Situation 1: "A student then asked, “How could I calculate sin (32°) if I do not have a calculator?”

Contributor: Herb Clemens
Goal of the use of the framework: Explore teachers' mathematical resourcefulness, and ability to listen and to summon up multiple responses and representations 

Goal of the use of the situation:  Explore teacher geometric understanding surrounding a question that is potentially productive, yet ambiguous in purpose and content.

Setting for use: A middle childhood or secondary preservice teacher geometry course or a extended professional development exercise.

Typical uses: 

Use 1): Explore what kind of student would ask that question and why?  
Use 2): Is it productive to bring up the fact that a calculator does not calculate sin (32°), it only approximates sin (32°) to within a half dozen or so decimal places?  Does this mean that the student is only asking how to approximate? Or does he/she consider the calculator answer as the exactly correct answer.

Use 3): One direction to go: Which are the angles whose sines we can calculate exactly? Elicit law for the sine of the sum or difference of two angles.  Elicit the half-angle formula.   From the sines we know (180°, 90°, 60°, 45°, 30°) which other sines can we get? Can we "get to" 32° using these if we had enough time?  How close can we get?  In fact all the ones so far are of the form


[image: image1.wmf].

Could there be others we can calculate exactly? Maybe show regular pentagon and calculate


[image: image2.wmf]
exactly.  What about


[image: image3.wmf]?

Since 
[image: image4.wmf]  and  
[image: image5.wmf], it can be shown that sin (32°)  is the solution to some polynomial equation with integer coefficients, but that does not mean that one can calculate it exactly--there are major algebra issues as to whether the (minimal) polynomial equation satisfied by sin (32°) is solvable....

Use 4): Other direction as in the foci--use a protractor to construct an angle of  32° then put it in a right triangle and do 
[image: image6.wmf].  Is this a 'good' approximation?  Can it ever be 'exactly right'?  Can you ever know how close you are to being exactly right if you do it this way?

Use 5): Other direction as in the foci.  Nearby value that you know sin (30°) = 0.5.  Ask why?  Draw the graph of the sine function.  Draw the tangent line to the graph at  x = 30.  Slope of sine function sin (x°) at  x = 30  is what?  Is it cos (x°) ?  Why not?  Conversion between degrees and radians is a real issue here--when we get to calculus we want to use radians rather than degrees to make computation easier--the same reason we use base e rather than do base 10 when we do logarithms.
Mathematical goal of Use 1): Understand what the student is asking.  

Mathematical goal of Use 2): Understand whether the student thinks that the calculator gives correct answers or only approximate answers.  Ditto for Sketchpad. Understand whether the student knows the difference between a correct answer and a 'close' approximation.

Mathematical goal of Use 3): Understand that one can approximate sin (32°) as close as I want using formulas from trigonometry.  Understand that one can calculate it exactly if one can write


[image: image7.wmf] or 
[image: image8.wmf] or even 
[image: image9.wmf] or even 
[image: image10.wmf] (are these the only ones...?).

Understand that


[image: image11.wmf]
and that the 
[image: image12.wmf]  in the denominator means that we may not be able to calculate sin (32°)  exactly with or without a calculator.

Mathematical goal of Use 4): To understand the meaning of the sine of an angle. To understand that physical representations are only approximate and that it is often a challenge to determine 'how close' the approximation is to the true value.

Mathematical goal of Use 5): To understand the graph of the sine function.  To understand that calculating its slope at a 'easy' point can help to closely approximate the value of sin (32°). To understand that radian measure becomes important in higher mathematics because the slope function is more complicated if you don't use it.

Drawbacks or challenges: Which direction or use is appropriate for the audience?  Tempering one's own excitement about the mathematics unless that excitement can be shared by the audience?  'Triangulating' the audience and picking a direction and presentation that speaks to multiple publics.

What would I want to know: Did my students understand the difference between exact and approximate? What are possible components of that understanding?  What do they consider as an exact answer, e.g. is  
[image: image13.wmf] exact or is it not exact because you can never write it out exactly as a decimal or fraction?
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