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Prompt

 A secondary pre-service teacher was given the following task to do during an interview:

	Given:  square ABCD. 

Construct a square whose area is half the area of square ABCD.

 (Note:  The pre-service teacher was not given a drawing or any dimensions for ABCD.)


The student chose the dimensions of ABCD to be 1 unit by 1 unit and approached the problem in two ways.

Method 1:  Reasoning with a figure

She divided ABCD into smaller squares as shown in Figure 1a and noted each small square has area 
[image: image1.wmf].   Sketching a new square as in Figure 1b, she claimed a 
[image: image2.wmf] square has area 
[image: image3.wmf].  She concluded that the square she wants (sketched in Figure 1c) has a side length somewhere between one-half and three-fourths.

[image: image4.wmf]
Figure 1.

Method 2:  Reasoning from a formula

Assuming implicitly that the area of given square ABCD is 1 square unit, she noted that the desired area of the new square is one-half square unit. Using a formula for the area of a square, she produced 
[image: image5.wmf] and then 
[image: image6.wmf].

After a long pause, she pointed to 
[image: image7.wmf] and said, “I don’t know how long that is.  So I can’t draw the square.”

Mathematical Foci

Mathematical Focus 1

A numerical approximation for 
[image: image8.wmf] could be obtained using a calculator or by recalling that 
[image: image9.wmf].  So, 
[image: image10.wmf].

Measuring approximating 0.707 units to create the square would be easy in some cases (e.g., if the length of a side of ABCD were 1 meter and the length of a side of the new square would be 707 millimeters).

Mathematical Focus 2

A segment of length,
[image: image11.wmf], could be found geometrically.  The diagonals of a 1X1 square have length, 
[image: image12.wmf].  By bisecting a diagonal, we obtain a segment of length, 
[image: image13.wmf].  (See segment DQ in Figure 2.)  Using segment DQ we may construct a square whose area is one-half that of square ABCD.  (See DSTU in Figure 2.)

[image: image14.wmf]
Figure 2.

Mathematical Focus 3

A segment of length
[image: image15.wmf] can be found using similar triangles. 

The diagonals of a 1X1 square have length 
[image: image16.wmf].  By connecting the midpoints of segments AB and AD (points X and Y, respectively), we construct a pair of similar triangles, ∆ABD and ∆AXY.  See Figure 3.  Because ∆ABD ~ ∆AXY and 
[image: image17.wmf] 
[image: image18.wmf].

	[image: image19.wmf]
Figure 3.


By analogy, segments XW, WZ, and ZY have lengths 
[image: image20.wmf]. Since ∆XAY, ∆XBW, ∆WCZ, and ∆ZDY are isosceles right triangles, the interior angles of YXWZ are right angles.  So, YXWZ is a square whose area, 
[image: image21.wmf], is one-half that of ABCD.

Mathematical Focus 4

An approximation of
[image: image22.wmf] can be found by using the square root algorithm:

[image: image23.wmf]
So, 
[image: image24.wmf] is the length of the sides of the desired square.

Mathematical Focus 5

A numerical approximation for 
[image: image25.wmf] can be found by using Newton’s Method.  

	Newton’s Method


[image: image26.wmf]

[image: image27.wmf], where n = 1,2,3,…


Because we want to approximate the dimensions of a square whose area is 
[image: image28.wmf] square units, we want to approximate the positive real root of 
[image: image29.wmf].

We use 
[image: image30.wmf] and 
[image: image31.wmf] to obtain 
[image: image32.wmf]
We know that our desired solution is between 0.5 and 0.75 (based on her work in Figure 1).  These values are reasonable initial approximations.  Figure 4 is a screen shot of ten successive approximations generated on Excel using the formulas shown in Figure 5.

	[image: image33.wmf]
Figure 4.


[image: image34.wmf]
Figure 5.

There are other ways to generate these values. For example, we could use a TI-92 calculator in sequence mode to generate a table using

  u1=u1(n-1)-((u1(n-1))^2-.5)/(2*u1(n-1))

  ui1=.5

  u2=u2(n-1)-((u2(n-1))^2-.5)/(2*u2(n-1))

  ui2=.75

and

  tblStart
1

  ∆tbl

1

Connection:

Students may find that The Math Forum’s Dr. Math has a webpage devoted to finding square roots without a calculator. Dr. Math describes an algorithm in which the reader is instructed to follow a sequence of steps loosely described as: 

1. Guess

2.   Divide

3.   Average

Continue steps 2 and 3 until the desired degree of accuracy is reached.

For example, to approximate the value of 
[image: image35.wmf], we would as follows:

1. Guess.  Let us use 1.

2. Divide.  Since we want to find 
[image: image36.wmf], we would compute 
[image: image37.wmf] .  

3. Average.  For this step we compute the arithmetic average of 2 and 1. 
[image: image38.wmf] 

4. Divide. 
[image: image39.wmf]
5. Average. 
[image: image40.wmf]
6. Divide. 
[image: image41.wmf]
7. Average. 
[image: image42.wmf]
8. Divide. 
[image: image43.wmf]
9. Average. 
[image: image44.wmf]
So, 
[image: image45.wmf] This process can be described symbolically as follows:


[image: image46.wmf], where 
[image: image47.wmf]
The mathematical basis for this recursive algorithm is Newton’s Method applied using 
[image: image48.wmf] for which we are interested in finding an approximation for a positive root.


[image: image49.wmf]
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