Some results of a University of Iowa pre service elementary teacher quiz modeled on

MAC-CPTM Situations Project

Situation 46: Division Involving Zero
SUMMARY: An in-class assignment modeled on Situation 46: Division Involving Zero was given to a number and operations math class of 110 students designed for pre service elementary teachers. Students were asked to decide what 0/0 meant (and why) and how to address a student who thought 0/0 should be 1.

N=79 responses were collected. 

About 59% said 0/0 was undefined, 27% said it was 0.

Of the 59% who said 0/0 was undefined, in about 47% of the cases the reason was considered “non responsive” ( e.g. “It’s impossible” or “You can’t do it” or “There is no division”). 

34% gave an answer with elements which most closely resembled Mathematical Focus 1 (MF1 ) in the Situation 46: Division Involving Zero document, with varying levels of quality to the coherence of the argument.

19% gave an answer with elements which most closely resembled Mathematical Focus 2 (MF2) in the Situation 46: Division Involving Zero document, again with varying levels of quality to the coherence of the argument.

The percentages are approximately the same if one considers just the subgroup of students who have expressed an interest in being elementary education majors.

For the question of how to address a student who thought 0/0 should be 1, approximately 20% of the 79 respondents gave and answer that was considered non responsive, approximately 20% said 0/0 was undefined with little or no further explanation, and approximately 20%  gave an answer with elements which most closely resembled MF 2 in the Situation 46: Division Involving Zero document,  with varying levels of quality to the coherence of the argument. Again the percentages are approximately the same if one considers just the subgroup of students who have expressed an interest in being elementary education majors.

We draw some preliminary conclusions. Our discussions about division by zero for these students focused on explanations like MF1 in lecture, but many students invoked ideas like those in MF2 for both identifying 0/0 and addressing the assertion 0/0 =1. We had discussed in lecture the partitive and measurement (“quotitive”) models of division previously, but never in the context of how these ideas play out if the division involves a divisor of 0. One potential use of this situation #46 would be to use it to show students how to make MF2-type discussions more prominent in the discussions about interpreting ideas of division when the divisor is 0. Such ideas appear to be closer to many of the students’ ‘internal’ understanding of division and exploiting that understanding, and then relating it to ideas like those in MF1, may make for a more successful internalization of the MF1 ideas and in general of what ‘goes wrong’ when the divisor is 0.
This document summarizes the results of an in-class Lecture Writing Assignment modeled on MPT Situation #46, administered in the University of Iowa Logic of Arithmetic class on Wednesday 03-10-10. 

Logic of Arithmetic is a mathematics department class designed as a ‘number and operations’ class for pre service elementary education students, and is taken mostly by Pre Service Elementary Education students. The pre requisite math class is Algebra 1.  This course or a higher-level version is a required course for the Teacher Education Program TEP. It is taught by Walter Seaman, Assoc. Prof. of Mathematics and Teaching & Learning (joint appointment).

Notes by WS 03-16-10 

This class has 110 students enrolled. It meets 50 minutes for lectures MW 3:30-4:20 p.m.. Each student also participates in two 50-minute discussion section meetings per week. On the day of this assignment 79 papers were turned in.

Student Major Information

07EP : 73/110 ( 66% are students who have indicated an “interest” in being elementary education majors but have not been admitted to the Teacher Education Program. They may apply later and if they meet TEP criteria may be admitted depending on qualifications and program constraints. 

07E: 7/110   ( 6% are students are elementary education majors admitted to the Teacher Education Program.

15/110  (  14% are students are “open” majors

 6/110  (  5% are students are English majors 

The rest have varying majors in smaller numbers.

The topic of interpreting a division-type expression when the denominator is 0 had been discussed by WS   and with student interactions (see quote below) in lecture about two weeks earlier on Monday, February 22, 2010. This part of the lecture would most closely resemble the discussion of division by 0 which appears as Mathematical Focus 1 in the Situation 46: Division Involving Zero document. It is built on studying algebraically and numerically then implications of the interpretation of a/b = c meaning a = b*c in the case where b = 0 .

After every lecture WS sends a note to the course t.a.s describing concisely what occurred in order to keep the discussion section and lecture topics aligned in focus and content. We copy below part of the note WS sent to the course t.a.s on Monday, February 22, 2010. 

The “KSQ” referred to in the quoted note refers to “Key Solution Question”. We now explain what KSQ means. The students in discussion section are required to solve problems, some from the course text others not, some with answers (but not explanations) provided, others not, and present solutions and explanations. Along with the solution explanations students must also present some type of mathematical generalization, extension or modification of hypotheses of the problem, or modification of a given solution method, and discuss how the problem and/or its solution changes. This additional work is called a Key Solution Question to the given problem.

“Hi Cecil and Kai,

Today in LOA I went over scaffold-type division problems (including making several 'naive' guesses for a given power of ten like 10, 20, 10 again...) then compared that to the usual long div algorithm, then showed the 'short' div. algorithm via the wikipedia link on the div. ppt. I then went over why division by 0 is not defined posing this acutally in the setting of KSQs: you are modifying an idea and seeing what changes in the defn of div. if you allow the divisor to be 0 in good Piagetian fashion. We looked at the case of a/ 0 = c (with a non zero there is no possible c making a = 0 * c true, I used a = 4 then 53 then said the same type of argument shows a/0 cannot be defined for a = 153, etc.). Then I asked if that covers all possible cases. One person did say that if a = 0 something else happens which was excellent (a = 0 is the 'overabundance' case where any c works, the a nonzero is the 'shortage' case where no c works). Then we went over  'the' division algorithm

a= q*b+r r< b and I asked them to work on several examples: a=61, b = 7 and then a = 7 , b = 61. No one was able to find q and r for the second example.”

We copy below part of the note WS sent to the course t.a.s on Wednesday, February 17, 2010, after a lecture on division which described the partitive and measurement (or quotitive) models of division.

“Hi Kai and Cecil,

Today in LOA I went over the division materials using the div defn ppt I have posted on the web. I defined a/b only for b nonzero (a,b whole #s) and only if there is a whole # c s.t. a = b*c.I went over the 'conceptual models' of a/b: measurement, partitive and talked about why the missing factor model is really our defn.

I had them work on several problems in which they were to identify whether the quotient was being identified as a partition or as a measurment model. First a story problem with cookies and kids, then a summand problem for 36/4

writing 36= 9 + 9 + 9 +9

and 36 = 4+ 4 + ...+ 4 (nine 4s)

which represents the partition and which the measurment model of 36/4. No one was willing to answer that one so I practically gave the ans. away and then one person did say correctly that

36= 9 + 9 + 9 +9 represents the partition model of 36/4.

I then talked a bit about the long division algorithm and how it is 'not forgiving' of bad guesses for the multipliers (i.e. if you guess a multiplying digit which is too small) but that methods like the scaffold algorithm were meant to allow for more naive guessing.

I plan to finish up the division materials on Monday 2/22-there is still the question of division by 0 (why is it 'undefined'), the division algorithm: a=q*b+r,a.k.a. division with remainders, and start talking about different bases. P”

On Wednesday, 03-10-10 an in-class assignment for students modeled on MAC-CPTM Situations Project Situation 46: Division Involving Zero, to turn in at the end of class was shown on an overhead computer projector at about 4:05 pm. It is copied below. Students were allowed to talk to other students during their work on this assignment.

Logic of Arithmetic Lecture Writing Assignment

[image: image1.emf]
Question 1. What would you say

[image: image2.emf]
means? Give reason or explanation for your answer.

Question 2. How would you respond to the to the student who said

“ [image: image3.emf] is 1 because a number divided by itself is 1.”

There were N=79 responses. Of these 79 most of the majors were as follows:

Majors 
7EP (el ed interest) 50/79=63% ;
07E (el ed majors) 7/79=9%;
 8 (English) 5/79 =6%;
15 (open major) 6/79=8%
Question 1 results are summarized below.

N=79 responses

Answers:
Undefined 47/79=59%

 Zero 21/79=27% 
Nonresponsive (“It’s impossible” or “You can’t do it” or “There is no division”) 8/79=10%;

One 1/79 =1%;

Undefined and Zero 2/79=3%;

Further coding and analyses:

Code: U = undefined, N= nonresponsive ("You can't do it" or "It's impossible" or "there is no division"); 0 ;1
We further coded students’ answers with two pieces of information.

First, we attempted to match elements of the students’ explanations of why 0/0 was undefined, with one of the MPT Situation #46 Mathematical Focus 1,2,3,4 or 5. Whichever was the closest match to the student's response was abbreviated MF1, MF2,…,MF5. The only close matches were with MF1 and MF2. That only MF1 and MF2-type explanations appeared may not be surprising. This class is designed for elementary education majors and as such notions of Cartesian plane, lines and slopes  do not play an important part of the course material. Notions of rates, ratios and proportions are discussed later in the semester than when this assignment was given.

Answers like “impossible" ,"can’t do it", “there’s no division”, "it's undefined " (w/o other justification) coded with N (non responsive).
Second, if the student gave a correct/ credible explanation of the mathematical or application ideas that give reasons 0/0 is undefined their answer was coded as follows: 1 = High quality; 2 some elements of a correct explanation but some lacking; 3 = deficient; N no expl given. All N (non responsive answers) were not given and additional number for quality.

So for example a student who responded that 0/0 was undefined and gave an explanation closest to the ideas appearing in Mathematical Focus 1 (MF1), and whose explanation had some but not all of the correct elements for a complete explanation (a ‘level 2’ explanation), that answer would be coded with

 ( MF1 ,2).    
The results of this coding appear in the boxes below.

ALL  “UNDEFINED” answers: LARGEST GROUP HAD “N” (NON RESPONSIVE) EXPLANATIONS, THEN MF1-LIKE, THEN MF2-LIKE

47 U answers; 
22/47=47% N; 
16/47 =34% MF1;   3/47 = 6%( MF1, 1) ;    11/47 = 23%( MF1 ,2) ;    2/47 = 4%( MF1, 3) ; 
 9/47 =19% MF2;   0/47 = 0%( MF2,1) ; 3/47 = 6%( MF2,2) ;6/47 = 13%( MF2,3) ;
We now summarize the responses by education major type.
El Ed Interest 7EP
50/79 =63% of total respondents

Of these 50, answers to Q1 break down as follows:

U         30/50 = 60%
0;          15/50 =30% 
N;           3/50 =6% 
U & 0     2/50 =4% 

El Ed Majors 7E

07E 7/79=9% of total respondents
Of these 7, answers to Q1 break down as follows:
 4/7=57% U;
3/7=43% 0;
Elem Ed Interest Majors Only: there were 50 El Ed Interest students, 30 gave U as their answers

12/50 =24% 7EP majors had U and MF1 ans (12/30 or 40% of the 30 with U ans)
  [2/50 = 4% (MF1,1); 8/50=16%  (MF1,2); 2/50=4%  (MF1,3)] 

3/50 =6% 7EP majors had U and MF2 ans (10% of the 30 with U ans)

 [0/50 =0% (MF2,1); 2/50=4% (MF2,2); 1/50=2% (MF2,3)] 

15/50 =30% 7EP majors had U and N ans (50% of the 30 with U ans) 

Elem Ed Majors Only: there were 7 El Ed students, 4 gave U as their answers

1/7 =14% 7E El Ed majors had U and (MF1,1) 

( 1/4 =25% of the El Ed majors who chose U)

2/7 =29% 7E El Ed majors had U and (MF2,2)

 (2/4 =50% of the El Ed majors who chose U)

1/7 =14% 7E El Ed majors had U and (N) 

(or 1/4 =25% of the El Ed majors who chose U)

We summarize Question 2 results below.
Coding 79 entries; 

E = 0 is an exception (little or no further explanation)

N =non responsive (e.g. no ans given, 0/0  is unknown, it’s controversial, need expert opinion, 0 is not whole number, 0 is not prime or composite; 0 is smaller than 1 and can’t become 1 when dividing)

(MF1, k) = Says that 0/0 is not 1 and gives reasoning involving the equation/equations a/b =c and/or a = b*c ; k = 1,2 or 3 for quality of explanation as in Q1 coding.

Example (MF1,1):

”I would explain to the student that in the definition of fractions with zero than (sic) when a/b=c, b*c=a and if b=0, and number times b(0) will equal zero, therefore c can be 1 but it can also be any other number, not just the number 1.”
Example (MF1,3):

”I would tell the student that this is true in every case except 0. 0 can’t be multiplied by anything and make a number therefore it can’t be divided and make a number.”
(MF2, k) = Says that 0/0 is not 1 and gives reasoning involving dividing objects into groups, or subtracting objects, with application to 0 objects or groups; k = 1,2 or 3 for quality of explanation as in Q1 coding.

Examples (MF2,3):

”if I started out with 0 apples and tried to (divide) by 0 apples id (sic) end up with 0 apples, NOT 1 apple.”

”If you had no pie and cut it into no pieces you wouldn’t have a whole pie. You would still have no pie.” 

“0/0 cannot be one, because if you have zero to start with you aren’t able to have 1”
U =0/0 is undefined (little or no further explanation)
 DZ=any # div by 0 is 0; 

ZD=0 div by any # is 0; 

79 Q2 responses
15/79 (  19%  (MF2,3)
15/79 (  19%  U (undefined little or not expl);
15/79 (  19%  N (non responsive)

9/79 (  11%  DZ
8/79 (  10%  E

6/79 (  8%  multiple ans
3/79 (  4%  0 (zero)

3/79 (  4%  (MF1,2)
2/79 (  3% (MF1,3)
1/79 (  1%  1 (one)

1/79 (  1%  ZD 

1/79 (  1%  (MF1,1)
We now summarize the responses by education major type.
El Ed Interest 7EP
 50/79 =63% of total respondents

U        
11/50 =22%
N          
9/50 = 18%
(MF2,3) 
7/50=14%

E          
6/50 =12% 
DZ         
 6/50=12%

Mult. Ans   3/50=6%

0
2/50=4%


(MF1,2) 
2/50=4%


(MF1,3) 
2/50=4%


(MF1,1)
1/50=2%
ZD
1/50=2%

El Ed Majors 7E

07E 7/79=9% of total respondents

(MF2,3) 
 3/7 ( 43%
DZ   
 2/7( 28%

(MF2,1) 
 1/7 ( 14%

N     
  1/7 ( 14%
SOME CONCLUSIONS:

We draw some preliminary conclusions. Our discussions about division by zero for these students focused on explanations like MF1 in lecture on Monday, February 22, 2010. But during the in-class assignment on Wednesday 03-10-10. many students invoked ideas like those in MF2 for both identifying 0/0 and addressing the assertion 0/0 =1. We had discussed in lecture the partitive and measurement (“quotitive”) models of division on Wednesday February 17, 2010, but never in the context of how these ideas play out if the division involves a divisor of 0. One potential use of this situation #46 would be to use it to show students how to make MF2-type discussions more prominent in the discussions about interpreting ideas of division when the divisor is 0. Such ideas appear to be closer to many of the students’ ‘internal’ understanding of division and exploiting that understanding, and then relating it to ideas like those in MF1, may make for a more successful internalization of the MF1 ideas and in general of what ‘goes wrong’ when the divisor is 0.
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