General Context (e.g.: professional development of activity in school setting; capstone mathematics course): 

This module can be used as a stand-alone activity, or as part of a capstone mathematics course. 

Names of contributors/authors: Mark Levi

Goal of use of Framework (if applicable): 

Goal of use of Situations (if applicable) (Includes process of developing Situations.): 

The goal of this Situation is two-fold: (i) to explain geometrically and very intuitively many example, each of independent interest (e.g., the Fundamental Theorem of Calculus) and (ii) to expose connections between these examples, usually not treated as different aspects of the same idea. Disparate areas of mathematics would thus be connected by a simple birds’ eye view in the mind of the teacher.

Specific Setting for use: 

Describe typical use: This module can be used over several lectures in a capstone course. 

Describe the mathematical goal(s) of the use: 

The goal of this activity is to show how one simple geometrical idea is at the root of several seemingly disparate mathematical results. This idea consists in the observation that  the area swept by a moving segment changes at the rate equal to the length of the segment times the perpendicular velocity of its midpoint (i.e. the average velocity if the endpoints in the direction perpendicular to the segment. The moving segment’s length need not stay constant during the motion.) This idea, when applied to various special settings, yields the following: (i) the Pythagorean Theorem, (ii) the formula for the expansion of the determinant in a row, (iii) the fundamental theorem of calculus, (iv) the area under the tractrix, and much more. The extension of the same idea to three dimensions gives Pappus’ theorem, the “area” Pythagorean Theorem, the “ring” theorem (volume of the ring formed by removing a cylindrical core from a ball depends only on the height of the ring) and more. 

Challenges in Implementation: 

The main difficulty in implementing this framework is in linking intuition (``how fast is the area being swept”) with the formal mathematics that students are already know (such as the concept of the velocity vector). But overcoming this difficulty would address one of the main deficits in education: the gap between intuition and the formal, procedural approach to mathematics. Students will very likely have difficulty with making precise the concept of the “rate of change of area swept by a moving segment”. Overcoming this difficulty, however, would reap great benefits. Among the previously unmentioned ones is an easy explanation of the relationship between the area and the volume of the sphere and other similar facts. 
What would you like to know about the effects of implementing your idea?

I would like to have feedback from teachers who may use this idea in their classes. 

