How the framework and situations could be used in teaching

The framework makes a convincing case that a typical mathematics course, whether for teachers and for high school students, should focus on all three aspects: knowing, doing, and teaching.  The situations and especially the prompts provide excellent oportunities to provoke discussion of all three aspects.
Acknowledgment: This is a result of personal reactions, discussions with other participants, especially within group A, and reading paragraphs posted on the wall from Thursday, such as that of Herb Clemens.

genl use of framework
My experience includes teaching college courses for mathematics majors, and for teacher candidates, as well as high school courses for honors mathematics students.  I found the thesis of the framework to be relevant and helpful for all three types of courses.  Since everyone seems to learn in a somewhat different and personal way it is difficult to give general guidelines for teaching and learning, but I think the framework succeeds, with a clear and convincing argument that mathematical teaching and learning must involve 3 aspects, internalizing procedures and facts, creative use of knowledge in problem solving, and facilitating learning through understanding how we think about mathematics, i.e.: knowing, doing, and teaching. 

The framework seems useful to an individual teacher as a guide to planning a course, and an individual class, and finally in assessing the success of the class from the teachers standpoint, i.e. self assessment, as well as a guide to assessing and grading student performance.  Thus I think its 3-fold focus should be included in every mathematics teachers bag of tools, and given as reading for all students planning to become teachers.  Since there is much difference of opinion about how to teach, it may be most useful to let the students read the full framework themselves, so that the arguments for its focus are absorbed, instead of merely stating them as a credo at the beginning of the course.
My experience after reading them this week, was that I taught my Wednesday graduate class on Riemann surfaces in a more open way than usual.  I was more tolerant of wrong ideas, and spent more time clarifying different interpretations by different class members of the language being used, to get everyone on the “same page” before giving the technical arguments.  It seemed to go especially well, at least the atmosphere was more charged with ideas and questions.  I may need to slow it down next week and recap carefully and clearly the points that were made.
genl use of situations

Anything that can be used in teaching a mathematics class can be used in teaching teachers how to teach a mathematics class.  This applies in particular to the first two parts of the framework.  Every mathematics student needs to acquire some technical skill, or computational “muscle”.  Then the student needs practice in using that skill to do something, to formulate an actual problem in mathematical terms, and decide what computation is relevant.  If the direct computation seems overwhelming connections may be drawn with other areas and the problem restated in a more accessible form, or replaced by an easier one to get a start.  Many of the situations, especially the prompts, provide opportunities to exercise the skills from the first two prongs of the framework.

The framework’s 3rd aspect of learning and teaching math is especially appropriate for discussion in a class for teachers, namely how students think about math.  Each situation gives an instance for exploring how students think about  specific topics, the one in the prompt as well as those it leads to.  So the stituations have an open ended value, in posing questions that lead on to connections with old ideas and new questions.

In addition to focusing on how to solve specific problems, it is useful for students to generate new problems that could be solved or at least attacked, using the new skills.  This is a good way to deepen ones grasp of the content of the skill.  I.e. each new idea has a use, a place in the history of the subject, and generates in the learner new thoughts.  The moment of appreciating a new idea is an opportunity to imagine new examples and new connections for that idea.  These “aha” occasions are challenging to produce, and the situations seem to me to have value in producing such moments.  I.e. the opportunity for an idea or insight could be generated by a prompt one finds puzzling.
In addition to technical skill, and creative problem solving ability a math student needs to know what to do when stuck.  This involves all 3 areas of the framework.  The ways people think about mathematics, and the kind of difficulties we have and the mistakes we make are a potential tool for learning what to do when stuck.  The situations give examples of students who are stuck, and provide opportunitiues for discussing how to guide the stuck student and potentially for helping him guide himself out of the forest.  Indeed the situations and prompts may put us also in that position of being stuck, and encourage us to look for a way out.  This discussion of what tactics to use, such as trying simple examples, could be spun off any situation that is sufficiently puzzling.  Finally one could discuss with a group of teachers which aspects of the framework are arising and being dealt with in each situation, or how to expand the discussion to do so.  I think the idea of using a prompt and letting it go wherever it leads, or using the given foci as a start, is even more useful than following exactly the same path given in any particular situation. 
specific situations and their use
The situation on the pythagorean theorem and the law of cosines made me as a historically minded geometry teacher want to point out that Euclid clearly made the connection between these two and gave a clear geometric proof of the law of cosines with no reference to cosines or functions or numbers.  He just pointed out which rectangle had to be added (twice) to the areas of the squares on the legs to obtain the square on the hypotenuse.  This is my favorite version of the law of cosines.  Then the rest of the situation exposed to me my lack of understanding of the proof of the “power of point” theorem and its connection with the law of cosines.  I was motivated to give a try to give a proof myself, and also to review Euclid’s proof of this result, to see if it connected there with the law of cosines.

The situation involving sin(32) and whether it equals sin(30) + sin(2) is really open ended, and can lead to a discussion of how often the words in any sentence can be reordered.  E.g. at Alice’s tea party in wonderland there is a discussion of the relation between saying what one means and meaning what one says, etc..  One could lead into approximation by asking if sin(30) is after all close enough for present purposes.  One could go towards the fact that there exist (infinite, or finite approximate) formulas for sin that any radian measure can be plugged into.

.............................

Afterword

 I suggest giving the 3-fold perspective of the framework to prospective teachers to help them plan their classes, carry them out, and assess their success afterwards.

One could then let the student-teachers analyze where each aspect occurs in each situation, and suggest how to augment the situation to include omitted aspects.

 In a math class the framework encourages a more interactive presentation, and more back and forth exchange, and I have used it this way in my own advanced graduate class.

