f (x+y) = f (x) + f (y)
General Context: Capstone course for future teachers

Names of contributors/authors: David Royster

Goal of use of Framework: We need teachers to be more adept at answering students’ questions and responding to student misconceptions especially when it comes to dealing with the misconception of the use of the distributive property, or linearity, in the wrong places.  Teachers need to see when this misconception is occurring and have a reasonable response for and correction for students when they exhibit this misconception.  They need a greater proficiency to be able to create examples where this does not work and a willingness to look into the cause of this misconception of this particular student.

In the realm of Mathematical proficiency this situation should address the areas of conceptual understanding, procedural fluency, and productive disposition among pre-service teachers and in-service teachers. It relates broadly to an aspect of the Framework under Mathematical Reasoning. In particular, it relates to the Constraining and Extending components of the framework. 
In the Mathematical work of teaching students will probe mathematical ideas and understand the mathematical thinking of learners.
Goal of use of Situations: Have the students discuss this misconception and learn how to address it with a battery of examples and operations for which the result is true and untrue so that as teachers they will be willing to discuss this with their students when (not if) it arises in the classrooms.
Specific Setting for use: Classroom for pre-service, or in-service, secondary mathematics teachers

Describe typical use: Create a situation based on students’ proclivity to linearize functions and operations or to treat them as distributive operations.  A prompt might be along the lines of “a student asks if sin(A + B) = sin A + sin B is true for all angles.”  The sine function could be replace by any number of functions or operations, such as trigonometric functions, exponential functions, or the squaring function.
Describe the mathematical goal(s) of the use: Have students investigate functions and relations that actually satisfy the identity f (x+y) = f (x) + f (y).  Have the students discuss linear functions, quadratic functions, polynomial functions, rational functions and transcendental functions and which of these might display this property. Ask the students to add more conditions to the functions and see how this narrows the class of functions that satisfy this condition.  Ask the students to extend this concept by changing the question to considering for what arguments, x and y, is it true that f (x+y) = f (x) + f (y) even if this equation is not true for all arguments.  This can lead to the study of periodic functions wherein there is a real number p so that f (x+p) = f (x) for all x and a discussion if this is a type of extension of the concept of equality and linearity. 
A key aspect of this activity includes making the domain explicit and considering for what domain a particular generalization does or does not apply. For example, students often view multiplication as an operation that is always commutative, even though it is not commutative for particular mathematical objects.  Students must also step back from the Situation with f (x+y) = f (x) + f (y) to consider how this applies to any generalization that they apply. It is interesting to note that sin(A + B) = sin A + sin B is true for an infinite number of values, A and B, but it is not true for all values of A and B (in radians). 
Challenges in Implementation: I expect that students will be reluctant to discuss this at first, though they will rather quickly admit that the student binomial theorem (x + y)n = xn + yn is incorrect.  They will then want to extrapolate that to all functions and relations to state that f (x+y) = f (x) + f (y) is false for all functions.  It will take some direction in the form of examples possibly, to get the students to begin to study other examples.
What would you like to know about the effects of implementing your idea?: Does this help us address as mathematicians and mathematics educators this common misconception?  Does the process of discussing common errors and misconceptions in algebra with future teachers have an impact on the correcting, or better yet the non-formation of, this misconception in learners of mathematics?  Does this correction have any impact on the attitudes of students towards mathematics as learners?
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