demonstrate NewtonOs method for finding the roots of a function (NewtonOs Method 1,
5/7E6/8). Here again, although Michael generated this equation spontaneously, he had
specific mathematical goals:

| didnOt want it to be rational. E Partly also becausenthale nature of being

able to use this as a technique for approximating the square root of 5, the fact that

this thing converged so quickly E IsnOt this a really cool technique for g¥tting

how many decimal places of accuracy do you want? \iV@lbnOt tee you that

many iterations to get there. (Fl, Z282)

Cognitive demandiVhen examining the cognitive demand of the tasks Michael
selected for his Honors Calculus class, | was aware of his studentsO relatively advanced
mathematical knowledge and trainirichis knowledge provided them a vast and easily
accessible arsenal of mathematical procedures and strategies for implementation. Often,
the students quickly determined an appropriate approach for solving the task and
skillfully implemented it. The timingf my observation, near the end of the school year,
took advantage of their proficiency, as they transferred much of what they had already
learned to new tasks.

Because of this proficiency, my assessment of cognitive demand was more

conservative (toward éhlower end of the cognitive demand hierarchy) to account for the
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studentsO ability. Nevertheless, the tasks Michael selected for his students tended to
exhibit the characteristics of procedumsh-connections tasks (see Table 5). For
example, considerdmppost Shadow, a task from an AP exam that Michael discussed
with the students on April 23:

A student walks past a lamppost that is 15 feet high. The student is 5 feet tall and

walks at a constant rate of 6 feet per second.

(a) How fast is the length of thréhadow changing?
(b) How fast is the tip of the shadow moving?

Although the handout on which this task was found was enRigated Rates
Supplement Jland procedures exist for approaching tasks of this type (for example, see
Kelley, 2002, pp. 148150), these procedures are general and must be tailored to the
specific characteristics of the task at hand (procedures with connections, Characteristic
2). In this case, the student must visually represent the situation of a student walking past
a lamppost; deterime an appropriate labeling scheme for the relevant variable quantities
such as the distance from the student to the base of the lamppost, the length of the
studentOs shadow, and the distance from the tip of the studentOs shadow to the base of the
lamppost and devise a way to relate the given information to the quantity sought (such as
using similar triangles). When the students discussed this task in class, their comments
suggested conceptual difficulties inherent in the task such as determining thierdoéc
the walking student and the preservation of similarity despite a change of the right

trianglesO shape.
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Another task | classified as procedures with connections was Critical Points, a
task used by Michael as a watmp activity e April 24. This taskequired the students to

find all critical points of the following furton:

1
y: Xlnx

Although this task is stated very simply, the means to determine the critical points is not
readily apparent. Consistent with the second characteristic of procedures with
connections in the Task Analysis Guide, the students had a general procedurénigr find
the critical points of a function (differentiate with respect,tsety equal to zero, and

solve forx), but that procedure must be tailored to a particular task context and in
connection with the use of logarithms to eliminate a variable from amerp

Despite the studentsO ability to quickly recognize the context for particular
procedures and apply them, they struggled initially with this task and failed to recognize
this context. Even once they recognized logarithmic differentiation as arpappeavay
to tackle the step of differentiating the function, they struggled to make sense of the
solution (every point is a critical point). This struggle prompted the students to reconsider
their conceptualization of critical point, consistent withfitet characteristic of
proceduresvith-connections tasks: the use of procedures to develop deeper
understanding of mathematical concepts and ideas.

Several of the tasks Michael used during my observation could be described as
procedures without connecti®nn these cases, the students readily recognized and
performed the procedure that the task context demanded. For example, consider the three
parts of Bug on a Line that Michael used to introduce linear motion:

IOve got some particle, some little bug, Bvimg along the saxis. E The bugOs
position along the-axis will be defined as(t) =t* D6t + 5.
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(a) Can you tell me when the bug is at the origin, if ever?

(b) When is the bug at rest?

(c) LetOs say IOm only interested in the time interval from 0 to 4. Wherbigy

moving the fastest?

In the case of each part, the students immediately recognized the procedure necessary to
attain an answer, most likely because of their frequent exposure to similar task contexts
during previous instruction (procedures withoahnectionsCharacteristic 1). For
example, determining when the bug is at rest (a thin disguise for setting the related
velocity function equal to zero) is a familiar procedure for students who are completing
their first year of differential calculus. ®érvation of the students during the class when
this task was presented confirmed the classification of this task as procedures without
connections. The students instantly supplied a correct strategy for each part of the task
and correct answers (procedsikgithout connection§haracteristic 4).

A second example of a proceduseishout-connedns task is Parametric

Function, which required students to differentiate the followingtfanc

X(t) =cos(t) +1
y(t) =t* +/t

Even though Michael had just introduced pae&ric differentiation to his students, they
could also readily differentiate this function because of their familiarity with

differentiation rules for powers, roots, and trigopnometric functions (procedures without
connectionsCharacteristics 1 and 2). Asresult, differentiating each part of the function
with respect td was trivial. As with Bug on a Line, when the students quickly and
correctly calculated the derivatives, that indicated that this task, as stated, could be more

accurately described asn-level.
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As Table 5 shows, the level of cognitive demand within Apdtt tasks often
varied. In these cases, the preliminary parts asked the students to produce data for use
with the more complex subsequent parts. For example, the task Kite (5/04)déeima
different levels of operations from the students:

Kite. A kite flies according to the parametric etjoas x :é and

y=" G_it(t " 128 wheret is measured in seconds! @! 90

(a) How high is the kite above the ground at32 seconds?

(b) At what rate is the kite rising it 32 seconds?

(c) At what rate is the string being reeled outat32 seconds?

(d) At what time does the kite start to lose altitude?

As with the procedurewithout-connections tasks described above, the students could
easily recognize and use wedlhearsed procedures to solve the first (solvg &t = 32)

and second (solve for the derivativeyofith respect ta att = 32) partof Kite. The

third and fourth parts, however, presented a more substantial challenge. For (c), the
students had to represent the length of the string (a functioarafy) as a function of
(procedures with connectiorGharacteristic 2). For (d), théuslents had to recognize

that the point where the kite begins to lose altitude is when it reaches a maximum height
and determine when that situation might occur.

In general, the level of cognitive demand of the tasks selected by Michael for use
in his clas corresponded to the context in which each task was used. For example, the
tasks he used to introduce a new topic or concept tended to be procedures without
connections, a lower level. Tasks used for exploration or homework tended to have a
higher level 6 cognitive demand, procedures with connections. As many of the

homework tasks were from AP exams, this higher level of cognitive demand confirms

MichaelOs effort to implement more difficult AP tasks (5 or above on{gsitDscale).
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Sarah

Task selectionSarah described her lessglanning process as beginning with the
GPS framework and examining the stptevided tasks for the content she was to teach.
She said the quality of these tasks varied and that she had to be selective with the GPS
material:

| want[a task]to be operended enough that kids have a chance to at least talk

about it or explore it a little bit before all of these very specific guided questions

come.E While they say that theyQoperrendedltasks [the tasks}end to just

be very bng word problems witk a context, ané fifteen different sequential

questions that sort of legstudentsjto the answer. I just donOt think thereOs a

lotN a lot oftasksjust donOt allow #8 to explore at the beginning. (P1Ebb)
To illustrate thigpoint, Sarah described a GPS task in which students were to explore the
relationship between the area and perimeter of a rectangléaskismimediately asked
students to find side measurements for specific cases without allowing them an
opportunity to eplore the possible dimensions a rectangle might have for some fixed
perimeter.

Despite these shortcomings, Sarah said it was still possible to use the GPS tasks in
a productive way©rou can use the context and then not use all the little subquegions
WeOve rewritten some of [ttasskg where weOve taken out all of those little tiny
question® (Fl, 4851). At other times, however, Sarah abandoned the GPS task provided
for a given mathematical objective and relied on other resources. That was tfte case
the unit on quadratic functions during which my observation took place.

The GPSprovided task for quadratic functions was cakailaOs Peachésr a
complete description, a link to the task on the Georgia Department of Education website

is providedin DavidOs section of Appendix E). It required students to explore the context

of a peach farm where the number of trees planted per acre correlated negatively with the
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number of peaches that could grow on each tree. As a result, the yield for theaemtire f
when expressed as a function of the number of trees per acre behaved in a quadratic
manner. Students explored this context by examining the yield for different amounts of
trees per acre and identifying the number of trees that provided the maximdm yiel
Through this exploration, they also explored the symmetry of quadratic graphs and
solved quadratic equations through factoring.
Sarah elected not to use PaulaOs Peaches. Her reasoning for this choice provided
insight as to what she valued in the tastks uses in her classes. First, she felt that it did
not adequately address the standard in question. Although PaulaOs Peaches did address
graphs of quadratic functions and included practice in solving quadratic equations and
factoring trinomials, Sarah lfehat the context focused more on optimization. Second,
she felt the numbers used in PaulaOs Peaches were unfriendly for students. As a result of
these factors, Sarah doubted whethetaskwould have been effective with her
students:
[The context] wold have gotten in the way of them being able to visuatize
intercepts on the graph with factors. And | donOt think that connection was made
strongly enough in that task. You can see from my lesson that | spent a lot
more time trying to make that conniect. (FI, 15220)

Sarah also added that PaulaOs Peaches included only algebraic representations of
factoring and said an area model or other graphical representations should also be used.
When not using the tasks provided by GPS, Sarah consulted othecessd-irst,
her school had adopted a textbook published by Carnegie Learning (Hadley, Snyder, &

Sinopoli, 2008) that had been written to exclusively address the GPS Mathematics 1

curriculum. Although this textbook was convenient because each studentbpy,

Sarahfound, like those provided by GPS, tlaskswere compsed of @ context with a
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series of really leading questions following itO (P1E113) As a result, Sarah said she
relied upon her past experiences as a teacher, drawing on effeskivama activities

used in prior years and modifying them to suit her ndadsarticular, she mentioned her
prior work with the Connected Mathematics Project materials (Lappan, Fey, Fitzgerald,
Friel, & Phillips, 2006), from which she used the investarat | have labeled Parabola
Maxima and Minima (2/27).

The tasks Sarah used during my observation are displayed in Table 6. StudentsO
work on some of the tasks extended over multiple days. In this case, the task is relisted on
each day it appeareds notal from the table, Sarah spent little time during class
reviewing homework. This practice can be attributed to only a few of her students having
their homework completed on a regular basis. Instead, she reviewed the concepts that the
students were suppostastudy by providing new tasks for them to think about.

Cognitive demandAssigning the cognitive demand for the tasks Sarah used with her
students was challenging because of the studentsO difficulty in recalling the procedures
she had taught during plieus lessons (or, in extreme cases, the same day). | classified
many of the tasks in Table 6 as procedures without connections bdtaysere

intended to serve as a review of previously learned concepts and procedures. These tasks
explicitly called forspecific algorithms (procedures without connecti@tsaracteristic

1) and were not connected to the underlying mathematical meaning (Characteristic 3).

Despite the apparently low level of cognitive demand, these tasks created
difficulty for SarahOs stuas. They either could not recall the definitions pnatedures
specifiedby the task or could not recognize what to do from the directions. | describe

these challenges in more detail below in the results for the second research question.
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Table 6
SarahO$asksfor Mathematics 1
Initial level of
cognitive
Date Task name and source code Class context demand
02/19 Domain and Range gf= (1) Concept review PWC
Families of Parabolas (U) Student exploration PWOC/PWC
Quadratic Data Table (U) Studentexploration  PWOC/DM
02/20 Quadratic Data Table (U) Student exploration PWOC/DM
02/23 Quadratic Data Table (U) Student exploration PWOC/DM
Factoring Trinomials (1) Concept review PWOC
02/24 Domain and Range With Graphs (I Concept review PWOC
Quadratic Characteristics Review ( Procedure review PWOC
02/25 p*+ 1Q + 25 (T) Homework review PWOC
YV +17y +72 =0 (T) Homework review PWOC
X PIx P36 =0 (T) Homework review PWOC
f(x) =x* DI D36 = 0 (T) Homework review PWOC
SportsArena (O) Homework review PWC
02/26 Sports Arena (O) Student exploration PWC

02/27 Parabola Maxima and Minima (O) Student exploration PWOC/DM

03/03 Polynomial Skill Review (U) Procedure review PWOC
Dog Run (T) Student exploration PWOC/PWC

03/04 DogRun (T) Student exploration PWOC/PWC

03/05 Quadratic Modeling (O) Conceptapplication PWC

Note. The parenthetical notations after each task indicate its source: (T) Textbook, (1)
improvised task, (O) outside source, (U) unknown source. The codesdbof

cognitive demand are: (PWOC) procedures without connections, (PWC) procedures with
connections, (DM) doing mathematics. Multiple levels of cognitive demand listed for a
given task indicates a multipitage task where the stages differed.

Sarah used several tasks | classified as procedures with connections. Sports Arena

(2/25E26) challenged students to approximate a quadratic curve that would fit provided
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data representing the relationship between wind speed and the pressure wind would exer
on the surface of a building. Once this curve had been defined, the students were
expected to use its equation to extrapolate additional data points. To accomplish these
goals, the students were expected to use a process of trial and error, choosmgfualu
b, andc for the coefficients of the quadratic equation and testing their guess by graphing
it in the same window as a scatter plot of the data. An established procedure for finding
the quadratic equation had been learned, but in using that precetlidents had to
consider how changes in the coefficients of a quadratic equation would influence its
graph. Thus, the use of the procedure enabled the development of a deeper understanding
of quadratic functions (procedures with connections, Chaistitet). In addition,
students were asked to make connections between two different representations of a
guadratic function, its equation, and its graph (procedures with connections,
Characteristic 3).

| also classified Families of Parabolas (2/19) ab hegel because it required
students to graph groups of related quadratic functions (each group featured a particular
transformation, such as a vertical translation) and provide an OobservationO based upon
the graphs. Although the process of graphing timetions could be characterized as low
level, producing an observation with respect to the group of graphs as a whole required
the students to connect the change occurring in the symbolic representation (the change
of a numerical parameter) with the chamgeurring in the graphical representation. This
connection is representative of procedures with connections (Characteristic 3).

Like Families of Parabolas, several of the tasks used during my observations had

both low and highlevel cognitive demand coropents. One of these taskxjadratic
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Data Table, spanned three class periods £2,92/23). During this time, students

collected data in the form of different characteristics (coefficients, intercepts, and graphs)
for 11 quadratic functions and recordéem in a table Sarah provided. Once these data
had been collected, Sarah asked the students to write down any patterns they found or
observations they could make about the data. This-epdad exploration required

students to build an understandinglod hature of quadratic functions (doing

mathematics, Characteristic 4) when they did not have a prescribed method for
determining these patterns (doing mathematics, Characteristic 1).QimadratidData

Table required students to use higlexel thinking to analyze data collected using
lower-level procedures.

This combination of lowand highlevel cognitive demand could also be found in
Parabola Maxima and Minima (2/27)taskSarah adapted from the Connected
Mathematics Project materials (Lappanlet2006, pp. 2B28). In this task, students
again were asked to generate and examine data with respect to quadratic functions, this
time focusing on the intercepts, line of symmetry, and coordinates of the maximum or
minimum point. Once these data werdexied, the students were then expected to look
for and describe patterns within them. The prompts provided specifically asked for
students to make predictions and explain their thinking:

Describe how you can predict theandy-intercepts from thequation. E Can )

you predict the location of the line of symmetry from the equation? Explain. E

Can you predict the maximum and minimum point from theaggn? Explain.

(Lappan et al., 2006, p. 29)

Like Quadratic Datd able, Parabola Maxima and Minireapected students to use lew

level procedures to collect data that could be used for more conmularoaalgorithmic

thinking (doing mathematics, Characteristic 1) as they explored and adtietmpt



71

establish a basic conceptual understanding of quadratiédnagtioing mathematics,
Characteristic 4). In this way, both procedural and conceptual knowledge could be
developed.

Although Sarah indicated that she did not like to use tasks that could be
characterized by a series of Overy specific guided questidnSCERR), she did use Dog
Run (3/31), a task that could be described in that manner. In Dog Run, the students
examined the area of a rectangular space built on three sides with a fixed amount of
fencing, and the fourth side was a preexisting structure tdsk directed the students to
initially use specific values of one linear dimension to determine the other linear
dimension as well as the area. The students then filled in a provided table with these
results and used the table to answer specific qumesstibout the relationships between the
variables. For example:

Describe what happens to the length as the width of the dog run increases. Why

do you think this happens? E Describe what happens to the width and area as the

length of the dog rumcreasesDescribe what happens to the width and area as

the length of the dog rutecreases(Hadley et al., 2008, pp. 18435)

After answering these questions, the task directed the students to plot the data with
respect to length and width (a linear relationshipd width and area (a quadratic
relationship). A series of questions regarding the graphs followed, including one that
asked students to identify when the area was maximized: OWhat is the greatest possible
area? What are the length and width of the dimgwith the greatest possible area? Use
complete sentences to explain how you determined your answerO (p. 137).

Dog Run had elements that could be characterized as either procedures without

connections or procedures with connections. Initially, when stsdegre asked to

determine the length of the dog run when its width was 2 yards, the students had to tailor
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a known procedure, calculating the perimeter of a rectangle and adapting it to think about
a threesided rectangular figure where one side and énaneter were known

(procedures with connections, Characteristic 4). When the students were prompted to
repeat this activity using different values for the width, the needed procedure was
apparent because of their experience with the initial example ¢an@esewithout

connections, Characteristic 1). In addition, although this task asked students to describe
in detail the relationships they saw in the data, the task itself brought attention to these
relationships. For example, one question asked stude@idascribe what happens to the
length and area as the width of the dog run decreasesO (Hadley et al., 2008, p. 135). This
prompt explicitly asked the students to analyze the relationship between width and the
other two measures. However, by focusing onvifiith as a decreasing quantity, it

suggested a means for analyzing the other two measures: increasing, decreasing, or static.
In addition, the students were not prompted to consider how this relationship was
connected to the taskOs context.

Furthermore, ¥ answering the questions asked by the task, the students were
shown and asked to consider specific mathematical relationships. Dog Run, however,
does not raise awareness of the underlying mathematical argument that was developing
because it relieved théuslents of the burden of making that argument. In this way, |
viewed Dog RunOs cognitive demand as mostly low level (procedures without
connections) because its focus was not on eliciting-legél student thinking.

David
Task selectiorDavidOs method for selecting tasks for his lessons began with the

GPS framework explorationklis approach to teaching these explorations, however,
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changed as a result of his initial experiences with them. During the fall semester, he
found his studentsould not make the connections between mathematics and context that
the GPS tasks intende@Vhen | tried it without the background and [by] doing
discoverybased learning, itOs not scaffoldable for them. E They canOt just go from what
they know to where thstate thinks they should beO (PB8). To address his studentsO
difficulties, he adjusted his teaching during the spring semester to include Opreteaching®
each topic: teaching the basic skills to be developed in the GPS task before doing the task
itsdf. Through preteaching, David reported his students could navigate through the tasks
in a more independent manner.

When selecting tasks for his students, David relied mainly on the three most
immediately available resources: (a) the activities providethéysPS framework, (b)
the Carnegie Learning textbook (Hadley et al., 2008), and (c) an additional textbook
published by McDougal Littell (Long, 2008). Once he determined the topic to be studied,
David said he usually consulted the textbooks first:

101l bok through the two textbooks and fitiee one | think is best for doing the

background offthe topic} Generally IOl start with the MacDougal book because

itOs the most basic stuff. ItOs the most straightforiassdhe most drill and

practice E Then, if | have to, 10Il do a few sections out of Carnegie book, which

is more handsn, more like the framework@l, 3540)
Once David felt he had laid a sufficient foundation of basic skills in a particular area, he
would proceed to having his students kvon the GP$rovided tasks.

In addition to the stateand schoaprovided resources, David said he also
searched the Internet and other outside sources for tasks to use:

Often 10II steal parts of Power Points by going oitek and finding a topic. E

Beyond that, itOs just things that have accumulated3rpears of teaching

Algebra 1. So it will be different worksheets I0Ove used in that for the same topic.
(FI, 1950198)
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He described one source of worksheets heihaghich students could match their

answers to those in a provided list, as particularly useful: OThat often works well as a way
to introduce a topic because it lends itself to [students] checking their work. IOl use that
for the first couple days of a topic and then build into more rigaasisO (PI, 28204)

During my observation®avidtold me about a new resource he had found on the
Web,the North Georgia Regional Educational Service Agency (RESA) Web site
(http://www.ngresa.org/MathResources.htfrom this site, David could downida
instructional units for Mathematics 1 written by other high school mathematics teachers.
OTheyOve already done what weOre doing. This should help make our work easierO
(Observation interview, 2/20). During my observation, David used supporting materials
found on this Web site to support his teaching of selected GPS tasks.

Although David consulted a variety of sources for finding the tasks he used in
preteaching the basic skills, his students needed to succeed with thEdviIBd tasks,
| did not have th opportunity to observe this process. DavidOs class began work on
PaulaOs Peaches (see Appendix E for a link to the Georgia Department of Education Web
site containing this task), a GPS exploration focused on modeling, factoring, and solving
guadratic egations, on the first day of my observation. Work on this exploration
continued through the majority of my visit (see Table 7). Once PaulaOs Peaches had been
completed, DavidOs class spent the majority of the remaining 3 days exploring two other
tasks, Logdsymmetry and Resistance (GPS framework tasks).

Cognitive demand?aulaOs Peaches occupied the majority of my observation of
DavidOs class. In this task, the students were introduced to a scenario where Paula, a

peach farmer in Georgia, had to make deaisiabout her farm based upon data from an
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Table 7
DavidOg asksfor Mathematics 1
Initial level of
cognitive
Date Task name and source code Class context demand
02/19 Paulac:)s Peaches, 1 (G) Student exploration PWOC/PWC
PaulaOs Peaches, 2, pdits(&) Student exploration  PWOC/PWC
02/20 Paulac:)s Peaches, 2 (G) Student exploration  PWOC/PWC
PaulaOs Peaches, 3 (G) Student exploration PWOC/PWC
02/23 Paulac:)s Peaches, 4 (G) Student exploration  PWOC/PWC
PaulaOs PeacheBBhall parts (G) Procedureeview PWOC
02/24 Paulac:)s Peaches, 9 (G) Procedure review PWOC
PaulaOs Peachespil® (G) Student exploration PWOC/PWC
02/25 Quadraticequationgyuiz (U) Assessment PWOC/PWC
02/26 Review of Factoring Procedure review PWOC
PaulaOs Peaches, 13, paliis(G) Student exploration  PWOC/PWC
02/27 PaulaOs Peachesbl&G) Student exploration  PWOC/PWC
03/03 PaulaOs Peaches, 15 (G) Student exploration PWOC
Odd or Even (G) Topic introduction PWOC
Logo Symmetry 4, 11 (G) Student practice PWOC
03/04 Oddor Even (G) Topic introduction PWOC
Logo Symmetry, 11 (G) Concept review PWOC
Resistance (G) Student exploration PWOC
03/05 Resistance (G) Student exploration PWOC

Note. The parenthetical notateafter each task indicate its source: (G) Georgia
Performance Standards, (I) improvigadk (U) unknown source. The codes for level of
cognitive demand are: (PWOC) procedures without connections, (PWC) procedures with
comections. Multiple levels of gmitive demand listed for a given task indicates a
multiple-stage task where the stages dédte

agricultural experiment. The key relationship presented was, for every tree per acre
planted over 30, the average number @fghes grown on each tree decreased by 12 from

the average 3@ee yield of 600 peaches. When considering the average yield of peaches
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per acre, where the average yield per tree is multiplied with the number of trees per acre,
a quadratic relationship wapgarent.

PaulaOs Peaches was broken into 15 separate items, each having as many as ten
subdivisions. When viewed in their entirety, some of the items have characteristics of
high-leveltasks For example, consider the opening sentence for Item 3:

Paulawants to know whether there is a different number of trees per acre that will

give the same yield per acre as the yield when she plants 30 trees per acre.

(PaulaOs Peaches, 3)

Prior to this item, the students had established a formula for both the ayietdgs

peaches per tree plantéld &nd for the average number of pees per acrer}, with

both functions having the number of tregsgs the independent vabie:

T(X) =" 12x + 960
Y(X) =" 12x* +960x

At this point, the instructions for Item 3 could have beesgmted in a way that would
present quite a challenge. Previously, the students had found the v#lfer pfescribed
values ofx and had seen th#(38) =Y(42) = 19,152 peaches, but no clear method had
been presented to find different values for the Ineinof trees that would produce the
same yield. The students would most likely have had to experiment with further output
values ofY and, as a result of this experimentation, may have encountered the inherent
symmetry by either representing the data talkde or as a graph. These possible student
actions can be characterized as procedures with connections because they developed
deeper understanding of the quadratic functions (Characteristic 1), made connections
between multiple representations (Charastieri3), and followed the general procedure

of testing different numbers of trees while also engaging with the behavior of quadratic

functions (Characteristic 4).
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Although the opening sentence of Item 3 of PaulaOs Peaches provided the
potential for studestto work on a higlevel task, the actual task was subdivided into ten
parts that removed much of the experimentation and uncertainty. Here is a partial list of
these subdivisions:

(@)  Write an equation that expresses the requiremenx the¢s per acre

yields the same total number of peaches per acre as planting 30 trees per
acre.

(b) Use the algebraic rules for creating equivalent equations to obtain an

equivalent equation with an expressioxion one side of the equation
and 0 on the othe

(c) Multiply this equation by an appropriate rational number so that the new

equation is of the forn® + bx + ¢ = 0. Explain why this new equation has
the same solution set as the equations from parts (a) and (b).

(d) [Identify the values ob andc.] N

(e) Find integersn andn such thamn=c andm + n = b. (PaulaOs Peaches, 3)
The instructions of these parts, taken as a whole, delineated a clear path toward a
solution. When included with the opening sentence, these parts reduced the potential
cognitivedemand significantly. The students used explicitly called for steps (procedures
without connections, Characteristic 1), had little confusion as to what was to be done
(Characteristic 2), and made little connection between the procedure they were using and
the underlying symmetry of the quadratic function (Characteristic 4).

Although the cognitive demand of PaulaOs Peaches 3 was reduced by the explicit
instructions found its subdivided parts, it still contained elements that would require
students to use Higrlevel thinking. Several parts asked the students to identify and
explain connections between the steps they had taken. For example, Part (h) asked the
students to connect the zgsooduct property to their factored equation, and Part (j) asked

them torelate their solution back to the context of the task. By focusing studentsO

attention on connecting their work to both the context of the task and the underlying
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mathematics, these questions may have given students an opportunity to engage in
higherlevel thinking.

The process of solving a quadratic equation by factoring delineated in the steps of
PaulaOs Peaches 3 was repeated in a similar way in 4. These items set the stage for Items
589, where students practiced factoring trinomials and solving quaératations by
factoring independent of the peach farm context. The directions forttsksavere
explicit as to what procedure the students were to use (procedures without connections,
Characteristics 1 and 2).

The practice of the solvinlgy-factoringprocedure was followed by ItemsEi®,
which returned to the peach farm context and asked students to investigate particular
yields of average peaches per acre. For example, 12 stated:

At the same auction where Paula heard about the peach grower whettvagsa

low yield, she talked to the owner of a major farm supply store in the area. Paula

began telling the store owner about her plans to expand her orchard, and the store

owner responded by telling her about a local grower that gets 19,200 peaches per
acre. Is this number of peaches per acre plessif so, how many trees were

planted? (PaulaOs Peaches, 12)

This task required studentsgetY(x) = 19,200 and solve the equation, revealing a
singular solution of 40 trees per acre. After several posviasks requiring students to

find the number of trees for a given average yield of peaches per acre, students would
have a clear idea of what the task was asking them to do (procedures without
connections, Characteristic 2). Although Item 12 did notgfakther for the meaning of
the singular solution, the followirtgsk Item 13, asked, OWhat points on the graph [of

Y(x)] correspond to the answers to items 10, 11, and 12?0 (PaulaOs Peache®dtem 13,

(b)). In this way, students may have connedtedsingular solution they found in Itet@
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with the maximum point of the graph, but no part of tem13 called for further exploration
of this relationship.

One element of PaulaOs Peaches that may have inadvertently increased the
cognitive demand of iteasks was the language used in the instructions to students. As
seen in Item 3, Part (b) above, the focus on asking mathematically precise and
pedagogically supportive questions caused the language to become wordy and, given the
background of the studertsbserved, inaccessible. As a result, the language found in
these tasks may have increased the cognitive demand in an unintentional and
nonmathematical way.

Logo Symmetry asked students to investigate the logos on military uniforms. By
doing so, the stuas were to become familiar with even and odd functions. From this
task, David selected Items 4 (exploring even functions) and 11 (odd functions).
Consistent with his purpose to have students initially explore mathematical concepts out
of context in ordeto establish basic skills, these tasks were detached from the logo
context. For Item 4, students were given points (3,8)4), and &, b) on the graph of
an even function and asked to identify other points that must be part of the graph,
describe theymmetry of an even function, and complete the sketch of a graph in which
only the positive values ofhad been drawn. Given that the directions explicitly stated
what the students were to do and that David had presented these concepts to his students
prior to work on this task, the cognitive demand was procedures without connections

(Characteristics 1 and 2).
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Question 2: Implementation dfisks

My second research question asked how teachers maintained or failed to maintain
the level of cognitive demarfdund in the tasks they selected. To address this question, |
examined whether each teacherOs interactions with her or his students changed the
potential ways that the students might use to solve a particular task. Once again, |
referred to my modified veion of the Task Analysis Guide (see chapter 3) to classify
how students worked on or thought about a given task. These classifications were
compared to those made for each task prior to instruction. To get a sense of why the level
of cognitive demand chaed or remained unchanged, | examined teacherOs actions when
implementing the task in class. In general, | found that a teacherOs actions could raise or
lower the level of cognitive demand for the class, sometimes simultaneously. As a result,
it was oftendifficult and at times impossible to characterize an overall effect a teacher
had on the way students thought about a task. Instead, | identify particular instances and
characterize the teacher behavior that precipitated them.

Michael. MichaelOs actions ding class directly affected the way students
considered and worked on the tasks he selected. His interactions with his students had a
varied effect on the level of cognitive demand, sometimes lowering it and at other times
elevating it. | present belowseral tasks that illustrate these effects.

Recall Lamppost Shadow, a task Michael discussed with his students and |
classified as procedures with connections:

A student walks past a lamppost that is 15 feet high. The student is 5 feet tall and

walks at a onstant rate of 6 feet per second.

(a) How fast is the length of the shadow changing?
(b) How fast is the tip of the shadow moving?
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After the task was read aloud by a member of the class, Michael initiated a discussion of
how to solve it:

Michael: What do yoknow? [Draws a horizontal segment on the whiteboard.]
Jenny: | kept coming up with ideas and then getting zero equals zero.
Paul: You know that the height of the lamppost is 15 feet high.

Michael: Okay, start drawing a picture of the lamppost. [Drawstacaesegment
extending up from the right endpoint (labeled L) of the horizontal segment
and denotes its length asJ15.

Paul: | did that. It doesnOt make sense. [Continues naming the constraints of the
task.] (04/23, 0:00:450:01:03)

In this excerpt otlass discussion, Michael placed the burden on his students to
determine an opening course of action for solving the task. In this way, the level of
cognitive demand was maintained. Although the studentOs response to his suggestion,
OStart drawing a piceyO indicated drawing a picture was routine in the context of work
on a task, MichaelOs suggestion could be interpreted as an overt suggestion that a
productive picture was important and attainable for Lamppost Shadow. Thus, this action
may have lowered ¢hlevel of cognitive demand. Later on in the discussion, Michael
suggested an element of this productive picture that had not occurred to his students:
Michael: Now what?

Alex: He is walking at a constant rate of 6 feet per second.

Michael: [Pointing to th left and then to the right] It doesnOt say which direction?
[The students debate what it means to vpa&tthe lamppost and what that
means in terms of direction.] Think about this. E As soon as you walk past
the lamppost, where is the shadow? [He metlek using the clock above the
whiteboard as the lamp and walking away from it.] So if IOm heading off to
the left, the shadow is here? [He points to the left side of the person in his
diagram. From this demonstration, he draws a dotted line from tlué the
lamppost in his diagram through the top of the student and continuing to the
ground. The resulting figure has two similar triangles that share a common
angle.]
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Jenny: Similar!

Paul: They are congruet

Jenny: No, theyOre similar!

Michael: Are theysimilar triangles?

Alex: They look to be. Yes.

Michael: Convince me. (04/23, 0:01£1B02:55)

In this excerpt, Michael used a physical representation (himself) to model the movement
of the person in the task. However, by completing the diagram witheurht of his

students, he provided them with the important connection they had struggled to attain on
their own. His students became excited when they recognized similar triangles embedded
in the diagram, indicating that this was a new discovery for tearthat they had not
modeled the task situation in this way before. By showing the students this relationship,
Michael decreased the amount of thought the students needed to give in order to attain a
satisfactory model for solving the task.

Despite thignstance where the cognitive demand was lowered while solving the
task, the subsequent discussion orchestrated by Michael required the students to engage
the ideas underlying the task situation as well as consider multiple ways to represent it.
For examplehe prompted the students to contextualize their solution:

Does the length of the shadivdoes how quickly it grows have anything to do

with where that person is standing? Think about that. E If the length of my

shadow has absolutely nothing to do withere IOm standing, why is it that my

shadow seems to run away from me faster and faster and faster? (4/23;80:10:05

0:11:30)

By pressing his students to apply their solution to the taskOs context, he forced them to

focus on more than merely providing areat answer. Even though a general procedure

was applied to solve the task, using it enabled Michael and his students to discuss
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mathematical ideas at a level deeper than what it would take to simply provide an answer
(procedures with connectiorSharaceristic 1).

In addition to attaining and interpreting a solution to Lamppost Shadow, Michael
encouraged his students to think about different ways to express it mathematically. When
discussing how to calculate the rate at which the tip of the shadow isgnMichael
said:

One way to play this is [points to one student] your suggestion here. 1tOs just

relativity, right? E If you want to take a more analytical approach, which | think

is what you were saying [points to a second student and proceeds telisié im

differentiation to analyze the movement of the shadowOs tip.] (CBD4L3(BO)

By attending to different studentsO ideas for ways to represent the task and making
connections between them (procedures with connectBireacteristic 3), Michael

ersured that his studentsO level of thinking with respect to Lamppost Shadow remained
high.

Although Michael generally used proceduvathout-connections tasks in
conjunction with introducing a new topic in class, the questions he posed to his students
during these introductions challenged them to think about the mathematics at a higher
level. For example, in Bug on a Line, Michael connected the studentsO act of solving the
cubic position function set equal to zero to previous class discussions on usiagaGsd
formula for solving cubic equations and generalized solutions for other orders of
polynomials (procedures with connectio@haracteristic 4).

In Bug on a Line, Michael also asked his students to interpret the solutions they
attained with relativease in the context of the task. When his students concluded the bug

would pass over the origin three times, he asked how that was possible. When they

produced answers with negative values, he challenged them to consider how those values
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might be interpret In this way, Michael connected the answers obtained using routine
procedures to elements of the task and underlying conceptual ideas (procedures with
connectionsCharacteristic 4).

During student explorations (Critical Points and Roots of a Cubic)ddic
struggled to maintain the cognitive demand inherent in these tasks. Although each was
classified as procedures with connections, MichaelOs eagerness to have students use a
viable method of solution led him to suggest possible methods to his stuienrs)
Critical Points, the students initially struggled to determine an appropriate way to
differentiate the function. When one student said, OItOs the same thing w tidtfer
x,0 Michael smiled and said OOhQ in a drawn out and knowing waylivgfficining
the viability of that method. This affirmation may have preempted any attempts to find
alternative methods by other students.

As mentioned above, Michael found Roots of a Cubic in an NCTM book focused
on the use of CAS in schools (Fey et 2003). Michael set up this task in the following
manner:

Michael: You have a cubic function. By the fundamental theorem of algebra, how
many zeros do you have?

Alex: Three.

Michael: Three. Are they all real?

Nathan: Not necessarily.

Michael: Not necessarily. Are any of them real?
Allison: Yes, at least one.

Michael: Assuming?

Allison: There are no imaginary coefficients.
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Michael: Assuming you have all real coefficients. Okay. But all of that doesnOt
matter. LetOs just say that y@ave a cubic that has three zeros. What do you
want to call them?

Allison: a, b, andc.

Michael: All right, that was creative. So your cubic zeroszate andc. [Speaks
while writing on the board] One, | want you to E write the equation of a
tangent ak equals the mean of two of the zeros. Make sense?

Allison: Are you sayindjl is that specifically: andb, or is it perhapa andc?

Michael: Orb andc.

Paul: It does not matter.

Michael: It doesnOt matter. | want you to draw a tangent or get an edoiation
tangent for that cubic at the average of any two of the zeros. [Writes on board
while speaking. Two.] Find theintercept of that tangent. And [Three.] Why
is that answer cool? [He then encourages the students to work together. The
students begin wking.] (5/7, 0:00:250:03:30]

Michael initially walked around the room monitoring his studentsO attempts to solve the
task. After 3 minutes, a student commented that he was going to use a Obrute force
approach.O Shortly after this comment, Michael stopped the class to discuss kheir wor

far and steer them toward using CAS:

Michael: All right now, folks, what do you notice about this problem already, just
in your early thoughts?

Nathan: Well, there are a lot of variables that we donOt know.

Michael: Yes. In fact, you donOt know arfiyhem, anything.

Alex: You know itOs cubic.

Michael: Okay. Good. Is this going to be a pleasant problem to manipulate?

Paul: [Sarcastic laughter indicating Ono.Q]

Michael: Why? [Long pause from students with no reply] So? [After another
significantpause, sarcastically.] Oh, please tell me you learned something this

year. What should you be doing? [Another long pause with no response.] Is
this a problem to work by hand?
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Alex: [Exasperated.] Oh, | hate you so much right now. IOve already started
[doing the task by hand], and IOm not going back.

Michael: Okay.

In this limiting of potential student operations to solve the task and suggesting an optimal
way to approach the solution, Michael may have lowered the level at which students
thought about theask. When asked to describe the factors he considered before
intervening, Michael attributed his actions partially to his OexuberanceO (FI, 103) and
enthusiasm toward the mathematics in the task but also to what he saw when he walked
around the room:

| start getting one question repeated a lot in different placés see half to two

thirds of the students just stop writing or stop really making any kind of progress.

At that point E clearly, no one was picking up their machine and doing anything.

(FI, 1080111)

When responding to a draft of this chapter, Michael suggested that his studentsO tendency
to resist CAS as a viable method had also prompted him, in this case, to encourage
calculator use. In this case, Michael justified lowering the level giitwe demand in

order to enable his students to continue with their investigation.

As in the preceding example, Michael placed great importance on assessing and
responding to his studentOs mathematical understanding. During the preliminary
interview, Michael emphasized the importance of being flexible with respect to the lesson
plan and the tasks to be used in class, emphasizing the need to follow the interests of his
students:

You need to be as flexible as you possibly can to allow E the course to falew

natural inquisitiveness of the students. When they ask questions, you need to

follow the moment because that is when they are the most ready. Andtibi
yourself to the textboolg then you lose a lot of the motivation for the students

to even larn in the first place because youOre ignoring their needs and going with
some external need. (P, E228)
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As indicated by the representative sample of results provided above, | noted MichaelOs
attention to the studentsO ideas and questions during trip Yisi classroom. By

carefully considering student questions and providing responses that further provoked
their curiosity, Michael was able to provide students with the motivation to work on and
remain persistent with higlevel tasks.

Sarah

In her inerviews, Sarah placed a great deal of importance on student exploration
and discussion as a goal for her class. During my observation, her actions in class
supported these goals. These actions also helped to maintain the cognitive demand of the
high-leveltasks that Sarah used with her students.

In SarahOs class, the students were responsible for making mathematical
explanations, answering questions, and determining the validity of the contributions made
by themselves and others. By trying Onot to evepjusta flat answerO (Fl, 132) to her
studentsO questions, Sarah allowed them to think further about their own ideas. She did
not accomplish that goal, however, by simply not responding to studentsO questions and
ideas. Instead, she redirected the quesiradea back to its originator or to other
students in the class. For exampleting Quadratic Dat@able, Sarah discussed with a
group of students an observation made by one of its members:

Sarah [in response to VinceOs observation]: You multiply the-tntercepts
together, and that gives you tpuntercept? Is that what youOre saying?

Rosa: ThatOs how you do it?

Sarah [to Rosa]: Are you asking if [VinceOs] observation is true? Is it true for
you?

Rosa: | donOt know.
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Sarah: You donOt know? Well, look at your xwntercepts and look at yowr
intercept. (2/23, 0:31:3D:32:18)

Despite RosaOs request that Sarah validate VinceOs observation, Sarah deflected the
request back to Rosa, asking her to test the observatiohev own data. In another
discussion of the same task, Sarah listened to a studentOs explanation and encouraged her
to engage the other members of her group: Ol think thatOs an excellent observation. Is that
true on everybody elseOs paper, or just 9Qug/23, 0:39:410:40:00).

When each group shared one of their observations with the entire class, Sarah still
insisted that the students validate those observations. She would call on students and ask
if they agreed with the observation. At one poirgtuadent shared his conjecture that the
sum of thex-intercepts is the same as the coeffickemifter some other students had
agreed that it was true, Sarah responded, Ol disagree with his statementO (2/28, 1:09:20
1:09:24). She then asked the studentsheck specific examples. During their work, she
asked further questions aimed at helping them resolve the dilemma: Ols any part of it
true? How could | make it true?0 (2/23, 1:1R1072:15) By requiring the students to
validate their own or each othew@sk, Sarah ensured that the level of cognitive demand
would remain at the high level intended by the task. The students were forced to test their
observations using the data they had gathered and make their own conclusions about the
relationships inherenh quadratic functions.

As another way of placing the responsibility of mathematical thinking on her
students, Sarah often encouraged students who were struggling with a task to seek out
help from those whom she knew had an understanding of what to diogthe second
day of work onQuadraticData Table (2/20), Sarah noticed one student in a group, Jacob,

had made the connection that the constant value of a quadratic function was equal to the
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y-intercept. When Margo, another student in JacobOs group, was struggling to identify the
y-intercept of a particular parabola, Sarah said, OJacob can tell you because he knows
howO (1:07:151:07:25). Shortly after, Sarah advised a student in another grasiplso
struggling with determining thgintercept: OJacob is about to explain that to Margo, so if
you want to listen, that would be goodO (1:081407:50).

During Quadratic Characteristics Review (2/24), Sarah noticed one of her
students, DeShawn, hadcceeded in determining the characteristics for the panabola
X% + Bx D6. At this point, she announced to the class, Olf you are on DeShawnOs side of
the room, heOs figured all of this out. So, if you need help, you can ask himO (2/24,
0:50:5%0:51:(6). Later, when she noticed Marta, a student in DeShawnOs group, was
struggling, she said: ODeShawn, come over here and tell her why thatOs not right. [To
Marta]: HeOs going to help you. | promise.O (2/24, 08525001)

Because of SarahOs encouragerstrdents in her class often took the initiative
to help each other when working on tasks. During work on Factoring Trinomials (2/23) a
group of students summoned her for assistance. Sarah, however, ended up not needing to
say anything of substance:

JasonWe donOt know how to do this.
Sarah: Do what?

Steve: That.

Sarah: How to factor? [Gasps in surprise.]
Steve: Yeah.

Jason: Just a little bit.

William: 1Ol help you.

Jason: DonOt you piN ?
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William: Yeah, youOre right.

Jason: DonOt you puminusx in there andk minus 20? AinOt that how youOre
supposed to do it?

William: No, itOs got to equal, those two numbers.

Jason: Oh, duh. Okay, | know how to do it. [Sarah walks away from the group
without having said anything morg€3/23, 1:00:5@1:01:30)

WilliamOs intervention into Jason and SteveOs conversation with Sarati héowo
remain silent and not provide assistance that might have lowered the cognitivel déma
the task. In a similar situation during work on Dog Run, Sarah was about to help a
student when another said, Ol get it. Can | help him?O This request placed the
responsibility of solving the task on the students, rather than Sarah. As a result, she did
not have the opportunity to say something that might have lowered the cognitiveddema
of the task for her students.

When asked about her efforts to get students to work together, Sarah described
several strategies:

| try really hard to do thatf the student is stucktry to get that student to ask

someone in their group a questiom, Osee that Laura had something to say

about that. Laura, could you tell Joseph what you just did, what you just said to

me. Or, Joseph could you ask your group what youOre asking me? But then you

have to make sure to listen that they @, 1049108)
As the above examples from my observation indicate, the strategies Sarah described here
were consistent with those in her practice.

Although Sarah was reluctant to provide assistance to her students when they
asked her questions, she did find other waysufaport their work on the tasks used in
class. At several points during my observation, she provided some sort of aid that gave

structure to the studentsO thinking about a task. During the studentsO work on Families of

Parabolas (2/19), she wrote on tlai: OAs the coebf y = x? increases, the parabolas
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.7 In discussing this sentence stem with the students, she said, “This is what your
assignment might look like” (0:29:00-0:29:40). In her final interview, Sarah described
her rationale for this strategy:

I had heard that’s a good ELL [English Language Learner] strategy. You always

give them a start. ... And I thought that’s a really good idea that you give kids

beginnings because then it sparks their thinking. (FI, 179-183)
By showing this template to her students, Sarah provided a way for them to structure their
written observations. This assistance may have lowered the cognitive demand with
respect to the students’ communication of mathematical ideas and also by pointing
attention to the relationships between the two mathematical representations needing
examination. By doing so, however, Sarah enabled her students to begin productive work
on the task and raised the level of cognitive demand in the ensuing discussion of it.

About 15 minutes later in the same task, Sarah typed a list of words on the
projected computer screen, “reflect, narrow, wide, approaches y-axis, approaches X-axis,
vertical shift, horizontal shift,” identifying them as words the class had used in the fall
semester to describe transformations. These words provided further structure for the
students in aiding the communication of their ideas. This word list may have aided the
students in identifying particular relationships between the equations of the functions and
the corresponding graphs. In this way, the list of words also may have lowered the
cognitive demand of the task.

During the investigation of Sports Arena (2/26), Sarah modeled the guess-and-
check strategy that the students were to use when trying to determine the coefficients of a
quadratic equation that would fit the provided wind speed and pressure data. After the

students worked on their own for 2 minutes, she wrote on the board “a= 1: too narrow. a
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= -5: reflectedN not good.O She drew a graph showing the parabolasngs$wdm these
choices for the value @ and explained why neither of these choices was suitable for
modeling the data. By modeling the guassicheck procedure, Sarah provided structure

to the method that the students were to use and the thoughtspi@mcegaluating each

guess. Although SarahOs decision to model this procedure lowered the cognitive demand
by indicating students should (a) use a gissscheck method, (b) make a guess, and

(c) evaluate the accuracy of that guess, her students werdbtus on a fourth

component of the task: determining how to refine their guess to obtain a more accurate
graph with respect to the data. In this way, lowering the cognitive demand of some
components of the task enabled students to work at a higholeaglother component.

Each of SarahOs interventions during her studentsO work on a task came after she
had walked around the classroom monitoring their individual or group work. When asked
her rationale for determining when it was appropriate to inten&smah described what
she typically saw in the studentsO work:

IOm looking foeither consistent misconceptions or an interesting way to

approach the problem. Ifsee something several times in a short amount of time,

then thatOs an indication to me thated to pull the class back together. ThereOs
something that everybodyOs not seeing or not getting. Or they donOt understand

what IOve asked them to @el, 97100)

Sarah intervened with her students only when she perceived that their current
understading of the mathematics at hand would bar further progress with the task. By
reserving her interventions only for these occasions, she ensured that the level of
cognitive demand of the tasks she gave her students would remain as high as possible.

The examles of SarahQOs interaction with her students described above are only a

few of many that exhibited her restraint in validating student thinking. When she
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encountered a situation in which she felt she had to provide some sort of assistance, she
generally @ so in ways that preserved her studentsO level of mathematical thinking for
some element of the task.

David

In his classOs work on PaulaOs Peaches, David tried to ensure his students could
successfully complete each task or part of a task by choasiether students would
work on each in groups or individually or if he would lead the whole class through the
steps necessary for a solution. For example, after handing out PaulaOs Peaches (2/19), he
instructed the students to work on (a), (b), and (¢jeof 1 in their groups. After walking
around the room to assess the studentsO progress and to provide assistance where needed,
David reviewed these three items with the class. When giving instructions for (d),
however, David did not give the class an opyaity to work on the task independently,
saying, OPart (d) is a little bit more difficult. E Now | need to write an equation for this.O
(2/19, 0:32:3@0:33:10).

When asked how he decided whether certain tasks or parts of tasks were to be
worked on indepatently by students or as an entire class, David described his rationale
for this example:

Well, the big part of(d)] is itOs’a fairly long question. ThereOs a lot ofagelin

it. ThereOs a lot of notation inkt! f itOs something they could strugape

succeed with, 10l give them 15 minutes before we do it as a class. That looked

like something they would struggle with and really not be able to get any further

on. So, | thought they would be better served to just lead them thro(igh it.
269E074)
In this selection process, David assessed the difficulty of the tasks or parts of the tasks

and, according to his assessment, implemented thaslsgn different ways (I observed

this varied implementation at several points during ngayvisit.) In ths way, David



94

could ensure the level of cognitive demand was low enough so that his students would
understand the inherent mathematics. This practice, however, also prevented some
opportunities for his students to engage in Hegrel thinking.

For PaulalRReaches Item 1, Part (d), the students were to write an expression to
defineT(x), the average yield of peaches per tree. After stating that this part of the task
was difficult, David proceeded to guide the class through it by asking a series of short
gusstions:

David: Function notationNQC)re going to write it as what? This is the easy patrt,
what are we calling it? E

StudentsT.

David: T, because it stands fahat?
Students: Trees.

David: WhatOs our variable going to be?
Studentsx.

David: E Now what is this function going to give us? [Calls on student; no
response.] This is a function to determine what? [Pause.]

Manuel: The number of peaches grown.

David: The number of peaches per tree. (2/19, 0:8B:28:20)
David then wrote on the overhepibjector the results from (b) and (c), which
determined the average number of peaches per tree when 36 and 42 trees were planted,
respectively, to provide examples how the average yield per tree was calculated:

1 (b). 528  600D6(12)

1 (c). 600D (42D30)12
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David used these expressions to scaffold his students’ thinking about what a general
equation might look like. From these expressions, they recognized the function for
average yield per tree would need to begin with the value 600, from which a multiple of
12 was subtracted. With this information, David then led his students to write T(X) in two
forms:

T(X) =600 — (x—30)12

T(X) =960 — 12X
Using these forms of T(X), David revisited (a)—(c), using the function to verify the
answers they had initially given.

Although David had lowered the cognitive demand of Paula’s Peaches Item 1,
Part (d) by using short closed questions to guide his students through the formulation of
T(X), he also pointed their attention to how (d) was connected to the other parts of Item 1.
For example, he encouraged his students to use of the structure of their calculations in (b)
and (c) to aid their formulation of T(X). Furthermore, he asked them to use their
formulation of T(X) to confirm their results from (a)—(c). By encouraging students to
examine the relationships between the different parts of Item 1, David’s students may
have been able to make connections between the mathematics and the context of the task
that they may not have uncovered by simply working through the packet on their own. If
David’s students made connections, then the cognitive demand for this part of the task
increased.

During my observation of David’s class, his students had several opportunities to
work on tasks individually or in small groups. During these times, David walked about

the class, observing his students’ progress and providing assistance. When asked his
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intervention during &askthat dealt with the average rate of change (PaulaOs Peaches

Item 2, Part (d), 2/20), David described the group coitiposn that class and how he

used it to assess the classOs progress:
In that particular class, | didnOt have them ability grouped. | had groups with very
differing abilities. E | knew if | nee@&dan answerl had a group | could go to.
And then | had pgae in each of the other groups who were basically supposed to
be leading those groups. So when | went around, | looked at the people who were
the stronger people in the weaker groups. And | saw that they were struggling
with it. That told me thalE theyQr leading the rest of the group down the wrong

path. So, it was from that that | decided to go back and redo it a differenfRiay.
1500159)

David used the understanding of his group leaders to determine whether a particular task
was too difficult for he class as a whole. If he ascertained that a task was too difficult for
the more advanced students in his class, he would lead the class as a whole through the
task, lowering the cognitive demand to a level that enabled them to solve the task more
readily.

If, during his assessment of student work, however, only certain students were
struggling, David would engage these students in eborane conversation similar to
those used to address the entire class. For example, when Louisa was struggling to solve
the equation & = 21x B30 (Paulads Peaches Item 9, Part (c)), David intervened:

David: Make the right side zero first.
Louisa: | donOt know how to do that.
David: Well, whatOs on the right side?
Louisa: 30. Add 30, right?

David: Okay.

Louisa: To what?

David: To both sides because you want the right side to be zero.
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Louisa: What about the 2

David: It stays there, unless you want to subtract it in the same step.
Louisa: No.

David: It stays there, X1

Louisa: Minus zero?

David: You donOt really needWvhether itOs a minus or a plus, you donOt really
need it, because itOs a zero. Right? So what do we have on this side now?
(2/24, 0:23:460:24:30)
In this excerpt of their conversation, David assisted Louisa by providing the initial step
needed to solvthe equation by factoring. In addition, he helped her make sense of what
she was doing by offering a procedural rationale for that step and interpreting the result
(21x B0). During his final interview, David described the process through which he helps
students during individual or group work:
101l goaround and talk to peopland theyOre working on a problénVhen IOm
goingaround the second time, and theyOre on the same prabtethey havenOt
written anything down yet, |Oll try to give them a leatird the first step. And
then 10l leave them to work on tHafiter going around the class agaiif]
theyOre still on the first step, I0Il give them a lead toward the second step. So | try
not to give them more than they neffel, 24@E&R45)
As obsered in the dialogue between David and Louisa above and confirmed by the
excerpt of his interview, David thought it was important to show struggling students the
immediate step or steps needed to progress in their work on a task and at times an
explanation ér why that immediate step was appropriate. Although the cognitive demand
of solving an equation like the one that challenged Louisa is most readily classified as

procedures without connections, David felt it necessary to lower the level of cognitive

demaumnl further in order for her to be successful with it.
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Question 3: Technology and Cognitive Demand

The third research question that | addressed in my study dealt with the influence
instructional technology might have on how teachers select the tasks they use in class or
on the way that students think about and work on those tasks. To answer thisigluestio
focused on the tasks for which students used (or were expected to use) instructional
technology in their solution. For these technologically oriented tasks (TOTs), | analyzed
the teachersO goals for the use of technology, how the students were wirestethe
technology, and what role the technology played in helping the students think about the
task.

Michael.As mentioned in the previous chapter, Michael viewed technology as
one tool students could use in the course of working on a mathemasicalrt this
manner, he did not call on the students to use the calculator at specifically defined times
but rather left it to them to determine when the use of technology was appropriate. In this
way, the inclusion of TOTs presented an additional huodudents they had to
recognize from the mathematical context of the task whether or not the use of technology
was appropriate. This extra hurdle can be interpreted as increastagk®eognitive
demand relative to taskthat explicitly states whether not technology should be used.
Michael aptly described this process during his preliminary interview:

YouOve got to be intelligent enough to know when it makes sense to pick it up and

when it makes a lot more sense to understasié human brajthe possibilities

and you donOt have to slow yourself down in the technqiBg\28&290)

Examples of MichaelOs students determining whether or not to use their Tl

Nspires while working on a TOT occurred frequently within the data. Often, in situations
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where the students opted not to use a calculator, Michael would ask them if using their
OmachinesO would be appropriate in that situation:

Michael: Now, could we do [the differentiation step of Lamppost Shadow] with
our machines?

Students: Sure.

Michael: Could | actually take that derivative with my machine?

Jenny: Does our machine do implicit differentiation?

Michael: Yes, but letOs see if itOs worth it.

Jenny: Probably not, because itOs kind of easy to take the derivative [by hand].
During the finalinterview, Michael provided several types of mathematical activities for
which he expected his students to use their calculators. Along with generalizing a
mathematical relationship, he listed:

When itOs hard. When itOs repetitious. When the algebretguahgoying. When

you need to create a lot of data quickly. E Anything where the solving or the

manipulation or the mathematics involved is not the point of the moment. (Fl,

1720186)

At several points during my observations, these reasons were exgliatty in the

context of the TOT being discussed. For example, recall my description of MichaelOs
intervention during his studentsO work on Roots of a Cubic. After several minutes of the
students futilely trying to work on the task with pencil and padahael steered them
toward the use of CAS.

Even though it was possible (but very tedious) to find the equation of the tangent
line and itsx-intercept using algebraic techniques by hand, it was more important for

Michael that his students be able to iggtiae in Roots of a Cubic an appropriate

opportunity to use technology as a tool in their work. This decision may have also
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stemmed from a pedagogical consideration. During his final interview, Michael also cited
Owhere the solving or manipulation or thettrematics involved is not the point of the
momentO (FI, 18886) as a reason to use technology. In this case, it was more important
for Michael that his students be able to recognize and apply the general process needed to
find the desired tangent lineits x-intercept than that they manually perform the

associated algebraic drudgery. When responding to a draft of these results, Michael
elaborated on how using CAS can maintain focus on-leigdl thinking: OWhat math
technologies (especially CAS) enaldeahe big step over all that drudgery so that

students can remain focused entirely on the thinking and interpretation of the problemO
(personal communication, 10/9/09).

A second example of Michael considering pedagogical implications of studentsO
technobgy use and cognitive demand occurred during Critical Points. In this TOT, he
forbade the students from using their calculators, saying, Olt gives it away.O (4/24,
0:03:090:03:15). After his students had used logarithmic differentiation and were
strugglirg with their result, that every point was a critical point, Michael allowed them to
use a calculator to test this result. However, he restricted their calculator use to numbers
only (no variables) as he did not want them to immediately see that the fiddetpaph
was a horizontal line. Throughout this episode, Michael carefully controlled his studentsO
calculator use to preserve the cognitive demand of the task.

When asked about his decisions during Critical Points, Michael said that his
initial experimemation with the task led him to restrict calculator use because it would
have made certain elements of the mathematics transparent:

It was far better for them to catch that the derivative was always zero and to try to
understand what that medht Knowingy = e would have told them that this was
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a constant so the derivative equals zero really wouldnOt have been all that
impressive to them. To work the other direction from the derivative is always zero
going back to the function must have been horizontalishndeeper thinking.
(FI, 322828)
MichaelOs awareness of technologyOs potential impact on the way his students thought
about mathematics enabled him to maintain the cognitive demand for this TOT.
In addition to recognizing when to use technology, MidBaetudents also
struggled with effectively communicating with the technology they used. This struggle to
communicate occurred both in instructing the calculator what to do and in interpreting the
result of what the calculator had done. When using CA8rpate a solution to
Lamppost Shadow, the class encountered the result 0 = 0. Michael used this result as an
opportunity for his students to consider the mathematics with respect to the technology:
Paul: 0=0
Allison: 0 =0
Alex: | got OTrue.O
Michael: You got true. Well, 0 = 0.

Allison: Well, it has a little warning thing at the bottom. ODifferentiating an
equation may produce a falé®

Michael: All right. We have issues. Is this at all what you expected?
Allison: No.

Michael: Okay, so explain i¥ou asked a gestion. It answered the question you
asked. What did you ask?O

Paul: When you plugged ofD overdt, thatOs the change in something with
respect td. And thereOs rian your equation.

Michael: Sure there i® is a function ot. [Points at the board.]

Paul: It doesndt know that.
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Michael: How do you know it doesnOt know that?

Allison: The only thing you told it is thd is related tcA andB.

Michael: How could | let the calculator know thatis a function of time? [The

class works together to rewrite the equation to includé/23, 0:16:4B
0:17:50)

Because the calculator did not return the expected the result, the students were forced to
reconsider the parameters they had provided for it to make its calculations. Ttitisugh
process, interfacing with the technology made MichaelOs students consider some of the
underlying mathematical principles of differentiation.

During Roots of a Cubic, the students asked the calculator to fineinbercept
of a particular tangent len When the calculator returned the reguitc, the students
were confused by it (possibly because of the complexity of the algebraic approach they
had tried before using their CAS) and suggested other possible steps to take. Only after
further examinatin (and some reassurance from Michael), were his students satisfied that
CAS had indeed returned the result they had sought. In both of these examples, the
studentsO interaction with technology forced them to reexamine the mathematical
processes they haded in their solution of the task and the mathematical ideas
underlying these processes. Michael elaborated on the importance of this process:

Learning how to phrase questions so that a CAS can give you a useful answer is

FAR more cognitively demanding atmuch higher level than almost all algebraic

manipulation. Some say tools like a CAS make students dependent and erode

ability. I counter that appropriate and clever use of a CAS actually requires more,

not less mathematical understanding. (Personal eorwation, 10/9/09)

As described by these examples and argued by Michael, the use of technology can be

viewed as a way to increase the cognitive demanals
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Sarah

SarahOs students used the classroom set of Texas Instrurg&htgaphing
calculatos often during my observations. As mentioned in the previous chapter, her
studentsO low proficiency with basic computation prompted Sarah to encourage them to
use the calculator as a means to alleviate procedural difficulties so they could tackle the
conceptual ideas underlying the mathematics. | observed this strategy for calculator use
during my visits to SarahOs classroom.

For example, Families of Parabolas (2/19) required the students to graph three
guadratic functions related by a particular transfaioneand then make an observation
connecting the algebraic and graphical representations of the functions. Sarah directed
her students to use their calculator to graph the functions and to copy the graphs onto
their papers. Once this task had been compléite students could examine the graphs
for notable trends. In thissk the students relied on the calculator to alleviate the burden
of graphing each parabola by hand. Though the students knew how to create a table of
values, plot these values on thar@sian plane, and estimate a smooth curve from these
points (I observed this on another occasion), they could not perform these steps quickly
or accurately.

By directing the students to use the calculators in this way, Sarah reduced the
already low levkof cognitive demand associated with graphing the functions further. At
the same time, however, she enabled her students to extend their focus onlineehigh
component of the task: looking for patterns in the data and connecting the two
representationsf the functions. SarahOs students approdghadraticData Table

(2/19ER0, 2/23) and Sports Arena (2E2%) in the same manner, using the calculator to



104

replace lowievel activity to quickly generate data that would support-tegil activity.
In this way, Sarah could optimize the amount of time her students spent on developing
conceptual understandings of quadratic functions.

The TOTs Sarah used included both4@md highlevel thinking but sometimes
varied in structure. For example, although Sporenarincluded both lowand high
level thinking like Families of Parabolas aQdadraticData Table, it was subtly
different. During work on this task, the studentsO eare$sheck methodology cycled
between lowand highlevel activity as they alternatdebtween graphing quadratic
eqguations with their calculator and evaluating their choice of coefficients and refining
subsequent guesses.

Sarah provided opportunities for her students to interpret both what they inputted
into their calculators and what thelculator returned to them. For example, when
walking around the room during Families of Parabolas, she noticed several students (she
spoke to four students explicitly about this; she may have observed others) having
difficulties with the order of operatns when squaring a term with a negative coefficient.
To address this difficulty, she interrupted the classOs work and wrote two pairs of
expressions on the boare2f and-2?, (-3)* and-3% To begin the discussion, she said, Ol
want you to understandhat your calculator is doing when you type in [these
expressions] E Your calculator does not read those as the same thingO (2/24,10:29:06
0:29:26). Similarly, Sarah spent time discussing how the window (the range of values
that are displayed on the cdltor screen) would affect the studentsO interpretation of a
graph. By making the students consider their interaction with the graphing calculator,

Sarah forced them to think about related underlying mathematical ideas of a TOT
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(procedures with connections, Characteristic 1). In this way, her students’ use of
technology raised the cognitive demand of the procedures they performed.

To support her students’ work with the calculator, Sarah provided explicit
instructions for different procedures. These procedures included finding an appropriate
window for viewing a graph (Families of Parabolas, Quadratic Data Table) calculating
the zeros of a graphed function (Quadratic Data Table), calculating the value of a
function for a given input (Sports Arena), and creating a scatter plot for a set of bivariate
data and finding a quadratic regression to approximate it (Sports Arena).

From my observations, it was evident that many students were unfamiliar with
these procedures and, interestingly, Sarah was surprised by this unfamiliarity. For
example, during her explanation of entering bivariate data into the calculator for Sports
Arena, Sarah asked, “Are y’all remembering this?” (2/26, 0:27:10-0:27:20). From the
lack of response and subsequent struggles of the students, it was apparent they did not
remember. When discussing this lapse during her final interview, Sarah provided some
insight into the situation:

Not all of them worked with a graphing calculator last semester. I asked [the other

teachers], did you do this with the calculator? We had all talked about it and said

we were going to do it. They both chose not to. (FI, 402-404)

Because some of the students did not have Sarah as a teacher during the fall semester,
much of what she was showing them was completely new. As a result, these students did
not have the experience with the calculator that Sarah normally provides:

If I’'m just introducing the graphing calculator, we spend a lot of time talking

about what happens if you push that button. ... I usually talk about the three

different main screens and three different representations. I just made some wrong
assumptions about what they had seen. (FI, 414-418)
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This lack of introduction, coupled with the studentsO limited access to calculatoayse, m
have created difficulty for these students in being able to use their calculators effectively
or, if they were able to perform the desired procedures, understand what they were asking
the calculator to do. For these students, calculator use may ndid&veonnected to
the related mathematical algorithms (procedures without connections, Characteristic 3).
As a result, the tasks would have a lower level of cognitive demand for these students.

Sarah chose the moments in class when her students cogigpbkang
calculators. As a result, her students may not have developed the ability to decide when
calculator use was appropriate. At one point during my observation, she asked the class
for a strategy they could use when they needed to know what a gokgHike. After 3
minutes of discussion focusing on using the textbook as a resource, a student suggested
using the calculator, to which Sarah replied, Ol think thatOs a great ideaO (2/28, 0:11:45
0:11:49). In this example, Sarah wanted her studentsagmee from the mathematical
context of the task an opportunity where their calculator could help them. Their inability
to recognize the mathematical features oftés&context that called for calculator use,
however, may have prevented them from domgTis additional cognitive demand of
interpreting the context of the task with respect to the advantages of technology use
became an important feature of the task.
David

David incorporated several forms of technology into his mathematics instruction.
First and foremost, DavidOs students had access to the classroom-8dt gifaphing
calculators and were free to use them when they chose. At several points during my

obsevation, | observed students getting out of their seats during group work and
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returning with a calculator to use in their work. Although David allowed his students to
choose the moments during work on PaulaOs Peaches that were appropriate for using
calculabrs, the task itself sometimes specified instances where technology use should
occur. For example, PaulaOs Peaches Item 3, Part (i) (2/20) and Item 4, Part (i) (2/23)
share the same instructions: OVerify that the answers to part (h) are solutions to the
ecuation written in part (a). It is appropriate to use a calculator for the arithmetic.O In
each case, the students were to substitute large valy@stotthe yieldperacre function
to verify that the designated yield was produced. By specifying torggithet
technology use was appropriate in this situation, the wording of the task might have
deprived the students of an opportunity to refine their own judgment about appropriate
calculator use with respect to the mathematical context.
During the prelimmary interview, David said he wanted his students to learn
mathematical procedures by hand before they were allowed to do them with a calculator:
YouOve done all this work by hand. HereOs a much easier way to do it. And 10|
show them how to put in the eafion, how to find the table, how to find the graph
for it. So theyOre doing all the work by hand first, grinding it out. And then | tell
them OQxay, you know how to do IO (PI, 130142)
This practice of learning a procedure by hand followed by tecgpalse occurred
during my observation with respect to graphing quadratic functions. The result, however,
was different from what David had intended.
When investigating Items E&5 of PaulaOs Peaches, David and his students used
the graphing capabilitied their calculators. On February 27, David demonstrated how to
model the averaggield-peracre function for a particular yield as a system of equations

to find the average number of trees per acre that produced that yield. The following

Monday (3/2, the ay | did not observe), DavidOs students worked with the calculator to
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graph the quadratic equations found in Item15. The following day (3/3), David said his
students struggled considerably with graphing functions on the calculator, noting in
particular thg could not determine an appropriate window for viewing the parabola.
David began class that day (3/3) by returning to Item 15, saying, OYou will
definitely appreciate the easy way nowO (0:@D15:15). He then demonstrated the
procedure for graphing@arabola by hand through identifying its intercepts, whether it
opened up or down, and identifying the coordinates of its maximum or minimum point,
all of which were skills the students had previously learned. Because of length of the
process, a studentgmpted David to justify why this process was indeed the easy way:
Jenny: | thought you said this was the easy way.
David: It is because, when you do it on the calculator, you had to put [the
function] in, and then you had to get the window right, and yleenhad to try
to figure out where each of the points was. The only hard one to find [when
graphing by hand] is the vertex. (3/3, 0:1E832:05)
Later in the lesson, David spoke further to the students about their difficulties with the
calculator: OThealculator way will get a lot easier for you. The reason the calculator
way was hard for you was because this is the first class where theyOve had you use those
calculatorsO (3/3, 0:258M25:50). He went on to explain that the studentsO experiences
in future mathematics classes would help them to develop those skills. In this situation,
the cognitive demand of using the calculator, deciding how to encode the mathematical
input and interpret the output, was too great for DavidOs students. Because tiaty had
learned to represent the mathematics using technology, they were forced to rely on the
more familiar noncalculator procedures for graphing quadratic functions.

David also used technology to demonstrate during my observations. In addition to

projectingthe T84 on the board to graph several of the quadratic functions explored in
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class, he used an applet showing an area model for factoring quadratic equations (2/23,
PaulaOs Peaches, Item 6) and connected it to work his students had done the previous
senester on expanding the product of two binomials. In this way, DavidOs connection
between the factoring procedure his students were expected to do and its inverse
procedure, multiplying binomials, may have helped the students to achieve a deeper
understandig of factoring (procedures with connections, Characteristic 1). The
introduction of an additional representation of factoring, an area model, may have also
aided his studentsO understanding (procedures with connections, Characteristic 3).
Although the intusion of this model may have provided his students deeper insight into
the particular example that he demonstrated, that insight may have been limited because
the students were not required to adopt this model or practice it in their work on
factoring.

Finally, David used technology in his classroom as a measurement tool for
gathering data. During the studentsO work on ResistanEg)(I4vidOs students used
an ohmmeter to measure the electrical resistance of different circuit configurations. These
measuements were used to generate a table of data on the board from which the students
could identify relationships between the different columns. During this discussion, David
assisted his students by providing his own interpretation of some of the datadorthe
relationship would not hold:

David: My contention is that, with the exception of that one [line of data] and that

one, there is a particular relationship between the first two columns. Can
anyone see what that is? [During a long pause, Davidessis question and

erases the two errant rows.]

Reggie:Hey, you erased my data! Why did you do that?
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David: Because they donOt fit the data, whiehnsthere was an equipment
problem. (3/5, 0:17:350:18:50)

Maria: It doubles?

David: It doubles.
By eliminating the two errant lines of data, David enabled his students to more readily
identify the relationship between the resistances afforded by a circuit with a single
resistor and two resistors wired in a series. In doing so, however, he elinthrated
opportunity for his students to interpret and consider what the errant data might mean,
resulting in a lowered cognitive demand.

The results described in this chapter summarize my analysis of the data with
respect to my three research questions. Iméx¢ chapter, | summarize the important
ideas in the results and describe what those ideas might suggest for teachers, teacher

educators, and researchers.
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CHAPTER 5
DISCUSSION AND CONCLUSION

My interest in the cognitive demand found in mathematicsidass arose from
reading about the QUASAR projectOs work on mathematical tasks and cognitive demand
(Stein et al., 2000) during my doctoral studies. As | read about cognitive demand and
how it could fluctuate during instruction, | recalled my struggles laigh school
mathematics teacher and lessons that to me had a lot of promise at the time but had
somehow gone very wrong. | found | could explain the failures of many of these lessons
using the framework proposed by Stein and her colleagues. Furthermaué] identify
facets of my teaching that contributed to those failures.

Through this research, | attempted to better understand the process of how
effective mathematics teachers chose the tasks they used in class and how they
implemented those task# particular, | wanted to see how they integrated technology
into the process and what effect that technology had on the ways students considered the
mathematics in those tasks. In particular, the research study described in the preceding
chapters aimed answering the following research questions:

1. How do high school mathematics teachers select the tasks that they implement
during instruction? What is the cognitive demand of these tasks?
2. How do high school mathematics teachers maintain or fail to math&in

cognitive demand of the tasks they implement in their classrooms?
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3. In what ways, if any, does the use of instructional technology influence how
mathematics tasks are selected, the cognitive demand of those tasks, and how they
are implemented?
To answethese questions, | sought out experienced mathematics teachers who regularly
incorporated technology into their lessons. Using case study methodology, | conducted a
series of interviews and observations for each of the three participating teachers,
examinng thetasksthey selected and implemented during the 2 weeks | spent with each
of them. From these data, | determined the cognitive demand of each task and analyzed
how the teacherOs actions during a lesson may have affected it. For tasks in which
studens used instructional technology, | analyzed how technology use may have affected
the ways in which students thought about those tasks. My observations and conclusions
below draw upon the results of these analyses.
Task Selection

The interviews | conductearovided insight into each participantOs view of what
constituted important mathematics for students to learn. Handal (2003) argued the
conception of mathematics held by teachers, ranging on a continuum between traditional
and progressive (socioconstrugty, influences their instructional practice and that
inconsistencies in this relationship can be attributed to factors outside of their control
such as administrative policies, standardized assessments, textbooks, and expectations of
students. For eaclagicipant, | observed the interplay of these forces in his or her
selection of mathematical tasks and how it might affect the possible level of cognitive

demand students would encounter in class.
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Michael held a progressive view of mathematics, as se@iskgnthusiasm
towards his studentsO ideas about mathematics and his encouragement for them to look at
mathematical situations from multiple perspectives. This view, coupled with the freedom
afforded by his environment (such no pressures from standatdgtsdthe ability to use
a textbook he himself had written) allowed him the opportunity to selectidwghtasks
for his Honors Calculus class.

Like Michael, Sarah had a progressive view of mathematics because of her focus
on student discussion as thehicle for developing mathematical ideas. Her teaching
environment, however, may have interfered with that view, to some degree, as her
students had to be prepared for standated standardized tests. This need may have led
Sarah to implement a morediaonal view of teaching and learning. This conflict
between a view of mathematics and the reality of her school environment could be seen
in her balance between lewnd highlevel tasks. Although she valued tasks that enabled
her students to have prodive conversations about mathematics, she also spent time in
class reviewing and practicing procedures her students would need to know for future
testing. Although Sarah included some {@wvel tasks for her students, she planned her
lessons so that many these tasks supported the highel tasks she used by generating
data supporting higlevel operations.

David held a traditional view of mathematics than the other two participants. For
David, knowledge is transmitted from teacher to students andvalue is placed on
final products than on the processes that produced them. This view was confirmed by his
practice of preteaching the skills to be developed during a task before work on that task

and his focus on correct answers in class over how therggidroduced them. Although
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he wanted to develop his studentsO Othinking skills,O the tasks he selected were
predominantly low level. Given this view of mathematics and his stated purpose of
developing students mathematical thinking, David may have keedlithat the tasks he
selected were high level. This may be attributed to his expectations of the GPS
curriculum tasks he used during my observations. These tasks (such as PaulaOs Peaches)
were claimed to be designed and promoted as facilitating studexibpeent of
mathematical habits consistent with those described by the NCTM Process Standards
(Georgia Department of Education, 2006). The manner in which each task was written,
however, made it very difficult for David to realize his goal for studentsi@@matical
thinking in his classroom. In PaulaOs Peaches, for example, the partitioning of each task
into many small steps confined the students to a singlemagked path toward its goal,
a mathematical model for the yield of a peach farm. As a réisedte tasks were
predominantly lowlevel (procedures without connections), and DavidOs use of them may
have undermined his overall goal for his students to developléwghmathematical
thinking and reasoning.
Task Implementation

When introducing task® tstudents and monitoring their work on those tasks, the
participants made decisions and intervened in ways that affected cognitive demand.
Although there were similarities in the situations triggering these interventions, such as
students struggling with task to the point where they were no longer progressing toward
a solution, the typical response varied from participant to participant. These responses
can be connected to Henningsen and SteinOs (1997) description of classroom factors that

affect the usef highlevel mathematical tasks.
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At several points during the observations, Michael suggested (explicitly or
implicitly) particular solution paths students might try. He attributed this practice in part
to his own enthusiasm toward the mathematics. Bxagithese actions in the context of
Henningsen and SteinOs (1997) research, MichaelOs suggestion of particular solution
paths might be considered a shift in focus to a correct answer because he was favoring
one solution path over others. Although the d¢tiggndemand was lowered in these
instances, Michael also improved the cognitive demand in other instances by asking
students to consider multiple representations of a particular solution, demanding detailed
interpretations of how the mathematics in aipalar task related to its rewlorld
context, and extending the mathematics in the task to novel situations. These behaviors
could be classified as drawing conceptual connections, a factor Henningsen and Stein
described as supporting hidgavel thinking.

SarahOs actions in situations where her studentsO progress had ebbed were more
effective at maintaining the cognitive demand of some part of the task than those of the
other two participants. In response to the questions of struggling students, she rarely
provided explicit answers but rather scaffolded their thinking by providing templates for
appropriate responses, modeling the provision of an appropriate reason in limited
examples related to thask or encouraging them to help each other. Scaffoldirgona
of the most frequent occurring factors noted by Henningsen and Stein (1997) in their
study.

David attempted to avoid situations that would cause his students to struggle by
selecting the tasks for which his students would work independently as dppdkese

for which he would lead them through the steps to a solution. In this case, the tasks or
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parts of tasks may have been inappropriate for the studentsO current level of
understanding (Henningsen and Stein, 1997). As a result, when DavidOs stadiehts
potentially encounter a task with cognitive demand higher than what he perceived as his
studentsO capabilities, he lowered the cognitive demand. Although this practice ensured
that studentsO work would proceed with minimal frustration, it alsoddiseistudents

the opportunity to work on tasks with high cognitive demand.

In addition, David would preteach the skills that were supposed to be developed
during work on a task because of his studentsO past difficulty in developing a conceptual
foundatian for the mathematics they were to learn during those tasks. In that way, his
students were prepared for the mathematical challenges demanded by tasks such as
PaulaOs Peaches. At the same time, however, his students lost the opportunity to
generalize andofmulate mathematical relationships developed in these tasks because
David had already done this work for them by focusing on the procedure to be followed
in order to attain correct answers.

As described by Stein, Grover, and Henningsen (1996), studposiisns may
also be a factor in how teachers implement tasks in their classrooms. Because of the
differences between MichaelOs students and those of Sarah and David, this factor became
important when making comparisons between the three classroomschaciDs
students had a high aptitude for and past successes with mathematics, it may be
reasonable to conclude that they were more apt to push beyond initial frustration when
solving a task and persevere until all ideas in their mathematical repertairesdra
exhausted. As a result, their struggles may have signaled to Michael that a more direct

form of intervention was necessary.
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On the other hand, Sarah and DavidOs students had less mathematical knowledge
and fewer successful experiences in mathemsédiclraw upon when solving
mathematical tasks. This limited proficiency may have limited their confidence when
solving tasks, and small obstacles may have caused them to completely shut down their
efforts in class. As a result, it is possible that théngnand nature of interventions
necessary in Sarah and DavidOs classrooms was different, as their students needed more
scaffolding than MichaelOs students. This potential difference in student needs, however,
does not account for the large difference betw8arah and DavidOs styles of
intervention.

Technology

When considering the use of technology in this study, | identified two ways
technology can affect the cognitive demand of a mathematics task: (a) assessing the
mathematical context of a task to detamenthe appropriateness of technology use as a
solution strategy and (b) translating between the mathematical and technological contexts
of the task. In this section, | elaborate on these ideas as well as relate them to the
technological effects framewo(Balomon & Perkins, 2006).

Appropriateness of Technology Use.

At many times during the study, students had to assess the mathematical context
of the task to determine whether technology use was appropriate. Much as for the
nontechnological strategies theyght have used, students had to identify mathematical
cues within the task calling for technology use as a strategy. These cues, such as needing

many repetitions of the same operation or series of operations or needing to make tedious
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computations, hower, were unique to the particular technological tool at hand and had
to be recognized by students.

As a result of the unique factors that determine the appropriateness of using a
particular technological tool, the teachers in the study needed to proyidewpties for
their students to recognize these factors and, when necessary, model appropriate thinking
and decisiormaking for their students. The participants provided these opportunities to
varying degrees. MichaelOs students, who were the mostgmioificusing their
calculators, also had the most opportunity to practice making appropriate decisions with
respect to technology, and Michael often prompted them to provide a rationale for their
decisions. Sarah was more explicit in her directions fimgugchnology, telling her
students when to use their calculators, but she often waited until they had exhausted all
other options (as opposed to considering technology as an initial option). DavidOs
students were able to access their calculators airaeyduring class for basic
computations, but he explicitly dictated when calculators should or should not be used for
more advanced operations.
Translating Between Mathematics and Technology.

Technology also contributed to the cognitive demand of a tasiduiring
students to encode the mathematical context abttlento a format that their
technological tool could process and then decode the returned result back into that
context. This encoding, such as when DavidOs students needed to specifymiasppr
window to view their graphed function, and decoding, such as MichaelOs studentsO need
to interpret the meaning of 0 = 0 while working on Lamppost Shadow, was critical to

successful technology use and, ultimately, a successful and meaningfuhsofutie
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task. To aid in his studentsO mastery of using their calculators, Michael often asked them
to describe in their own words what they had asked the calculator to do and what the
calculator had returned to them. Sarah, in demonstrating procedurssitients were to
carry out with their calculators, frequently explained the meaning of each step she had
taken. She also asked her students to make conjectures about what values might be
appropriate to input (such as the parameters for the window aph)gDavid used the
calculator only for demonstrations during my observations and limited the discussion to
what should be inputted.

| interpreted the translation of a mathematical situation into something that can be
programmed int@rocessed in a techlogical environment as a unique mathematical
representation. Though one could argue that graphing an equation by hand versus with a
calculator could constitute the same graphical representation of a mathematical
relationship, using the calculator requites student to make different considerations.
For example, students using the calculator must determine an appropriate window
through which to view the graph and know how to instruct the calculator to show that
window. In addition, the student must takéoi account specific protocols of calculator
function, such as requiring functions graphed in the Cartesian plane to be inputted with
respect tgy, when programming mathematical processasan additional way to
represent a task, technology requstsients to use potentially unique ways of thinking
about the underlying mathematics and to consider how it can be connected to
nontechnological representations. In this way, use of technology to solve a mathematics

task can change the cognitive demanaived.
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TechnologicaEffects

Salomon and PerkinsOs (2006) framework for technological effects on intelligence
can also be used to examine the relationship between technology use in this study and
cognitive demand. Effectsith technology, where the stedt delegates certain jobs to be
carried out by the calculator could be seen in all three classrooms, where the calculator
was given computations and procedures to perform that would have been difficult or time
consuming to do by hand. For example, Sarahfents used their calculators to
determine the coordinates of the zeros of quadratic functions they had graphed, DavidOs
students used their calculators to compute the average yield per acre for given numbers of
peach trees, and MichaelOs students@aé&dto simplify and solve equations with
multiple parameters to represent fixed values.

Effectsof technology, where a studentOs understanding or ability with respect to
mathematics (independent of the calculator) had changed through extended calculator
use, was more difficult to observe because of the relatively limited amount of time | spent
in each classroom. Given this limitation, | hypothesize that the students in MichaelOs
class may have an improved understanding of the structure of functions Heie tsé
of CAS throughout the year. By having to carefully consider how their calculators
implicitly differentiated the equation they had written for Lamppost Shadow, MichaelOs
students needed to rewrite that equation so it had functions expressedpéttt te the
correct parameter. This activity was instigated by trying to decode the calculatorOs output
from their initial equation, and the students® work on it could help them in formulating

future equations that might or might not be solved with CAS.
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Effectsthroughtechnology, where the use of technology fundamentally
transforms the way an activity is conducted, could be identified by examining the nature
of the tasks the participants used and considering whether the solution strategies for these
taskswere fundamentally different from those that would have been used prior to the
introduction of that calculator. For MichaelOs class, most of the tasks could have been
solved using techniques that did not involve CAS. Using CAS, however, allowed his
studetts to represent and think about the mathematical context in ways that previously
were not possible. SarahOs students were able to use-arghbessck strategy to
approximate a quadratic curve to fit a set of data in a matter of minutes. This activity
would not have been possible without the calculator because SarahOs students would have
struggled to understand the mathematical procedures and would not have been able to
complete them in a reasonable amount of time.

Limitations

While formulating andyathering data for this studyidentified moments when, if
given the ability to go back and revise my decisions or actions, | would have taken a
different pah. Below is a description of some of these moments. My hope is to provide
some perspective on wamy findings might be limited and points of caution for those
who might choose similar paths of inquiry in the future.
Participant Selection

For this study | sought experienced high school teachers who were adept at using
technology with their classeshad difficulty locating a large enough population from
which to choose suitable candidates. As a result, | had to select participants based more

on availability than on the needs of the study. | was fortunate to recruit the teachers | did.
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They were extregly professional in sharing their practice aamtommodatingny needs
as a researcher.

Because | did not have many potential participants to choose from, I did not have
to rely heavily on the questionnaire instrumimtparticipant selectianrhis provedo be
inconsequential, as | found that the responses given on the questionnaire did not provide
an accurate representation of the classrooms | observed. The instrument was not effective
in obtaining the information | wanted to know. Classroom observapionsto the
design of the instrumemight have improved its development. In addition, observing
each participantOs class for several days prior to selection would have improved my
effectivenessn determining their suitability for my study.

The starldifferences between the coursstsidentsand teaching observed at the
two schools made comparisons between the case of Michael and those of Sarah and
David difficult. As a result, variables affecting teaching practice other than those that |
wished tostudy may havenfluenced what observed. Limiting the boundaries of this
study to include a group of participahismogeneousm experience, courses taught,
school, or studentsO mathematical proficiency (or any combination of these variables)
might haveprovided awider basis for comparison.

Cognitive Demand

| selected cognitive demand as the theoretical construct to describe the intellectual
engagemendfforded by the tasks selected for and implemeimtéide classrooms |
observed. Although analyzing auitive demand using theaBkAnalysisGuide served as
a way to consider the intellectual engagement of an idealized OtypicalO student for a given

grade level (or perhaps for assessing individual students in an individual setting), | found
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it difficult to assess the cognitive demand for a class of students of varying akslity.
Schoenfeld (1985) found that what constituted a problem varied from student to student, |
discovered that some the level of cognitive demand for some tasks could vary according
to paticular students in a given class.

Henningsen and Stein (1997) described a set of clasdvaeed factors that
contributed to alecline in cognitive demand of tasks implemented by mathematics
teachers. Although | recognized some of these factors in the classrooms | observed, the
decline in cognitive demand | observed often served as a means to continue the activity to
a stage whereigh-level thinking about the task occurrddis lowering and raising of
the level of studentOs thinking and raising of the level of cognitive demand within the
same task made a definitive characterization difficult and suggests a need for a more
dynamic taracterization of cognitive demand in classroom settings.

Implications For Practice and Research

The results of this study and the findings | have described above have prompted
me to reflect upon how they might be extended to different facets of ourasork
mathematics educators as well how they contribute to our body of knowledge of teaching
and learning mathematics. To organize the implications of this study, | have divided this
section into two parts: (a) implications for the practice of mathematicsdeaand
teacher educators, and (b) implications for current and future research.

Practice of Mathematics Teachers and Teacher Educators

My interviews of Michael revealed that he had developed an informal way of

thinking about the level at whichtaskwould challenge his students. In particular, he

had developed a 3fioint scale on which he rated potentagksfor his class and, as a
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rule, chosenly those that rated 5 or higher. In ratintaak he considered both the
mathematical characteristics betaskand his studentsO potential to solve it. MichaelOs
system for selectintasksdemonstrated a keen knowledge of both the mathematics he
taught and his students.

This facet of MichaelOs practice suggests mathematics teachers can benefit from
having ®me sort of structured way to consider and evaluate the potentiatbématical
tasksfor classroom use. This way of thinking must honor both the mathematical
characteristics of thiaskand the cognitive characteristics of the students. Resaagsh (
see Boston2006 has shown that a framework taskselection based on cognitive
demand as a way to classify mathenatiasksor students at a given grade level can
scaffold mathematics teachersO thinking abouashethey select for their students
prompting them to select motasksdemanding a high level of thinking.

Michael had developed his own framework for judging the worthinetsskéfor
use in his classrooms, but this development may have been attributed to his experience or
his exceptioal knowledge of mathematics. For other mathematics teachers, especially
those with little experience or limited mathematical knowledge, this development of a
way to effectively evaluate the challenges inherent in a mathexhtaskmay not occur.

As a result and because of the research described above, teacher educators should provide
experiences for prospective and practicing teachers to learn about frameworks that
examine the intellectual engagement provided by different mathentat&alArbaugh
andBrown (2004) describe activities of this nature, suctasissorting and textbook
analysiswhichthey have used with teachers for this purpose.

The mathematics teachers in this studgd a variety of strategies to ensarre



12¢

high level ofcognitive demanavas maintainedbr thetasksthey usedMany of these
strategies correspoadto factors identified by Henningsen and Stein (1997) as
maintaininga high level ottognitive demand. In addition, Michael extended some of the
taskshe used bghallenging students to make connections between multiple
representations of thiasksituation. By doing so, he provided opportunities for his
students to think at a high level. Henningsen and Stein identified the teacherOs act of
drawing conceptual conogons as a way that cognitive demand can be maintained.
Given the effectiveness and general nature of these actions, teachers should consider how
they might widely incorporate them into their own practice. Similarly, mathematics
teacher educators must sister how to help teachers toward this goal.
DavidOs struggle to facilitate hifgvel thinking among his students while using
GPS frameworkaskscould be attributed to the way thdaskswere written as well as
they way David implemented them. As a cemusence, mathematics teachers must
carefully considetaskswritten for large populations of students, such as those for state
frameworks like the GPS or even those found in mathematics textbooks, and adapt them
when necessary to meet the particular neédseir students. In addition, teachers must
be mindful of the intent of taskwith respect to implementation and carefully consider
the consequences for modifying the way it is used in clélsghematicdeacher
educators couldupport teachers in thigay by providingeachers with opportunities to
investigateasksprovided by state frameworks, assess their appropriateness for particular
groups of students, and discuss the consequences of various means of implementation.
Although technology use in mathematics classrooms is often looked upon as

making studentsO work easier by removing the need to perform mathematical procedures
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by hand, this study identified two contexts in which technology use can increase the level
of cognitive demand for students: (@xamining the mathematical features of a task to
determinewvhen technology should be used and (b) translating mathematical ideas into
and out of a technological context. Teache¥sd to understarttiat their students might
struggle in these contexts when using technology to soataematical taskg§ herefore,
teachers should create opportunities for their students to provide rationales for choosing
when and when not to use technology as well as interpret in their own therds
commands they give to a technological tool and the result of those commeadser
educatorshould giveexplicit attention to these contexts so that teachers are aware of
their importance.

Research in Mathematics Education

The findings of this studpresented me with further questions about the
relationships between teaching mathematics, the cognitive demand of mathematical tasks,
and the use of instructional technology in mathematics classes. These questions suggest
directions that further researafight take.

Cognitive demandrhis study focused in depth on three high school mathematics
teachers in order to describe how their practices affected the cognitive demand of the
tasksthey used. To improve the analysis of their practice and to clarifhimking about
the distinction between the mathematical propertiestaskand the cognitive abilities
that students use to solve it, | modified the Task Analysis Guide presented by Stein et al
(2000). This modification allowed me tonsistently analyzeach task with respect to
studentsO ways of thinking when solimg task Although the modified version of the

Task Analysis Guide was a valuable guide in this study, it still needs further scrutiny to



determine its applicability to other contexts.

My findings with respect to technology suggest the need for a modification of the
Task Analysis Guide to include student operations involving technology or perhaps a
simple addendum that accommodates mathematical tasks where technology is used. A
proposed addelum appears in Figure 3. These guidelines may prove useful in future
investigations of cognitive demand when technology is involved. For example, this study
suggests that there may be a relationship between the implementationlefveigh
technology protems (as defined by Figure 3) and studentsO proficiency in using

technology.

Cognitive Demand For Technolo@yriented Problems
An Addendum to the Task Analysis Guide

The operations that students use to obtain an answer to the problem while using
technology are primarily characterized by:

Low-Level Demands

1. An explicit call for technology use by the problem or apparent
need for technology use due to prior instruction

2. No requirement for technology use to make a connection between
the procedure beingsed and the underlying mathematical ideas

3. No explanation ofvhythe selected technological representation of
the problem and the result of that representation are appropriate for
the mathematical context of the problem

High-Level Demands

1. Animplicit (notreadily apparent) call for technology use in the
problem

2. An explanation of why technology use is necessary and/or
preferred

3. Attention to connections between the procedure being used and the
underlying mathematical ideas

4. Attention to connections between tieehnological representation
of the problem and the mathematical context of the problem

Figure 3. A technologyaddendum to the Task Analy€siide These criteriamodeled
after those in the Task Analysis Gui@ein et al, 2000ncorporateindings fran this
study with respect to cognitive demand and technology.
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Although cognitive demangrovides a useful way to think about the challenge to
students afforded by mathematical taskseeds to be developed further. Because
cognitive demand depends ontadentOs knowledge and prior mathematical experiences,
examining and characterizing a definitive level of cognitive demand for class of students
with varying abilities and experiences is problematic. Further refinement of this concept
will enable researche to better understand classroom dynamics during studentsO work
on a task and provide teacher educators with a framework that provides a differentiated
view of student understanding.

Teacher knowledgé\nother factor that may have influenced the participantsO
selection of mathematical tasks is their mathematical knowledge for teaching (MKT)
(Bass, 2005). This knowledge includes specialized mathematical content knowledge that
is used exclusively in the wio of teaching mathematics and contepécific pedagogical
knowledge. For example, Michael used a personal scale to consistently classify and select
high-level AP tasks indicating a detailed knowledge of both the mathematics represented
by each task andsistudentsO potential ability to solve it. An investigation of task
selection with respect to MKT might identify elements of teachersO knowledge that are
necessary for identifying appropriate hilgivel tasks for particular students.

In addition, an invstigation of MKT with respect to task selection might also
explain the disparity between SarahOs and DavidOs uselef/gigitoblems. As a
veteran teacher with a doctorate in mathematics education, Sarah perhaps had a more
fully developed repertoire afays to represent mathematical ideas, diagnose and address
student misconceptions, and, most important in the context of this study, identify good

tasks to use with students for the purpose of developingléngh student thinking.
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Adding further compleity, the knowledge teachers need to effectively teach
mathematics with technology is fundamentally different from that of simply teaching
mathematics. Mishra and Koehler (2006) presented a model defining technological
pedagogical content knowledge (TPCKit blso referred to as TPACK. Niess, 2008,
describes the impetus to modify the acronym). Much like ShulmanOs (1986) identification
of pedagogical content knowledge as the intersection of content and pedagogical
knowledge, the TPCK model identifies speaeatl forms of knowledge that occur in the
overlaps between content, pedagogical, and technological knowledge. TPCK represents
the intersection of all three forms of knowledge and includes the specialized knowledge
mathematics teachers must have in ordsetect appropriate technologies to represent
the mathematics they are teaching, integrate the use of those technologies into their
lessons, and understand how use of those technologies may affect the way students
understand a particular mathematical cohdéfhena teacher iorced to consider the
effect that technology might have on the cognitive demand of a mathahtasic this
knowledge incorporates knowledge of mathematics, teaching students, and technology.
As a resultfurther examinatiof how teachersonsider the ways technology might
affect thecognitive demanaf a mathematical task mighirther definghe TPCK
needed for teaching mathematics

A final considerationWhen considering other ways to understand the relationship
between cognitive demand and technology use, | considetiggieOs (2002) description
of instrumental genesis in the context of French students using CAS to learn
mathematics. In thigiew of technologyuse a technological tool such as a calculator or

software package does not becoménatrumentfor students until students construct
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cognitive schemes (either personal or@xesting) for using the tool. The process of
developing these scheméasstrumental genesiss bidirectional, where the users both
shape and are shaped by the technological tool they are using.

This study identified two ways in which the use of technology influenced the
cognitive demand of mathematical tasks, analyzing thia@matical features of a task to
determine the appropriateness of technology use and translating between the
mathematical context of a task and its technological representation. These skillsecould
interpreted aswo schemes necessary for instrumentlagis to occuilhus, astudy
framed using the construct of instrumental genesis and investigating the ways that
technology use contributes to how studentsO work on mathematical tasks might provide
further illuminationof the results of this studyertaining to cognitive demandn doing
so, we would enhance our knowledge of how the use of itistnat technology could

best enhance mathematics teaching and learning.
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APPENDIX A

PARTICIPANT SCREENING INSTRUMENT

Secondary Mathematics TeachersO Interpretation and Impigarent

of Mathematics Curricula
Dear Participant,

You are invited to participate in a study to be conducted in conjunction with my
dissertation research. For this study, | will conduct interviews, observe classroom lessons,
and collect classroom artifacts to learn more about how mathematics teachers interpret
and implement their schoolOs curriculum. In particular, | am interested in h

instructional technology is incorporated into this process.

This questionnaire consists of items asking for information regarding your current
teaching practice. | hope you will take this opportunity to share your views on teaching
and your practice whitme. Thank you for your help.

Sincerely,

Kyle T. Schultz

1. Name:

2. School:

3. For how many years have you taught mathematics at the secondary level (®rades 6
12)?
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4. Teaching Philosophy: Different teachers have described very different teaching
philosophies to researchers. For each of the following pairs of statements,!check (
the box that best shows how closely your own beliefs are to each of the statements in
a given pair. The closer your beliefs to a particular statement, the closer thauox
check. Please check only one box for each set.

Ol mainly see my role as g
facilitator. | try to provide
opportunities and resource|
for my students to discove
or construct mathematics
themselves.O

OThatOs all nice, but
students wonOt realyarn
mathematics unless you
go over the material in a
structured way. [tOs my
job to explain, to show
students how to do the
work and to assign
specific practice.O

OThe most important part
mathematics instruction is
the content of the
curriculum.That content is
the communityOs judgmen
about what children need t
know and do.O

OThe most important par
of mathematics instructio
is that it encourage
OsensenakingO or
thinking among students.
Content is secondary.O

Olt is useful fostudents to
become familiar with many|
different mathematical
ideas and skills even if the
understanding, for now, is
limited. Later, in college,
they will learn these things
in more detail.O

Olt is better for students {
master a few complex
mathematical ideas and
skills well, and to learn
what deep understanding
is all about, even if the
breadth of their
knowledge is limited until
they are older.O

Olt is critical for students tg
become interested in doing
mathematicll interest and
effort aremore important
than the particular
mathematics they are
working on.O

OWhile student motivatio
is certainly useful, it
should not drive what
students study. It is more
important that students
learn the mathematics in
their textbooks.O

Olt isgood to have all sorts
of activities going on in the
mathematics classroom. It
hard to get the logistics
right, but the successes ar
more important than the
failures.O

Olt is more practical to
give the whole
mathematics class the
sameassignment, one tha
has clear directions, and
one that can be done in
short intervals that match
studentsO attention span
and the daily class
schedule.O




5. Please use the table below to describe the courses you are currently teaching. Please
write thespecific course title, the number of students enrolled in that course, and the
grade level(s) of those students. For the student achievement or ability levels, please
check () all achievement levels that apply to at least five students in that class. By

141

very low or very highl mean more than a year below or above average students
enrolled in that class.

Name of Couse

# of
Students

Student Achievement or Ability Levels

Grade
Level(s)

Very
Low

Below
Average

Average

Above
Average

Very
High

6. From those you listed in #5, identify the course that you are the most satisfied with

teaching.




7. About how often do students in the class identified in Item 6 take part in the

following activities?

Never

Some-
times

1-3 times
per month

1-3 times
per week

142

Almost
everyday

Work individually answering
questions in the textbook or
worksheets

Do hands-on/laboratory
activities

Work on projects that take a
week or more

Work in small groups to come

up with a joint solution or
approach to a problem or task

Write up a solution in which

they are expected to explain their

mathematical thinking or
reasoning at some length

8. When you ask student questions in the class indicated in Item 6, how often are you
trying to accomplish the following goals?

Never

Sometimes

Often

Very Often

Always

See if students know the
correct answer

See if students have done the
homework

Elicit students’ ideas and
opinions

Get students to justify and
explain their reasoning

Have students relate what they
are working on to their own
experiences
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9. Please identify the different kinds of instructional technology that are accdssible
you and your students and how often you utilize them during classroom instruction.

$£En0<:|ogy Availability Frequency of Use

Never Rarely: Often: Frequently Daily (or
Lessthan  About once :2EBtimes nearly
once per per week per week every day)

week

Teacher Students

Graphing

! ! ! ! ! ! !
Calculator

Scientific
Calculator

CAS
(Computer
Algebra
System)

GeometerOs
Sketchpad

CABRI
Geometry

Computer
Spreadsheet

Tutorial
Software

Other:
(please
specify)

10.Where do students use computers during class and how miapyters are available
in each location? Please chetK the most common arrangement.

Location # of Computers

Classroom I

Computer Lab !

Media Center I

Other (please specify): !
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11.Which of the following are among the objectives you have for student technology
use? Please check all that apply.

a. Mastering skills just taught

b. Remaliation of skills not learned well
Expressing their ideas in writing
Communicating electronically with other people

Finding out about ideas and information

~ ® 2 o

Analyzing information

Presenting information to an audience

= @

Improving computer skills

Learning to work collaboratively
j. Learning to work independently
k. Other (describe):

O dgoggoodgonodgod

12.Of the objectives listed in Item 11, have been the most important for you? (Please
indicate the top three.)

1.
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13. How useful are each of the following kinds of assessment for you in judging how
well your students are learning?

Slightly Moderately Very
Not Useful Useful Useful Useful Essential

Short-answer and multiple-
choice items

Essay or extended-response
items

Open-ended problems ! ! ! ! ]
Individual and group projects ! ! ! ! !

Student presentations ! ! ! ! !
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APPENDIX B

PRELIMINARY INTERVIEW GUIDE

Thank you for agreeing to participate in my doctoral dissertation study. The purpose of

this preliminary interview is to get to know you and your practice prior to thentek

period of observation.

1. WarmUp: Please begin by telling me bfly about how you came to be a

mathematics teacher.
. Planning:This study will look at how you interpret and implement the curriculum
adopted by your school and the curriculum materials that are provided. Describe
how you typically plan a lesson for ygmame of course}lass?[If not provided,
prompt participant to elaborate on the following:

a. Sources for lessons, tasks?

b. Selection of tasks? (How do you select the problems/exercises that you

will give to students?)

C. Lesson structure?
. Implementation] would like you to recall a lesson that youOve recently taught
that, in your opinion, was particularly effective. Please describe that lesson and
explain why you felt it was effectij#.not provided, prompt participant to
elaborate on the following:

a. Goak of the lesson



e.

Structure of the lesson
The role of the teacher during the lesson
The tasks given to students (What were the students expected to do?)

The outcomes of the lesson]

4. Technology:One aspect of teaching that | would like to examine isteashers

incorporate classroonbased technology, such as computers and calculators, into

their instruction. | have a few questions about your views of technology as a tool

in mathematics teaching and learning.

a.

When do you feel it is appropriate for studettt use technology, such as
calculators or computers, in mathematics classes? Why?

What are the advantages and disadvantages of students using technology
to learn mathematics?

How did you come to learn how to incorporate technology into your
lessons?

Whatdifficulties have you encountered in trying to implement activities
that require the use of technology in the classroom?

How, if at all, are you supported in using technology in the classroom?
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APPENDIX C

OBSERVATION INTERVIEW GUIDE

This brief interview will help me to understand what you have planned for the upcoming
lesson.
1. What are your goals for this particular lesson?
2. How do you propose to meet those goals?
[With particular attention to making sure each of the followingdaseribed:
a. Overview of lesson activities
b. Tasks that will be posed to enable the attainment of those goals
i. Anticipated products of student work
ii. Anticipated operations that students will use
iii. Available resources that students may use

c. How progress towardtose goals will be assessed]



APPENDIX D

FINAL INTERVIEW GUIDES
Michael

. Your assignments featured a lot of problems from past AP exams. What are the
criteria you use to select AP problems for assignments, tests, etc.?
. [View video segment: 04/23/00;21:38 to 0:23:00] The function you wrote on
the board to describe the bugOs position appeared to be improvised. If possible,
can you describe your rationale for using this particular function? Were there
particular mathematical properties that you coergd?
. [View video segment: 05/04/09, 0:38:00 to 0:40:45] In this segment, it appears
that a relatively simple process of dividing each term in the rational function by
the largest power of x would quickly provided insight regarding the limit. Can
you describe your thinking with regard to interpreting the studentsO responses and
why you chose to respond the way you did? Why do you think the students
struggled here as much as they did?
. When investigating NewtonOs method with your students, you useadtierf y
= x* B5. Was there a particular rationale for choosing this function?
. [View video segment: 05/07/09, 0:05:50 to 0:07:00] At the point where this
segment begins, the students had been working independently on the cubic
function task from the CABook for about three minutes. One student mentioned

he was using a Obrute forceO approach about thirty seconds prior to the start of the
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segment. What was your rationale for intervening at this point?
. [View video segment: 05/08/09, 0:26:40 to 0:27:00kkmed that there were
frequent contributions by students that demonstrated thinking well beyond the
current moment in class. Given this level of talent and the conversational tone
found in your class, how do you ensure that the students as a whole get the
opportunity to consider or think about the ideas presented in class?
| noticed that you placed a great deal of importance on youmrgsubeing able to
determine when it is and when it is not appropriate to use their machines. Specific
criteria | notedncluded the relative effort needed to complete the computations
by hand, whether computational techniques were available, and if the calculations
were repetitious. Are there other examples of situations when you will prompt
students to consider when teckogy use is appropriate?
In my observation of your class, | noted an instance during the exploration of the
critical points of y =x*(1/In(x)) where you forbade the use of calculators. In
another instance, the students opted to work a problem by haydwasteered
them into using the calculator in order for them to consider what they might do if
they had a more difficult equation to deal with. These instances point to your role
as a regulator in terms of how the students use technology to interadievith t
mathematics. What factors influence how you fulfill this role?

Sarah
. Earlier you had stated that you did not useRhalaOs Peachtzsk provided by
the GPS framework because you did not like it. Can you explain your rationale

for why you avoid this task?
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. During my observation, you devoted a lot of class time making sure the students
knew the domain and range of y % Why was thersuch a sustained focus on

this problem? Why this particular function?

. When your students are working during class and youOre walking around the room
monitoring their work, are there any general strategies you follow in terms of how
you help them, whatouOll do when they ask you a question, or what youOll do
when theyOre having trouble getting started?

. During class discussions, do you have any typical way of deciding when to
answer student questions or not to answer them? Is there philosophy behind it?

. 1O&m going to show you a video where you interact with a student who is trying to
come up with a way to describe whatOs happening with a set of parabolas. Then
you work with an ELL student who is struggling with the same thing, but there
are two distincapproaches. [Plays video 2/19, 0:3&3@3:00] In what ways

does the way that you work with English Language Learners differ from the way
that you work with other students?

. In this next video, you were trying to get the students to connect the solution of
guadratic equation by factoring and thentercepts of a graph. You went through
several examples and spelled it out to the point that they were even saying that
they were the same thinBut thenyou left itandtransitioned into something else.
[Plays video: 2/25, 1:02:1R1:05:00] You said that itOs important for them to
understand what the relationship is, but you never specifically said what it is.
Why did you choose to end the discussion before the students had explicitly

articulated that relatiwship?
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In this next video, [2/26, 0:23:20:25:15, 0:38:580:40:30] you ask the students
to distinguish whether the datavolved are continuous or discrete. You take
some time to graph it for them and become frustrated with their struggles and say,
OLetme tell you a secret. This data is not discrete.O What proguied resolve
this issue for them?
Later on in that lesson, they were using the approximated curve to find data points
that they didnOt necessarily have at the beginning. [Plays vided,:2RI®
1:09:04] | thought it was interesting that you used a different equation there as an
example. You said that you just made it up. Was there any particular rationale for
the equation that you used?
You were trying to have your students do kighel things like, after they filled
out the grid with the intercepts, coefficients, and factored form, they tried to
discover patterns or relationships in the data. They came up with some very good
observations. | was surprised that they got stuck on thdeleel part, filling out
the table. It wasnOt with the ogmrded patterns, but more with remembering how
to factor or remembering how to do thedeftund, rightbound, etcTo what do
you attribute these struggles? Why do you think they had an easierithmbav
high-level component of the activity?

David
The majority of the time in class during my visit was devoted to working on the
PaulaOs Peachgask from the GPS framework. Prior to the first lesson |
observed, you indicated that you worked with thelehts on factoring trinomials.

Looking back at their work on the task, in what ways did this strategy affect what
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occurred? How is that different from the results of similar activities for which you
took a different approach?

. Thinking back to the studentsO workPaulaOs Peachesith what aspects of the
task were the students most successful? What do you attribute this to? With what
aspects did they struggle? What do you attribute this to? If you were to use
PaulaOs Peachegain next year, what might you do differently to improve it or
how students perform on it?

. | found some of the mathematical elementPatilals Peachegeresting,

especially when considered in the context of your students. One was the treatment
of avera@ rate of change in items 2 (d) and (e). [View video segment: 02/20/09,
0:29:30] What aspect of this concept prompted students to struggle? Had your
students worked with average rate of change before? At this point, you broke the
problem down to demonsteathe unito-unit changes. Can you recall what

factored into this decision? [Suggest displaying data as a table]

. The day the students took the quiz was interesting to me. Prior to the quiz, you
provided a few examples of quadratic equations to solve as a review. When the
students began the quiz, however, they immediately ran into trouble solving an
equation that hadlready been factored. [Play video segment: 02/25/09, 0:15:00]
This problem persisted [0:19:00 and 0:34:30] even with students from before. To
what do you attribute this struggle?

. As the students increasingly asked questions about items on the quméidse

that you shifted your focus from only providing hints or redirection to working for

a greater level of understanding of what to do. What caused this shift? How does
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this instance fit into your philosophy about quizzes and tests?

. What characteristiosf a problem lead to group versus wholass work? For
example, you had the students work in groups for 1 (a), (b), and (c), but (d) was
done as a class.

. What strategies do you employ when working individually with students,
especially when they are stgling? How much help to you try to provide? [For
examples, see video clips: 02/24/09 at 0:27:00, 02/24/09 at 0:54:00, and 02/19/09

at 0:28:00]
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APPENDIX E

SELECTED MATHEMATICAL TASKS

This section contains a selectiontasksused by the three participating teachers
during my observation. | included thessksso that the reader could refer to them while
reading this report and better understand the mathematics involved td$lesae listed
chronologically, in the order iwhich they were presented to the students.

Michael
Flagpole Shadow. A student walks past a lamppost that is 15 feet high. The student is 5
feet tall and walks at a constant rate of 6 feet per second.

(c) How fast is the length of th&hadow changing?

(d) How fastis the tip of the shadow moving?

Bug on a Line. 10ve got some particl@nse little bug, E moving along the-axis E The
bugOs position along thexis will be defird asx(¢) = 2 D6t + 5.

(d) Can you tell me when the bug is at the origin, if ever?

(e) When isthe bug at rest?

() LetOs say IOm only interested in the time interval from 0 to 4. When is the bug

moving the fastest?

1
Critical Points. Find all critical points ofy = x"™®,

Particle on Line 1. A particle moves along theaxis so that its velocity at any timé 0

is given by v(f) = 3* D2 D 1. The position(z) is 5 whery = 2.
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(a) Write a polynomial expression for the position of the particle at anyttinge
(b) For what values of 0" t" 3, is the particleOs instantaneous velocity the same
as its average velocity on [0, 3]?
(c) Find the total distance traveled by the particle fton®D tot = 3.
Tangent LineFind an equation for the line tangent to the curve at the given point defined
by the given value daf

x(t) =sed¢(t)" 1

y(t) =tan()
#

t="2
4

Parametric Ellipse Given the function defined by the parametric equations:

x(t) = 3cosg)
y(t) =5sin(r)

(a) Use the calculator to graph this ellipse.

(b) Find an equation fog—y.

X

(c) Find the equation of the line tangent to the grapiratA:.

(d) Using %’ find all the points where the tangent line is vertical and horizontal.
X
(e) Rewrite the function in Cartesian form by eliminating the paranteter
Kite. A kite flies according to the parametric equati(xnsé andy =" 6—it(t " 128

wheret is measured in seconds: " 90
(e) How high is the kite above the ground at32 seconds?
() At what rate is the kite rising it 32 seconds?

(g) At what rate is the string being reeled outat32 seconds?



(h) At what time does the kite start to lose altitude?

Particle on Circle A particle moves on a circké +y* = 1 so that at time! 0 the

osition is given by the vect(fl" t ig
P J Y ﬁ +12 71+ t?

(a) Find the velocityector.

(b) Is the particle ever at rest?

(c) Give the coordinates of the point that tleetjzle approaches asncreases
without bound.

Roots of a Cubi¢found in Fey et al., 2003).et f(x) be a cubic function with three real

roots,a, b, andc, and Ietm=%(a+ b) the average of any two roots. Prove that the

tangent line td(x) atx = mintersects the cubic at,(0), the third root of the cubic.
Sarah

Domain and Range of y ZxXWhat is the domain and rangeyof x*?

Families of ParabolagStudents were asked to graph a group of quadratic functiahs th
were all related by a particular transformation and then make an observation about the
graphs.]

x-Intercept Data TableStudents completed a table by identifying the following
characteristis for provided quadratic functions: coefficients, intercepts, and graph.
Once this table was complete, the students were challenged to find three patterns
within the data in the table.

Domain and Range with GraphStudents were asked to graph the follogviunctions
and find the domain and range of eagh: x|,y =X, y = x°

Sports ArenaAccompanied a video on structural engineering presented by The Futures
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Channel, this task asks students to fit a quadratic curve to provided data. Reproduced

with pemission.

FUTURES

SkyHighScrapers

To: Structural Engineering Team #5
From: R. Shreve, Chief Architect

We just got back the data from wind tunnel testing for our proposed “double-
decker sports arena” (see diagram 1).
North

West East

South
Diagram 1: the "Double-Decker”

Table 1 shows the pressure when the wind blows from the east.

Table 2 shows the pressure when the wind blows from the north.

The pressure, of course, increases with higher wind speed. Theoretically, we
expect that the relationship is quadratic:

p=av’+bv+c
Can you help us out?

1) For table 1, graph the data, then find the values of a, b, and c for the
quadratic equation that gives a good fit to the data in the table. Draw the
graph of your equation on top of the graph of the original data, so I can see
how well it matches. Use that equation to give us an estimate for the
pressure for wind speeds for 5 mph and 100 mph.

2) Do the same thing for table 2.
Thanks.

Rich
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Table 1: East Wind

Wind speed Pressure
(miles per hour) (pounds of force per
square foot)

10 1

20 1.6
30 2.8
40 43
50 5.9
60 8.1
70 11
80 14

Table 2: North Wind

Wind speed Pressure
(miles per hour) (pounds of force
per square foot)
10 2
20 3
30 45
40 6.5
50 10
60 13
70 16.5
80 22
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Parabola Maxima and Minimadapted from the Connected Mathematics Project
materials (Lappan et al., 2006), this investigation required students to match eight
guadratic functions in factored form with their graphs and analyze the relati@nship

between them. The instructions for the students were:
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A. Do parts (15) for each equation.

1.

2.

Match the equation to its graph.

Label the coordinates of thxe andy-intercepts of the graph. Describe
how you can predict the andy-intercepts from thequation.

Draw the line of symmetry of the graph. Can you predict the location
of the line of symmetry from the equation? Explain.

Label the coordinates of the maximum or minimum point. Can you
predict the maximum or minimum point from the equatiBrplain.

Describe the shape of the graph.

David

PaulaOs PeachaadLogo Symmetryerom the Georgia Performance Standards

Framework developed by the Georgia Department of Education, accessed March 8,

2006 from:https://www.georgiastandards.org/Frameworks/GSO%20Frameworks/9

12%20Math%201%20Student%20Edition%20Unit%205%20Algebra%20in%20Cont

ext.pdf



