The Towers of   Hanoi





	Francois Lucas was an accomplished mathematician and professor of mathematics.   Lucas did a great deal of work with the number sequence devised by  Leonardo de  Pisa, deriving many properties of the sequence.   He is credited with being the first to call this sequence ìFibonacci  Numbers.î


	In addition to his contributions to Number Theory, Lucas was also interested in ìRecreational Mathematicsî.  One of his most well-known problems, The Towers of Hanoi goes like this:





	“At the time of Creation, 64 golden disks, each with a small central hole, were placed on one of the three silver needles at the temple of Benares in Hanoi.  No two of the disks were the same size, and they were placed on the needle in such a way that no larger disk was on top of a smaller disk.  The Creator ordained that the monks of the temple were to move all 64 disks, one by one ,to one of the other needles, never placing a larger disk on top of a smaller disk.  When all the disks are stacked on the other needle ,with a thunderclap the world will vanish!  If the monks work very rapidly, moving one disk every second, how long will it be until the end of the world?”





In order to find a solution to the Towers of Hanoi, we must employ several problem solving strategies and recursive relations.  A recurrence relation is an equation relating a general term to terms that precede it.  The recursive definition for a sequence is composed of two parts:


		specification of one or more initial terms of the sequence (the 		initial condition.)





		an equation expressing each of the other terms of the 				sequence in relation to the previous terms (a recurrence 				relation).





The sequence of Fibonacci Numbers is 1, 1, 2, 3, 5, 8, 13, 21, ...  F1 = 1 and F 2 =1 are the initial conditions.  The recurrence relation is Fn = Fn-1 + Fn-2  for n ( 3.





	Using these definitions, we can construct a solution to the Towers of Hanoi in the following manner.





	First, we will make it an easier problem by reducing the number of disks to one, then two, then three, and recording the results in a chart.





	Let n equal the number of disks and let (n be the minimum number of moves needed to accomplish the task.  





With only one disk to move, only one move is necessary.  Therefore when n=1, (n = 1.





With two disks to move, three moves are necessary.  When n = 2, (2 = 3.





When n = 3, (3 = 7.  A tower of 2 rings is moved twice, and the additional ring is moved once.  In other words, we have repeated (2 twice and added one move.
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As we see from the chart, each term can be related to its previous term, thus a recurrence relation is present.  The sequence and terms are 1, 3, 7, 15, ...  The initial condition is (1 = 1, and from the information obtained, we can deduce that for n number of disks, the number of moves will be :


(n-1 + 1 + (n-1 or 2((n-1) - 1


This relation is only useful when we know the minimum number of moves required for the preceding number, n.  While finding the solution in this manner is possible, it is also labor intensive.  A more efficient plan would involve a formula which would be general enough to determine any term of the sequence without knowledge about previous terms.  To accomplish this we will use the Method of Iteration.  This method involves three steps:


	1)  look for a pattern


	2)  guess an explicit formula for the general term


	3)  try to prove the formula is true by means of mathematical induction.





1)  Look for a pattern.  Let us repeat our chart without simplifying the results.
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Guess a formula.  From the pattern that is developed in the chart we can guess that an explicit formula for (n would be:


(n = 2n-1 + 2n-2 + 2n-3 + ... + 22 + 2 + 1


We know from our previous work with mathematical induction that the expression 1 + x + x2 + ... + xn =  xn+1 - 1


			        x - 1


Using this expression with the substitutions (x = 2; n=n - 1) we find:


2(n-1) + 1 - 1  =  2n - 1  =  2n - 1


				     2 - 1             1





This formula is much more useful, however it is still only a guess.  We must now prove that it is true by mathematical induction.





i)  n0 = 1,  (1:  21 - 1 = 2 - 1 = 1      Therefore the formula is true for (1.





ii)  Assume (k = 2k -1 is true for some non-negative integer k.


Show (k+1 = 2k+1 - 1 is true.





Referring to the recurrence relation, we know that (k+1 = 2(k + 1.  Substituting for (k we find:


					(k+1 = 2(2k - 1) + 1


					(k+1 = 2k+1 - 2 + 1


					(k+1 = 2k+1 - 1 


Thus the formula is (n = 2n - 1  is true.





We can now determine how long the world will be in existence.  Because there are 64 disks, it will take (64 moves to complete the transfer to another tower.  Therefore, by the formula, it will take 264 - 1.=  18,446,774,070,000,000,000,000,000,000 moves.  Because the monks are moving the disks at a rate of one per second the world will last  584,942,417,400,000,000,000 years from creation.


