Link:    Abstract algebra course for prospective secondary teachers 

General Context: abstract algebra course for prospective secondary teachers.

 
Names of contributors/authors: Tanya Cofer (discussed with many participants)

 
Goal of use of Framework (if applicable): As a background/reference document for the course instructor to guide their development of lessons, activities, projects, etc. and to help them judge the progress of the students in the course.

 
Goal of use of Situations (if applicable) (Includes process of developing Situations.): To integrate the situations into an advanced algebra course for teachers by using them as a “launch” for specific concepts. For example, the “division involving zero” (#46) scenario may be used as a way to begin a discussion of rings and the multiplicative properties of the additive identity in a ring. Other situations could lead from “evenness” or “equivalence” into discussions of concepts such as modular rings and isomorphism. 

Specific Setting for use: In the abstract algebra classroom at transition points to new ideas. The prompt may be given by the instructor, and then foci may be generated or discussed by the students. Foci relevant to the course are then expanded into a rigorous development of course concepts. The instructor may need to develop new situations and foci that are connected to key course concepts. Students may also be asked to present a final project in which they take a prompt and develop several algebra-related foci.
 
Describe typical use: There are many situations which are related to key abstract algebra ideas (e.g. #28-isomorphism, #46-properties of the additive identity in a ring, #45-zero divisors and integral domains, #54-modular rings, properties of inverses, equivalence classes, etc. #55-roots of unity). I would like to develop others, for example, related to “evenness”. At the moment, one of my most successful lessons starts by asking students to give me as many definitions of “even number” as they can. I ask them questions to get them to think about the domain of the definition and whether or not it fits with other students’ understandings of the concept. So far, the notion of an alternating pattern of integers on the number line always comes up. From this, I can discuss partitions and equivalence relations (as ways to define new, meaningful objects of study). Then, since we are in an algebra class, we can ask if these new objects have algebraic structure. Can we define a meaningful “plus” and “times” on this new set of objects? Once we have defined these operations and shown that they are well-defined, we can observe familiar ring properties. Students can also observe “division by zero” in this new setting. For example, in the ring Z_2, 0-1=[0]-1 does not exist because an even integer times any integer is always even (never odd). A discussion of a familiar concept has thus lead to a deep discussion of algebra concepts. 
 
Describe the mathematical goal(s) of the use: To scaffold students’ understanding of advanced and theoretical algebra concepts by connecting the key ideas to familiar mathematics relevant to the school curriculum. For the past 5 years, simply starting from these basic and familiar concepts (“evenness”, “division by zero”, “solving for x”, etc.) has helped my students become motivated to learn course content and has helped them to connect their current mathematical knowledge to new knowledge they are learning in my class. I believe that the situations will strengthen these positive outcomes for my preservice secondary students.
Challenges in Implementation:

There are 3 challenges I see immediately, but there may be more:

1. The situations do not comprehensively cover the key concepts in a first-semester abstract algebra course-- at least at first glance. It would be nice to have situations organized by concept. (Obviously, the very nature of the situations is that they fall under multiple headings.) I suggest using key words. Each situation would be tagged with key words that would help someone using them in an algebra course, geometry course, etc. find relevant situations quickly.

2. The community needs an appropriate abstract algebra text. I’ve reviewed most of the available texts and have not found any that lend themselves to this “school math connections first” approach.* I’ve already started writing lecture notes from this perspective. I would love to work with someone to organize the material around relevant situations and work towards a textbook. 

3. Instructors matter. There will always be mathematicians who will think that “definition-theorem-proof” is the only way to go. Not everyone will be open to teaching this way.

*Yes, I’ve used Abstract Algebra with Notes to the Future Teacher and then quickly returned to Gallian.

What would you like to know about the effects of implementing your idea?
I have studied students in my abstract algebra course before. Since I have been using a “school math concepts first” approach, I wondered if my emphasis would have any effect on the way my students (preservice secondary teachers) spoke about these concepts. (It was already clear from student evaluations that they appreciated the approach, but would it have any clear effect on them mathematically? Answer: unsure. However, I discovered something interesting about the strategies these teachers used to explain these concepts.) I believe that I would have the same question in mind after implementing the “situations first” approach: Would it have any effect at all on the way students explained concepts that are integral to the school mathematics curriculum? I do not have a well-defined research question. Rather, I would be interested to see if any themes naturally arose naturally from interview data. These themes could then be elaborated upon further.

With a new Mathematics Education researcher joining our staff in the fall, I could also envision using the “situations first” approach and having this researcher work with me to study the class from a 3rd person perspective by attending all class sessions,  observing student-instructor and student-student interactions, and conducting interviews at the end of the term. 
