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The Learning of Rational Number Concepts Using Technology

There are two different ways to frame the question of the role of technology in learning: (a) what is the effect of technology, and (b) how does technology change the nature of what is learned. Treating technology as an independent variable has several limitations. An effect study may report positive gains in mathematical performance but is rarely designed to also investigate how the technology led to the improvements. Effect studies do not make the nature of students' meaning-making in the technological environment the subject of investigation. In order to control for other factors, effect studies often embrace a narrow view of mathematics and a traditional pedagogy. Finally, the effect of the particular curricular activities, approach, and sequence used in the technologically-intensive project is often conflated with the effect of the technology. Thus, our primary goal in this chapter is to investigate how technology both affords and constrains the nature of what students learn about rational number constructs. Our review and synthesis of the research literature in the domain of teaching and learning rational number concepts with technology provided us with the data to address this question. 

We restricted our search of the literature to published articles and reports (including published proceedings of major conferences) of empirical research findings. Eight research projects involving the use of technology in the learning of rational number concepts emerged from this process. Five projects used technology as a medium for investigating children's thinking and will be the focus of this chapter. Three projects investigated the effects of technology and will be summarized more briefly (in Section 4). 

In reviewing the research literature we focused primarily on the development of children’s rational number concepts and secondarily on the technology. We intended that the children’s mathematical development would drive our search for how technology may or may not have enhanced that development. Therefore, the chapter begins with a discussion of the semantic and psychological analyses of the domain of rational numbers. We also provide examples in Section 1 of how these dual analyses framed our investigation of the role of technology in the learning of rational number constructs. Section 2 describes the use of technology and summarizes the major findings from the five research projects that used technology as a medium for investigating children's thinking. Section 3 provides a synthesis of this research in order to address our primary question of how technology enables and constrains the learning of rational number constructs. Since Section 3 is a synthesis of findings from the original research articles, not from the summaries presented in Section 2, additional research findings are presented in Section 3. The review of the computer effect studies will be summarized in Section 4.

While the chapter is, in some sense, building up to Section 3, there are two reasons why we include an examination of individual projects prior to the synthesis section. First, in order to draw connections across projects, it is important to understand enough details about how each of the projects used their particular technological environments. Including sufficient detail within Section 3 would have disrupted the flow of that section. Second, a review of research in a particular article should provide researchers with a comprehensive overview of the work that has been done in the area, including pointers to research articles and summaries of major findings. However, review articles typically provide insufficient detail for the reader to fully understand the summary of the findings. We addressed this concern by grounding the summaries in an examination of project setting and by reviewing the five major projects individually. The chapter concludes with implications for curriculum developers, teachers, academics, and policy makers. 

Section 1. Semantic and Psychological Analyses of Rational Number

There has been a great deal of discussion and research during the last quarter of the twentieth century concerning the learning and teaching of rational numbers. Kieren's seminal work established that rational number is not a single construct but rather is better characterized as a set of related but distinct subconstructs (Kieren, 1976, 1980, 1988, 1993). Researchers involved in the influential Rational Number Project (Behr, Harel, Post, & Lesh, 1992; Behr, Wachsmuth, Post, & Lesh, 1984) based much of their work on the four subconstructs suggested by Kieren (1988): (a) quotient, (b) measure, (c) ratio number, and (d) multiplicative operator. The quotient subconstruct focuses on the interpretation of a rational number as the result of a division, (e.g., 3/4 is the amount of cookie that each person receives when three cookies are divided equally among four people). The measure subconstruct focuses on a rational number as an extensive quantity, (e.g., as a single number that measures a directed distance from zero on a number line in terms of some unit distance). A rational number can also be conceived as a ratio of two integers (e.g., the fraction 1/4 can describe the ratio of one can of orange concentrate to four cans of water). The operator subconstruct can be interpreted in several ways, as a stretcher/shrinker, a duplicator/partition-reducer, or a multiplier/divisor (Behr, Harel, Post, & Lesh, 1993). 

Behr, Wachsmuth, Post, and Lesh (1984) added a fifth subconstruct— part-whole relationships. The part-whole subconstruct focuses on the comparison of a quantity to a dividable unit, where the unit may vary and where the unit can be a region or a discrete set of objects. Kieren (1976) had originally regarded part-whole relations as a separate construct but later (Kieren, 1993) subsumed these relations under his measure and quotient subconstructs. These five subconstructs have been adopted, in some form or another, by most researchers in the field as guideposts for their research. Several researchers have argued that a complete understanding of rational number depends on an understanding of each of the subconstructs and of their interrelationships (Behr, Lesh, Post, & Silver, 1983; Kieren, 1976; Vergnaud, 1983). 

The above semantic analysis of rational number subconstructs is helpful for understanding the adult views of rational number; however, it is insufficient for describing children's construction of fractional knowledge. From a psychological point of view, the construction of fractional knowledge involves specific actions and mental operations. The following mental operations have been identified by several researchers (Confrey, 1992; Freudenthal, 1983; Olive, 1999; Piaget & Szeminska, 1965; Steffe, 1988, 1992, 1994; Streefland, 1993; von Glasersfeld, 1981, 1995):  

1.  Unitizing is the mental act of forming unit items out of sensory experiences. When the result of sequential unitizing acts can be taken to stand for the activity itself, the result is a numerical composite (e.g., six is taken to be the result of counting from one to six). 

2.  Uniting is the compounding or joining together of unit items (and therefore acts on the results of unitizing). When the joined objects can be acted on as a new, single object while still exhibiting its constituent parts, the result is a composite unit (e.g., five ones can be taken as one five, and the one five can be decomposed into five ones).  

3.  Units-coordination requires coordinating the elements of one composite unit with a different composite unit. It is the basis for multiplicative thinking.  

4.  Fragmenting is the act of (mentally) breaking something apart. 

5.  Segmenting is the act of successively marking off portions of a quantity.  

6.  Sharing a quantity can involve distributing equal amounts of the quantity to a specified number of people (or objects) until the quantity is exhausted or separating the quantity into a specified number of equal parts (i.e., partitioning the quantity). 

7.  Partitioning a quantity involves separating the quantity into a specified number of equal parts. 

8.  Splitting can be thought of as breaking a partitioned unit apart. The fundamental split is to break into two equal parts. 

9.  Disembedding a part from a partitioned whole is a mental act of lifting the part from the whole while still leaving the whole intact. Thus both the part and the whole can be discerned as separate entities.

10.  Replicating a quantity means to make copies of the quantity.

11.  Iterating a quantity involves uniting replicates of the quantity to produce a partitioned whole or composite unit.

12.  Measuring involves comparing a given quantity to a specified unit using iterations or partitions of the unit. 

Both types of analyses, semantic and psychological, help frame our investigation of the role of technology in the learning of rational number concepts. For instance, one way that technology can enhance the learning or rational number concepts is through the use of computer tools that allow students to enact psychological operations that are difficult to perform with physical materials. In order to establish a relation between a part and a whole in a fractional situation, the child needs to mentally disembed the part from the whole in order to establish the part-to-whole relation. With physical materials it is not possible to remove a part from the whole without destroying the original whole. With static pictures the part is either embedded in the whole or is drawn separate from the whole. In the former case the child has to mentally unitize one part of the whole while maintaining the unity of the whole and compare these two abstracted units. In the latter case the child has to compare the separate units while imagining that one is embedded in the other. Using a computer tool that provides the child with the ability to dynamically pull a part out of a partitioned whole while leaving the whole intact, the child can enact the disembedding operation that is necessary to make the part-to-whole comparison. This example of one way in which technology can enhance learning draws upon the psychological analysis of rational numbers. 

The semantic analysis is also useful in examining the role of technology in learning rational number concepts. Since the subconstruct view of rational number has dominated researchers’ view of what it means to understand rational number for so many years, it is not surprising that several of the projects reviewed in this chapter focus on dynamically simulating one the subconstructs via a computer microworld. In Section 2.2, we review one project that focused on developing fractions as operators using an input-output simulator. Reflecting upon their interactions with the simulator, some children developed schemes for successful comparing both common and improper fractions. However, the constraints built into the simulation (namely the “black box” functioning of the machine and the exclusive use of discrete quantities) also limited the set of possible problems and the ways in which the problems could be solved. In the following review of the projects that used technology as a medium for investigating children's thinking, we will articulate the specific ways in which each project used technology. In Section 3 we will explicitly return to the question of how technology affects the learning of rational number concepts. Section 4 will summarize the results of the 3 projects that specifically studied the effects of technology, and Section 5 concludes with our implications for the various stake-holders involved in mathematics education. 

Section 2.  Review of the Projects that Used Technology as a Medium for Investigating Children's Thinking

2.1 The University of Georgia at Athens (UGA) Fractions Project

Project description. Steffe and Olive (1990) designed and conducted a three-year constructivist teaching experiment with 12 children in order to develop cognitive models of children's construction of the rational numbers of arithmetic. Children in their third grade of a public elementary school in Georgia were selected based on the level of abstraction of their whole number schemes (Steffe, 1992). The selected children exhibited a broad range of whole-number schemes, from an Initial Number Sequence (INS) (Steffe & Cobb, 1988) to a Generalized Number Sequence (GNS) (Olive, 1999; Olive, 2001a; Steffe, 1992). A child's ability to count-on when adding elements to an already counted set of objects is indicative of the INS, whereas the ability to construct units of units of units in a multiplicative structure is indicative of the GNS.  

A team of teacher/researchers, led by Steffe and Olive, worked with the children, primarily in pairs, outside of the classroom once a week for approximately 20 weeks a year for three years. All teaching episodes were videotaped. The theoretical framework for the project is that of radical constructivism. The major hypothesis to be tested was that children could (and should) reorganize their whole number knowledge in order to build schemes for working with fractional quantities and numbers (the rational numbers of arithmetic) in meaningful ways. This hypothesis contrasts with the prevailing assumption that whole number knowledge is a “barrier” or “interferes” with rational number knowledge (Behr et al., 1984).

Computer microworlds called Tools for Interactive Mathematical Activity (TIMA) (Biddlecomb, 1994; Olive, 2000; Olive & Steffe, 1994) were specifically designed for the teaching experiment and were revised during the teaching experiment, based on the children's interactions within these environments. The TIMA provide children with possibilities for enacting their mathematical operations with whole numbers and fractions. They also provide the teacher/researcher with opportunities to provoke perturbations in the children's mathematical schemes and observe the children's mathematical thinking in action. 

The software consists of on-screen manipulatives analogous to counters or beads (regular geometrical shapes that are called “toys”), sticks (line segments), and fraction bars (rectangular regions), together with possible actions that the children can perform on these objects. These possible actions potentially engage the user in the fundamental operations involved in the development of numerical schemes outlined in Section 1. These operations are unitizing, uniting, fragmenting, segmenting, partitioning, replicating, iterating, disembedding, and measuring. For example, using TIMA: Bars, a child can partition a bar into five equal parts, disembed one of the parts by actually pulling it out of the bar (i.e., a copy of the part is lifted from the bar leaving all five parts still in the bar), and then use the REPEAT action to iterate this one part to create a bar that is six times as large as 1/5 of the original bar (see Figure 1).
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Figure 1: Making 6/5 of a unit bar by disembeding 1/5 and repeating it six times

Results. The major purpose of this project is that of theory-building based on in-depth analyses of several case studies of the children's interactions and cognitive constructions over the three-year period. While those in-depth analyses are still on-going as part of a new grant from the National Science Foundation (Steffe, 1998), much has been published concerning children's progression from whole number thinking to fractional reasoning, and the role of the TIMA in this progression (Biddlecomb, 1994; D'Ambrosio & Mewborn, 1994; Kaput, 1994; Kieren, 1994; Olive, 1993, 1994, 1999, 2000; Olive, 2001b; Olive & Steffe, 1994; Steffe, 1993, 1994, 1999; Steffe & Olive, 1996; Steffe & Spangler, 1993; Steffe & Tzur, 1994; Steffe & Wiegel, 1994, 1996; Tzur, 1999). Two dissertations have presented case studies that detail the progressions made by children who exhibited whole number knowledge at the level of the Initial Number Sequence (Biddlecomb, 2000) and the Explicitly Nested Number Sequence (ENS) (Tzur, 1995).  

As stated above, a child's ability to "count-on" when finding the numerosity of two collections is an indicator of an INS (Steffe & Cobb, 1988). The child can take the result of his first count (say 7) as standing for the number of objects and can continue counting from 7 (say: 8, 9, 10, 11) to find out how many objects there will be when 4 more objects  (say) are added to the first collection of 7 objects. The child has established 7 as a numerical composite. It can stand in for the act of counting from 1 to 7. Forming numerical composites provides for additive numerical operations on quantities. It is not sufficient, however, for multiplicative operations. In order to reason multiplicatively, a child needs to construct composite units. A composite unit is formed when the individual items within a numerical composite can be taken together as one thing—a new unit. This unit is a higher-level unit (a unit of units). For example, in trying to find out how many groups consisting of 3 objects each can be made from a collection of 12 objects, a child has to take the group of 3 as one thing—a composite unit. Being able to reason (a priori) with composite units is an indicator of the ENS (Steffe & Cobb, 1988).

In his study of Jerry, Biddlecomb (2000) identified the constraints that a child who has only constructed an INS must overcome in order to make sense of fractional quantities, and also the limitations of the child's understanding of fractions. Jerry was able to use numerical patterns and (in some cases) numerical composites to fragment an experiential continuous unit (a stick in TIMA: Sticks). The results of these fragmentations, however, were (initially) pre-fractional in that Jerry did not maintain the necessity for equal sized parts when checking his estimates for one half. Through the activities with TIMA: Sticks he was able to use his numerical composites to construct what Steffe and Wiegel (1994) have called a connected number. Connected numbers are initially constructed by a child mentally projecting his or her concept of a whole number (e.g. eight) into an unmarked line segment to establish an "interiorized continuous but segmented unit" as a situation of the child's number sequence (p.121). This connected number 8 would contain within it an implicit nesting of the number sequence from 1 to 8.  Jerry's case study (and those of other children in the project who had only established an INS) points to the critical role that connected numbers played in making sense of fractions.

A major obstacle for children like Jerry to construct meaning for unit fractions is their lack of an iterable unit. While they are able to take one of n parts of a stick as being 1/n of the stick, they do not see the reverse relation: that n iterations of the 1/n must recreate the original stick. Olive (2000), Steffe and Tzur (1994), and Tzur (1999) provide examples of how children with at least an ENS are able to take advantage of the copying and repeating actions in TIMA: Sticks to establish an iterable unit fraction as an inverse relation to their composite units-coordinating scheme (a multiplying scheme for whole numbers). Olive (2001b) illustrates the construction of this inverse relation in his case study of Joe, a fourth grade student in the Fractions Project. Joe's interpretation of "one third" was something that when multiplied by 3 gave the total number. This was an iterative approach to establish meaning for unit fractions. Joe's strategy supports the major hypothesis of the project, that fractions could emerge from such reorganizations of children’s whole number schemes (Olive, 1999, 2000; Olive, 2001b; Steffe & Olive, 1990). 

Another major contribution of the project is the articulation of the schemes involved in the construction of the Rational Numbers of Arithmetic (RNA). For Steffe and Olive, the RNA are more than fractions but less than equivalence classes of fractions that belong to a quotient field. The child is aware of the operations needed, not only to reconstruct the unit whole from any one of its parts, but also to produce any fraction of the unit whole from any other fraction.  From an adult mathematical point of view these operations could be viewed as providing closure on the set of fractional numbers, and thus creating a field in the formal sense.  Olive (1999) provides a detailed development of the fractional schemes and accommodations made by Arthur and Nathan, the two most advanced children in the project. Four distinct modifications of the children's fractional schemes were discerned: 

1.  The construction of iterable unit fractions, whereby the children could regard a fractional whole a priori as a multiple of any of its unitary parts. The children could produce fractions greater than the fractional whole through unit iteration and understand that the fraction is greater than the fractional whole (e.g., twice 6/11 is 12/11, and 12/11 is one whole and 1/11) (Tzur, 1999).

2.  A fraction composition scheme, whereby the children could form any fraction of any other fraction as a fraction of the original whole (e.g., 3/4 of 2/5 is 3/10 of one).

3.  A common partitioning fractional scheme with which they could find a common partition of a unit bar for any two fractions. This required units-coordinations at three levels that is a coordination of two iterable composite units. 

4.  The construction of co-measurement units for fractions with which they could produce any fraction from any other fraction (e.g., make 1/9 of a unit stick starting with 1/12 of the stick by finding 1/36 as a co-measurement unit for both 1/12 and 1/9).

The investigation suggests that the operations and unit types associated with the children's whole number sequences contributed to the reorganization of their fractional schemes rather than interfering with those schemes. The reorganization involved an integration of their whole number knowledge with their fractional schemes whereby whole number division was regarded as the same as multiplication by the reciprocal fraction (Olive, 1999).   

2.2  The Copycat Project, La Trobe University

Project description.  Davis, Hunting, and Pearn (1993) conducted a two-year constructivist teaching experiment involving ten children who were 8 and 9 years old. They focused on an operator approach to teaching basic fraction concepts using a computer tool called Copycat designed by Hunting, Davis, and Bigelow (1991), in conjunction with a computer graphics utility (SuperPaint™). They conducted teaching sessions, usually with pairs of the children outside of their regular classroom, twice weekly for 3-week periods. Approximately 30 teaching sessions were held with each pair of children over the 2 years. Each session was videotaped for later analysis. During the period of the teaching experiment the researchers requested that the children have no other instruction on the topic of fractions. The children attended a state-funded primary school in a predominantly middle class area of Melbourne, Australia. The mathematical ability of the children ranged from below average to well above average (Hunting, Davis, & Pearn, 1996).

The researchers set out to test the hypothesis that children could develop an understanding of fractions as operators "provided they act on appropriate environments and can internalize those actions as mental records" (Davis, Hunting, & Pearn, 1993, p. 69). They argued that the operator approach to fractions (modeled as "m output for every n input", where m and n are whole numbers) builds on children's whole number knowledge and operations. The notion of "equivalent operators" was tested by comparison of outputs when the operators acted on the same input set. Similarly, order comparisons could be made on the same basis. Two different composition operations on operators were described: (a) the results of each operator acting on the same input are then "taken together" (addition); and (2) the result of the first operation is "followed by" the second operator acting on this result (multiplication). The researchers argued that by defining comparison of and operations on fractions in terms of the resulting output from a given input, the focus would be taken off of the "numerator" and "denominator" aspect of a fraction and might, thus, reduce the confusion reported in other research when children compared fractions solely on the basis of numerator and denominator.

The SuperPaint™ software was used as a shape duplicator in the early teaching episodes.  The children could create the outputs for a specific operator themselves by making appropriate duplicates of the input shapes. For instance, having made 12 copies of a square, the children were asked to make a different square (filled with a different pattern). They were then asked to "make as many of those [pointing to the new square] as would make one third of all of those [pointing to the 12 original squares]” (Davis, Hunting, & Pearn, 1993, p. 70). The Copycat hypercard program was used to automate the output for a given input for specified operators.  For instance, a similar situation (finding one third of 12) would be modeled as in Figure 3 using the Copycat program.
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Figure 3.  An input of 12 in a 1 for 3 Copycat
On the first click on the Go button, three balls disappear from the in-tray and one ball appears on the output tray.  The numeral 12 disappears from the In window and the numeral 1 appears in the Out window. The balls continue to disappear from the in-tray, three at a time and balls appear on the output tray, one at a time, while the numeral in the Out window increases by one. When all balls have disappeared from the in-tray, and four balls are on the output tray, the 12 balls reappear on the in-tray along with the numeral 12 in the In window (see Figure 4) and applause is heard. If an input that is not a multiple of the denominator is entered onto the in-tray (using the up and down arrows shown in Figure 3) the machine will not run when the Go button is clicked.  An audible message is heard complaining, "You can't do this to me!" The numerator and denominator for the fraction operator are chosen from menu items. The numerator can be a number from one to eight; the denominator can be selected from the numbers one to six, eight, and 10.
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Figure 4.  Copycat's state after performing the 1 for 3 operation.

Results. The input-output operator metaphor, utilized in the Copycat software, appeared to contribute to the generation of some original schemes for comparing fractions. Hunting Davis, and Pearn (1996) describe three such schemes in their detailed case study of two boys, Shannon and Elliot, over both years of the project. In the first set of comparison tasks (comparing pairs of unit fractions to determine which was larger) using Copycat, both children used what the researchers called an equal outputs scheme, whereby they used different inputs to produce the same output. For example, in comparing one half and one third, they set the machine to one half and used two as the input. They then set the machine to one third and used three as the input. In both cases, the output was the same. In explaining which was larger, Shannon switched to an equal inputs scheme, "So if you put in six you would have two coming out, and if you put in six for the half you would have three coming out" (Hunting, Davis, & Pearn, 1996, p. 363). Shannon occasionally argued on the basis of equal outputs, "You don't have to use as much bits (items) to make one come for one half as for one third" (p. 363). 

The researchers contend that the equal outputs scheme "is a more fundamental scheme because it does not require the coordination of numerical sequences between different fractions whereas the equal inputs scheme requires a sound knowledge of whole number relationships--principally, strategies to find numbers divisible by each fraction's denominator" (p. 366). For example, Elliot determined that one half was greater than one fifth using an input of ten, arguing that one came out for every five in the one-fifth machine but one came out for each two in the one-half machine. When trying to compare one third and one fifth in the same episode, Elliot could not come up with an input that worked for both machines so he argued that the two fractions were the same using an equal outputs scheme: "They're the same. If you put in six, two will come out; if you put in ten, two will come out" (p. 364). 

Shannon developed an advanced scheme, which the researchers called a scaling scheme, to find a fraction between two given fraction. Shannon would scale (usually double or halve) the numerator and denominator of a fraction to find an equivalent fraction.  He used this strategy in combination with the equal inputs scheme, based on the behavior of the Copycat.  For instance, in finding a fraction between two fifths and one third, Shannon proposed one-and-three-fourths fifths.  He argued that this would be more than one third by taking three times one-and-three-fourths to get five-and-one-fourth fifteenths and compared that to 5/15 for one third.  He then showed that one-and-three-fourths fifths was the same as 7/20, "Cause you're using up four one-and-three-quarter fifths, which is equaling up to seven, and then four plus twenty, so 7/20." (p. 371) The researchers’ comment, "The impressive feature of Shannon's scheme was not that he understood that equivalent fractions were related by a scaleable property but that he could make this knowledge work for him in a powerful way" (p. 374).

The researchers reached the same conclusion as the researchers from the UGA fractions project, namely that whole number knowledge can serve as a positive basis for the development of fraction concepts (rather than being viewed as a source of interference). Furthermore, they provide evidence that the development of rational-number knowledge and whole-number knowledge appears to be interdependent. Shannon’s number sense with whole numbers appeared to propel his development of fraction understanding; Elliot’s lack of flexibility with particular whole number concepts seemed to constrain his fraction learning at times. The researchers from the Copycat project attributed the interdependence of whole-number and rational-number knowledge to the operator approach using the Copycat software: "Fraction settings provided by the Copycat program allowed students to investigate problems of order and equivalence meaningfully by drawing on and expanding their prior knowledge of whole-number relationships" (p. 376).

2.3  Children as Designers 

Project description. Harel, and later Kafai and colleagues, conducted a series of studies in which children used LOGO to design tutorials or games involving introductory fraction concepts and skills for younger children. Their approach is based on the fundamental principle of constructionism that “learners are particularly likely to make new ideas when they are actively engaged in making some type of external artifact—be it a robot, a poem, a sand castle, or a computer program—which they can reflect upon and share with others” (Harel & Papert, 1991, p.1). Constructionism is a theoretical perspective (put forward by Papert, 1993 and his group at MIT) that views learning as a product of children’s construction of actual artifacts. The construction is viewed in a social context as well as an individual activity, drawing from the social interactionism suggested by Vygotsky's research (Kozulin, 1986; Vygotsky, 1978), as well as the developmental psychology resulting from Piagetian research (Piaget & Szeminska, 1965). The mathematical content of the Children as Designers studies focuses on fraction meaning (primarily the “part-whole” construct), representations, equivalence, and ordering. The role of technology is both as a tutee (in the sense that the child programs or “teaches” the computer to perform some desired action, via LOGO programming) and as a tutor-maker (in the sense that the child creates tutorials and games for other children). Thus, the role of technology in this project differs from role of the computer in the UGA Fractions Project or the Copycat Project, as a special-purpose tool (i.e., a microworld or a simulation).

Results. Harel (1990) followed 17 fourth-grade children over a four-month period while the children planned, designed and programmed software in LOGOWriter® to explain fraction concepts to third graders. The experimental learning environment was called Instructional Software Design (ISD). Two control classes were selected: an “isolated LOGO” class (in which students programmed once a week using worksheets as exercises) and an “integrated LOGO” class (in which students programmed every day and integrated small-scale creative LOGO projects into various topics of the curriculum). All three classes followed the regular (and traditional) mathematics curriculum, including a two-month unit on fractions. 

The experimental group outperformed both control groups on measures of mastery of both LOGO and fractions. The experimental group acquired greater meta-cognitive skills and made gains on conceptual items in a test of rational number understanding that was comprised mostly of items used in the Rational Number Project (Behr et al., 1983). Most impressive were the gains on translation items. The students’ performance on the test item shown in Figure 5 provides some insight into how the “children as designers” approach contributed to such gains. The test item involves a translation from pictures into symbols and was particularly difficult for students in the Rational Number Project, in part because the picture included a perceptual distraction (i.e. one part was “outside” the triangular region). However, the experimental children’s scores on this item were twice those of the control groups and twice those of the seventh graders from the Rational Number Project. 

What is the denominator of the fraction that tells us what part of the picture below is shaded? A) five-thirds; B) five; C) three; D) two; or E) not given
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Figure 5. Translation item from the Rational Number Project

Harel hypothesized that several factors contributed to the high scores of the experimental group. First the “perceptual distracter” was not a distraction for children who were trained in their LOGO experiences to simply decompose the picture into five geometrical components. Thus, aspects of LOGO programming may have contributed to particular fraction understandings. Second, the expertise in translating across representations might be a result of the experimental students’ personal goals of representing and explaining fractions to another person helping them overcome their own difficulties in understanding fractional representations (which were identified in the pre-tests). Although the ISD approach did not include direct teaching of fraction concepts, the movement across representations was an embedded part of the design projects. Harel provides an example of how one student’s personal goal of representing thirds with circular regions prompted her to wrestle with the geometry of partitioning circles into equal parts, a much harder task than the “name the shaded portion of geometric shape” tasks, which dominate traditional instruction.  

Kafai (1993, 1996) extended Harel’s approach by asking fourth graders to design computer video games (rather than tutorials) for teaching fractions to third graders. Students integrated fractions in the games in two ways: 1) extrinsically, where the game template (as in Nintendo or Pacman) could be used with any content, not just mathematics (i.e., players typically advance by answering drill questions correctly); and 2) intrinsically, where the subject matter is integrated with the game idea. Kafai reported that the second type of integration was rare. Kafai (1993) compared the performance of students in her Game Design Project with the performance of students from Harel’s ISD project and reported that “the growth of the game designers’ knowledge was not of the same order as the instructional designers’ performance” (p. 267). One explanation offered for this difference is that the idea of fractions was more central in the ISD project. The context engaged students in thinking about what was difficult about fractions and how to represent fractions to other children. The Game Design Project, in contrast, gave children more latitude in determining how central fractions would be to the game. Creating an “interesting or playful game context was the most dominant feature” (p. 270). While the Game Design treatment “did not promote the same richness and incentive for students to think through and create representations” (p. 301) as did the ISD treatment,” students in the Game Design treatment did make significant improvements in their ability to translate flexibly between different modes of fraction representations.  

In a follow-up study, Kafai & Ching (1997) explored the integration of fractions into children’s game design by examining how four fifth grade girls designed computer games (using only paper and pencil but not actually programming) to teach fractions to fourth graders. Each student initially designed an arcade-style game with extrinsic integration of fractions. Through the researchers’ intervention of posing a challenge to the students "to think about a different way to learn about fractions when you are not asking questions,” the students developed games with intrinsic and constructivist integration. Intrinsic games included fractions as an integral part of the scene and game objective, e.g., a beach in which varying numbers of people are in and out of the water, and the player is to determine what fraction of the people are in or out of the water. Constructivist games allowed users to create their own fractions from what was provided, e.g., creating fractions by coloring in parts of a given animal. 

In a related study, Franke, Kafai, & Shih (1997) asked 16 pre-service teachers to design (but not program) a set of computer games for their students.  When left to their own devices, most teachers created arcade style games (with extrinsic integration) that did not differ much from the initial game designs of younger children (Kafai, 1995; Kafai & Ching, 1997). The initial game designs consisted of drill and practice of fraction equivalence in symbolic form. Only one group of teachers added something at the last minute to show the students a pictorial overlay in an attempt to show equivalence. When teachers were provided with conceptual design tools such as game screens that facilitated an integration of content and game context, the games as well as teachers' thinking increased in their sophistication. 

2.4  The British LOGO Project 

Project description. Hoyles and Noss (1989, 1992) provide reports of children working on ratio and proportion tasks using the LOGO programming language. The 1989 article reports a case study of seven 13-year-old children working on problems involving scaling the letter N. These students had been followed for a period of four years, but the article reports on their work during one session from the fourth year. The activities occurred in the researchers' computer laboratory. The researchers were interested in the ways in which the computer served as a catalyst in the children’s mathematical thinking. Both computer and off the computer activities were used in the instruction. The researchers took a social constructivist view of mathematics learning, stemming from Vygotsky's (1978) notion of the zone of proximal development—the gap between what a learner can do on his or her own and the "potential development as determined through problem solving under adult guidance or in collaboration with more capable peers" (p. 86). The researchers posed the question as to whether or not interaction within a computer environment might help bridge that gap. They were particularly interested in whether the computer environment could provide scaffolding for the development of multiplicative strategies for solving the N task through recognition of symmetries and angle dependencies. 

The 1992 article reports results from a classroom teaching experiment conducted over a period of 6 weeks. The two researchers taught a class of 28 secondary school 13-year-old students, for an hour and a half every week in a room with 12 computers. The students worked within the context of a LOGO microworld designed to provoke a multiplicative approach to scaling a closed geometric figure (pentagon) created using a LOGO procedure referred to as HOUSE. The goal of the study was to identify relationships between pedagogy and student behavior in a computer environment. The study was prompted by the recognition that students can interact with an exploratory computer environment without coming to appreciate the mathematical ideas intended by the designers of the computer-aided activities.  

Results. Using LOGO appeared to positively affect the use of proportional strategies in the letter N task (Hoyles & Noss, 1989). When the students were asked to solve the problem using paper and pencil, they tended to use incorrect additive or pre-proportional strategies. By using LOGO, six of the seven children developed proportional strategies, i.e., they recognized that the diagonal of the N was longer than the leg by an amount that is proportional to the length of the leg. (The seventh student did not use a coherent strategy for the task.) Three aspects of the computer environment appeared to affect the development of proportional strategies: (a) the visual feedback (e.g., one student used an incorrect constant differences strategy to create a larger N and was able to see that the diagonal in the resulting figure was not long enough); (b) the formalization of the proportional relationship required to program the computer; and (c) the exploratory nature of the environment (e.g., one student recognized that there was some sort of relationship between the leg and diagonal of the N, was stumped when working on paper, but explored a range of possible relationships using the computer). The researchers concluded that the LOGO environment provided scaffolding for the children whereby they "could search for the relationships that seemed to be just beyond their grasp" (p. 67). The researchers further suggested, "the programming environment provided a vehicle for thinking about the general within the specific" (p. 67, italics in the original). They also suggested, "The paper-and-pencil mode activates a fixed answer to a fixed question while the computer activates a dynamic answer" (p. 67).

Hoyles and Noss (1992) introduced the term strategic apertures to describe strategies that were supported by the use of technology and which were unavailable with paper and pencil. The researchers designed the LOGO microworld and activities with the pedagogical intent of providing such strategic apertures. For example, in an activity that preceded the HOUSE activities, students played a “target game” designed to help challenge the common misconception that “multiplication always makes bigger.” Students were given a target number, say 100, and a starting number, say 13. The goal was to locate a factor that could be multiplied by 13 to produce a product of 100. The only rule was that students were not allowed to use division. Some students used an iterative multiplicative strategy. For example, one pair of students began with an initial guess of 13 x 8 = 104. They then tried various number types (like –4) until they figured out that they could multiply 104 by a decimal less than 1 to obtain a product smaller than 104. They tried a variety of decimal multipliers (like 13 x .25) until they settling on a progressive iterative strategy (e.g., 100.4445 x 0.99 = 99.440055; 99.440055 x 1.0001 = 99.4499990055; and so on). This iterative strategy was considered a strategic aperture—a strategy available because of the technology. The use of technology also shaped this activity through the immediacy of the feedback generated by the computer and by the display of a very large number of decimal places of accuracy (which appear to be particularly motivating to the students). 

The researchers argued that the opening of these strategic apertures could be exploited pedagogically. For example, when students were using LOGO to edit HOUSE to make a new HOUSE that was proportional, where a wall of the first house was 30 and the enlarged side was 50, many students had difficulties. The researchers responded by encouraging students to guess and improve their guesses using the strategic aperture opened in the Target Game. Hoyles and Noss argue that this type of pedagogical intervention exploited features of the technological environment but did not interrupt students' activities.

2.5  Generalization of Learning in Multimedia Environments    

Project description. While the overarching goal of the Generalization of Learning project 

at San Diego State University is to reconceive the construct of transfer (Lobato, in press), the project is included in this review because of its focus on the development of ratios and rates. Unlike other projects reviewed in this chapter the Generalization Project uses existing software, like SimCalc Mathworlds and The Geometer’s Sketchpad (GSP) in innovative ways rather than developing new computer environments. Mathworlds is a simulation environment with a technological representation of real world phenomena, (e.g., characters like a clown and frog travel across the screen and can be controlled by the user in various ways.) In contrast, GSP is a general purpose tool, where contexts like wheelchair ramps, can be constructed through interaction and imagination. The project focuses on the construction of a ratio-as-measure, a term coined by Simon & Blume (1994) to indicate that the ratio is the measure of some attribute like speed, steepness, or sweetness. 


The researchers' interest in the construction of ratios as measures grew out of their prior work investigating the difficulties high school students experienced in "transferring" their understanding of slope to real world situations. Rather than assuming that initial and transfer tasks shared the same "structure" for students, the researchers broke with the transfer research tradition and made students’ construal of typical “transfer” situations the object of inspection (Lobato, in press; Lobato & Thanheiser, 1999). They found, for example that conceiving of slope as a measure of a wheelchair ramp was not a simple application for many high school Algebra 1 students because students had difficulty making sense of the relationships among quantities in the situation
. The majority of the 17 subjects did not appear to understand the effect of increasing or decreasing the length of the base of a wheelchair ramp or the length of a platform on the steepness of the ramp. Over half of the students had trouble isolating the attribute of steepness from other attributes like “work required to climb the ramp” or “materials needed to construct a ramp.” Furthermore only 1 student appeared to recognize the relationship between the height and length of the ramp as multiplicative in nature by correctly solving a simple proportion question. 

Lobato & Thanheiser (2000) hypothesized that reconceiving static situations (like the wheelchair ramp situation) as dynamic, perhaps with the help of computer software, might help students determine when it is sensible to construct a ratio between two quantities. Two teaching experiments were conducted: the first teaching experiment (TE1) involved 9 high school students for 30 hours of instruction over 2 weeks in a university computer lab during the summer; and the second teaching experiment (TE2) involved 8 high school students for approximately 30 hour-long, weekly sessions in an after school program. A major mathematical goal of the project is to help high school students analyze a wide range of complex quantitative situations, construct appropriate relationship among quantities in the situations, and construct ratios and rates as appropriate measures. 

Results. Lobato and Thanheiser (in press) developed a framework for the ratio-as-measure process, as a result of analyzing data from both teaching experiments. The framework consists of four components: (a) identifying and isolating the attribute that is being measured; (b) determining which quantities affect the attribute and how; (c) understanding the characteristics of a good measure (e.g., the legitimacy of indirect measures and the fact that “objects” with equivalent measures share the same level or degree of the attribute of interest); and (d) creating images that support the construction of ratio-as-measure as a multiplicative comparison of values of quantities or as a composition of values of quantities. A few examples will illustrate some of these components. 

Mathworlds was originally designed (by Jim Kaput and Jeremy Roschelle) to develop the mathematics of change via links between graphs and technological representations of motion phenomena. However, for the purposes of the Generalization Project, the graphs were hidden, in order to develop rate as a multiplicative relationship between quantities prior to the use of graphical representations in the hope that graphs might become representations of something for students (Lobato & Bowers, 2000). Thus, the speed unit in both teaching experiments began with a simulation of two characters walking across the screen (as shown in Figure 6). Students were asked to determine which character was walking faster and to figure out a way to measure how fast the clown was walking. [Measuring tools were not provided until students asked for them, and then both computer and non-computer tools, such as rulers and timing devices, were made available.] Software was used as opposed to only acting out the motions because constant speed is much more easily simulated by technology than by people, who tend to accelerate or decelerate. 
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Figure 6. Screen capture from SimCalc  Mathworlds

All of the students in TE2 struggled with identifying what quantities to measure. One part of the difficulty was that many students had trouble isolating the attribute of how fast a character moves through space from the attribute of how fast the person moves his feet. For example one pair of girls measured the number of steps each character took over time, and concluded incorrectly that they were going the same speed since each walked 7 steps in 2.8 seconds. These students referred to their everyday experiences of being a child trying to keep up with a parent and feeling like they were going faster. Thus, “fastness” as an attribute was ambiguous and the various types of “fastness” had to be sorted out. Furthermore, identifying only one quantity rather than two was common, (e.g., students typically said that time alone or number of steps alone could determine how fast one walked). 

Two types of ratio-as-measure constructions were observed in the teaching experiments  (a) a multiplicative comparison, and (b) a composed unit. These constructions occurred in the context of “sameness” activities, e.g., in the speed situation, students entered time and distance values for the frog to try to make him go the same speed as the clown (who traveled a given time and distance, say 10 cm in 4 sec)
. In the wheelchair ramp situation, students were asked to create a family of ramps with the same steepness as a given ramp using GSP. The dominant type of ratio construction observed was that of a composed unit. For example, some students in both teaching experiments argued that if the frog went 20 cm in 8 sec, he would travel at the same speed as the clown (who went 10 cm in 4 sec) because one could think of the frog as walking 10 cm in 4 sec, and then simply repeating his first journey of 10 cm in 4 sec for a total of 20 cm in 8 sec. Since the two “journeys” were identical, speed was preserved. These students seemed to form a “10 cm – 4 sec” composed unit (a type of ratio), which then constituted a foundation from which other reasoning developed. 

Specifically, Lobato and Thanheiser (2000) document how students iterated the composed unit or ratio to create other “same speed” values, such as 30 cm in 12 sec or 90 cm in 36 sec, and partitioned the unit to create values such as 2.5 cm in 1 sec. For example, one student, Terry partitioned the “10 cm in 4 sec” unit visually into four segments in his diagram, formed a new “2.5 cm in 1 sec” segment (which Terry circled), and then iterated the “2.5 cm in 1 sec” unit four times to end up with 10 cm in 4 seconds. He stated that “it would be like he's walking one fourth of the 10 and 4; it's like one fourth of each thing” [meaning 1/4 of the 10 cm and 1/4 of the 4 seconds]. Terry’s idea can form the basis for a very powerful generalization that if one travels x cm in y sec at a constant speed, then if one goes a/b of this journey, one will travel (a/b)•x cm in (a/b)•y sec.  Although more work remains for students to fully develop an equivalence class of ratios and to see distance and time as flowing quantities, this approach suggests a promising avenue for further research. 

While it might seem that this type of ratio construction is straightforward or obvious, the data of TE2 strongly suggest otherwise. All but one of the eight subjects in TE2 experienced difficulty constructing ratios in the speed context, as evidenced by frequency of arguments like the following: 1) walking 24 cm in 12 sec is faster than walking 8 cm in 4 sec because 24 and 12 are greater than 8 and 4; or 2) walking 24 cm in 12 seconds is slower because 12 seconds is more time than 4 seconds and if you have more time, you’ll go slower. 

[Note to editors and reviewers: A possible section 2.6 could be added here that reviews Pat Thompson’s work on rate, in particular his published work with the “Over-and-Back” microworld.]

Section 3. Contributions and Limitations of Technology to the Learning of Rational Number Concepts: A Synthesis of Results from the Five Research Projects

In the five projects that used technology as a medium for investigating children’s learning, the various technological environments provided children with tools and opportunities to express and explore their mathematical ideas. These expressions and explorations were shaped by the involved technologies. We formed five conclusions about the nature of the relationship between technology and the learning of rational numbers from our synthesis of the projects. These conclusions are preliminary since each project was exploratory and involved a small sample size, usually in more ideal or “best practice” situations.

3.1. The nature of what students learn about rational numbers appears to be related to the match between the affordances and constraints of the technology and the mental operations involved in constructing rational numbers; if such links are missing then a greater demand is placed on the teacher and the non-technology activities. 

An affordance is a relation between a resource in the environment and an agent that supports activity(Gibson, 1986). For example, the TIMA Bars microworld from the UGA Fractions project, affords the disembedding of a part from a whole without disrupting the whole. A constraint is a regularity that holds in some domain, usually dependent on some conditions, like causal relations (Barwise & Perry, 1983). A constraint built into the Bars microworld is that bars can only be partitioned into a whole number of equal parts. A child cannot ask the computer to make a fraction of a bar. This constraint requires the child to make a fraction of a bar by first partitioning that bar and then either breaking the bar apart (or cutting it), or using the disembedding action as described above.

The design of the TIMA microworlds in the UGA Fractions project was unique in its intent to closely match the affordances and constraints of the computer environment with the mental operations involved in constructing rational numbers. For example, the mental operation of iterating is supported by the affordances allowed in the computer environment by the REPEAT function. This match between the affordance of the microworld and the mental operation of iteration is implicated in the development of important fraction concepts. Olive (2000) and Steffe and Tzur (1994) provide examples of how children are able to take advantage of the repeating actions in TIMA: Sticks to establish an iterable unit fraction, (i.e., to understand that 1/n of a stick, iterated n times will produce the original stick). Tzur (1999) further demonstrates how children reorganize their fraction knowledge by abstracting the result of iterating unit fractions to produce non-unit fractions (e.g., by iterating 1/7 to obtain 5/7 or 9/7)—an advanced conception referred to as the iterative fractional scheme. 

The role of the Copycat technology would appear (on the surface) to be similar to the role of the TIMA, in that the Copycat input-output simulated machine was used by the teacher/researcher and the children to create problem situations for the children to solve.  The constraints built into the simulation, however, limited the set of possible problems and the ways in which they could be solved. The Copycat software was constrained to working with whole number inputs that were multiples of a user specified fraction denominator. In the UGA project, the TIMA software were used to visualize and operate with any part or multiples of parts of any designated unit. While the input-output operator metaphor appeared to generate some original schemes for comparing fractions-as-operators, it appeared to have severe limitations for developing understanding of fractions as quantities that could be combined either additively or multiplicatively. The equal outputs scheme was limited to unit fractions. The equal inputs scheme and the scaling scheme were used for comparing both common and improper fractions.  There was no indication, however, that any child developed a way of constructing a fraction from another fraction as they did in the UGA project.  

Another constraint of the Copycat software is that a Copycat machine operates as "black box" in that the user cannot "see" how the machine works. This constraint appears to play a role in the difficulty the children had interpreting the meaning of two thirds as a "two for three" operator. In their 1993 paper, Davis, Hunting, and Pearn focus on four Grade 3 children from the first year of the project (including the two boys, Shannon and Elliot, described in Section 2.2). Elliot was unable to correctly predict the output of the “two for three” Copycat machine. When the input was set at 24, Elliot offered eight as the output, and when the input was 30, Elliot suggested 22 as the output. When the teacher changed the question to putting 30 items into a “one for three” machine, Elliot did not respond. The teacher tried to focus Elliot’s attention on what the machine did to the input items by putting six items into a “one for three” machine and watching two come out. However, Elliot seemed puzzled until the teacher began to remind Elliot how the machine worked, namely that for every three items that come in, one item come out. 

Once the focus was turned to the functioning of the machine (which Elliot had to image rather than see), Elliot was able to determine that 10 items would come out of the “one for three” machine when 30 items were put in. He was also able to determine that 20 items would come out of the “two for three” machine when 30 items were used as the input, but he did so by modeling the process using manipulatives. He arranged 30 cubes in columns of three cubes each, mentally replaced each set of three cubes with two cubes, and then counted by twos while he pointed to each column in order to obtain the correct output of 20. However, even though Elliot was then provided with paired items finding 1/3 and then 2/3, he did not provide evidence of seeing 2/3 as twice 1/3. The researchers say that in the operator context, 2/3 does not naturally develop from its related unit fraction. 

Only one of the children in this study (Alisha) related the "two for three" operator as being twice the "one for three" operator and this relation grew out of her work with arrays of cubes (using Superpaint and the operator construct) not with the Copycat machine. These examples suggest that when particular links between the mental operations and the affordances/constraints of the technology are missing, then pedagogical intervention and/or use of additional activities (off computer or use of an additional computer environment) are needed to explicitly compensate for the lack. In the episodes described above, the children appeared to need supplementary activities that helped them understand, via their own activity, the operator process (not simply the outcome of operating). 

The SimCalc Mathworlds software was selected for use in the Generalization of Learning project because it provided a venue for exploring the quantitative complexity of constructing a ratio as a measure of speed. Understandably Mathworlds (unlike TIMA: Bars from the UGA Fractions Project) was not designed to afford the construction, iteration, and partitioning of ratios. Hence, off-screen activities such as classroom discussions, student explanations, and diagrams were more critical in the Generalization of Learning project. Lobato and Thanheiser (2000, in press) reflect that it is unlikely that students in the teaching experiments would have progressed beyond guess-and-check strategies or numeric patterns (which the students reported they could not explain) without class discussions and the use of diagrams. Thus the Mathworlds environment provided a rich context in which important questions were raised, but not typically resolved without other resources. In contrast, Geometer's Sketchpad could support iterating by stacking or aligning “unit” ramps to form larger ramps, as well as partitioning, even though the software was not specifically designed to afford these actions. 

The impressive findings of the Children as Designers studies suggests that this particular use of the LOGO programming language can enhance children’s learning of some aspects of rational number.  In particular the use of LOGO appeared to afford movement across various representations of fractions and provided experience composing and decomposing fractional regions. Harel (1990) concluded that the results might be generalizable. She proposed "a more general approach that could be implemented with other topics in mathematics (e.g., proportional reasoning), as well as many topics in the over all elementary-school curriculum.” (p. x). However, further research is needed to substantiate the claim that children can learn concepts other than introductory concepts, without also substantially improving the nature of the mathematical instruction received by the children (and possibly improving the subject matter knowledge of their teachers). In fact, the repeated finding by Kafai and colleagues that children tend to create games with little conceptual content, can be explained by the fact that the students don’t know much more than facts and procedures. In order to prompt increasingly sophisticated integration of fraction content with games, Kafai and colleagues had to intervene. It is unclear whether or not the full extent of the intervention was reported in the studies. Thus, when extending the “children as designers” approach to more sophisticated mathematical content, a stronger role of the teacher (and or “teacher/researcher”) might be needed and should be articulated in detail in research reports so that the possibility of extending the approach to other classrooms may be aided.

3.2. Technological tools can allow students to perform actions that are difficult if not impossible to perform without technology. 

Examples from three of the projects illustrate this point. In Section 1 of this paper we described in detail how the TIMA computer tools from the UGA fractions project allow children the ability to dynamically pull a part out of a partitioned whole while leaving the whole intact. Thus children can enact the disembedding operation that is necessary to establish a relation between a part and a whole in a fractional situation. A second example is the strategic apertures described by Hoyles and Noss (1992). They describe how the LOGO microworld was used to support an iterative multiplicative strategy (in the Target Game), a strategy that was unavailable with paper and pencil. The technology allowed students the opportunity to reflect upon the effects of multiplying by decimals and negative numbers, thus increasing the base of their experiences from which they could make generalizations (and helping reorganize their understanding of notions like "multiplication makes bigger") before they had developed computational fluency with such number types. 

A final example involves both pieces of software used in the Generalization of Learning project—SimCalc Mathworlds and Geometer's Sketchpad. Because constant speed is difficult to attain in every day experience, SimCalc Mathworlds was particularly helpful for developing an understanding of a ratio as a measure of speed. Because dynamically manipulating diagrams of ramps or hills is nearly impossible to accomplish with physical materials, Geometer's Sketchpad played a critical role in the construction of a ratio as a measure of steepness. By allowing students to create and test “same speed” and “same steepness” values, both environments seemed to support an image of “extension,” i.e., that other pairs of values would produce the same speed or same steepness, which appears to have been important for the construction of ratio.  In fact, the “same speed” activity would be impossible to achieve without the computer, e.g., by acting out the various motions. Furthermore both environments allowed students to test the effect of changing quantities on a given attribute. In Mathworlds students could fix the distance and vary the time and then run the simulation to see how increasing or decreasing time affected speed. Similarly, a GSP sketch with a movable staircase was created so that students could change the length of the base of the ramp or the length of the platform in order to see what effect the changes had on the steepness of the ramp. 

3.3. The construction of technological artifacts for others can lead to richer representations. 

The Children as Designers projects extended the role of the computer to that of toolmaker, as children designed instruction and games for younger children. The toolmaker role placed the children in a very different social position than in any of the other projects reviewed in this chapter. Rather than responding to tasks set by the teachers, students played a much greater role in determining the direction of the project. Children were concerned about what might be valuable, fun, and engaging for other children. The design projects (especially in Harel’s ISD treatment) provided opportunities for much richer discussions of multiple representations of fractions than typical in school instruction. The programming challenges involved in creating pictorial representations of fractions did, however, engage the children (as designers) in conceptual problem solving.  Figuring out how to get LOGO to partition a circle into three equal parts in order to show thirds, for instance, was a genuine challenge for the children.

3.4. Technological environments afford strategies and conceptions that may diverge from the teacher or researcher’s intended mathematical goals. Holyes & Noss (1992) note that exploiting certain features of the computer environment can provide solution paths that allow the student to bypass or avoid the mathematics that the teacher designed the computer-aided activity to address. Hoyles and Noss describe an example where the student used an incorrect additive strategy to create a larger house (namely by adding a constant difference to each side). This produced a gap at the base of the house. The student was able to create a larger house (which "solved" the problem to the satisfaction of the student) by edging the turtle slowly but surely toward its target by an iterative process. The researchers interpreted this as a perceptual rather than analytic solution. 

Resolving this problem via a pedagogical intervention was not straightforward. The researchers developed an off-computer activity that identified the same type of gap closing problem that arose the day before in the LOGO environment. The researchers were surprised that the students had no problem identifying a multiplicative solution to the problem on paper, even though additive strategies had cropped up during the computer activity. The researchers hypothesized the discussion was too far removed from the computer work and the emerging classroom culture inhibited students from admitting to the additive strategies they had used on the computer. Interestingly, none of the students chose the additive response on the worksheet, although many had done so on the computer. The reverse situation also occurred (Hoyles & Noss, 1992). A collaborative activity involving pairs of students trying to find the rule used by another pair to enlarge the HOUSE indicated that while one pair would use a multiplicative scale factor with their LOGO procedure to produce a larger HOUSE, they would use an additive strategy to try and find the missing measures on the other students' HOUSE (an off-computer activity)!

The use of SimCalc Mathworlds software in the Generalization of Learning Project also afforded several unintended conceptions. First, students developed a practice of checking to see whether the characters walked at the same speed by running the simulation and then looking to see if the characters walked “neck-and-neck” for only the duration of the shorter journey. This might explain why some students did not initially account for the time and distance of the character that kept walking after the first character stopped and consequently did not represent the proportional relationships in their drawings. Second, throughout the discussion, despite the teacher’s efforts to focus on explanations and reasoning as ways to settle mathematical disagreements, the students seemed to consistently view the computer simulation as the highest authority. Finally, every student in the teaching experiments recorded at least some incorrect time and distance values as representing “same speed” because it was often visually difficult to distinguish which character was going faster if the ratios are close, e.g., a character traveling 11 cm in 4.5 sec appears to be going the same speed as a character traveling 10 cm in 4 sec. In TE2, there were numerous instance in which students demonstrated an understanding of the effect of changing distance on speed and yet recorded values like 10 cm in 4 sec and 9 cm in 4 sec as representing the same speed (because they appeared so in the computer simulation). 

Hoyle & Noss (1992) identify a more general and unanticipated result of creating exploratory environments and beginning with a pedagogical approach that encouraged students to “play around” in the microworlds. They call the situation the play paradox. By exploiting the diverse ways of exploring and solving a problem offered by an exploratory computer environment, students are as likely to avoid encountering the “mathematical nuggets so carefully planted by their teachers” (p. 46). The researchers' strategy for tackling the play paradox was to encourage the students to reflect on the task at hand. They point out that this was often more heavy-handed than they might have advocated in their previous LOGO studies.

3.5 Studying learning in these environments has contributed to an expansion in the types of mathematical content studied and has led to an articulation of mathematical concepts.  

A great deal of work has been done identifying aspects of rational number understanding (like the subconstructs and psychological operations identified in Section 1). However the field lacks sufficient articulation of the particular rational number concepts that are fundamental for children to understand, from the point of view of children's mathematics rather than an adult's view.  The field also needs to develop learning trajectories for children’s construction of rational number concepts.

The UGA Fractions project expanded the ideas concerning fractions in quite significant ways. For example, basic fraction meaning is often developed in schools as a part of a whole, (e.g., 3/4 is 3 out of 4 equal parts of some given whole). However, students with this understanding of fractions frequently encounter difficulty making sense of improper fractions like 7/4, arguing that it's not possible to have more than 4 out of 4 parts. In contrast, the UGA Fractions project has identified a different and more generalizable conception. Their approach emphasized the construction of fractions as iterable unit items and as operations. The TIMA computer environments provided a media in which the children could embody these constructs through visualization and action. Using the possible actions of the TIMA microworlds, children constructed iterable unit fractions as powerful building blocks for common and improper fractions. An iterable unit fraction is the product of an inverse relation between a unit fraction as a part of a whole and the partitioned whole as generated from iteration of that unit fraction.  In developing composition of fractions (e.g. 3/4 of 2/3 of a whole), the project brought out the necessity to see fractions as both operators and quantitative relations.  

The project also generated a new sub-construct of rational number referred to as the rational numbers of arithmetic.  This new sub-construct can be thought of as the bridge that leads from fractions to rational numbers (viewed as an infinite quotient field).  The researchers' claim is that children have the potential to construct the rational numbers of arithmetic when they can create any fraction (of a referent whole) from any other fraction (of the same whole) by finding a co-measurement unit for the two fractions. Both the UGA Fractions project and the Copycat project demonstrated that fractional schemes can emerge for children as reorganizations of their whole number schemes, which is contrary to previous research that suggested that whole number knowledge interfered with children’s development of fractional knowledge.

Section 4. Summary of Projects that Studied the Effects of 

Technology on Learning about Rational Numbers

The following three projects investigated the effects of a particular technology on children’s learning: (a) the Math*LOGO Project; (b) the Mastering Fractions video-disc project; and (c) The PLATO Fractions Curriculum Project. We briefly describe each project, summarize the results, and offer conclusions based on this summary. 

4.1 Project descriptions. 

The Math*LOGO project was designed to improve the proportional reasoning of college freshmen enrolled in remedial mathematics courses at the University of Minnesota, Duluth (Guckin & Morrison, 1991). Twenty-three students in a remedial mathematics program took the Math*LOGO-based experimental course, and the remaining 41 remedial math students served as a control group and were assigned to a conventional mathematical skills course. Both courses provided approximately 30 hours of instruction. The Math*LOGO group worked in a computer lab with 3 students per computer. A structured problem-solving/discovery approach to learning was employed in the Math*LOGO course. Students worked through a sequence of structured activities in LOGO that were grouped into three course segments (microworlds). The content focused on fractions as ratios or quotients and proportional reasoning, including the use of scale factors as inputs to variable LOGO procedures to create different sized, similar figures. 

A video-disc fractions curriculum, called Mastering Fractions, was founded on a theory of instructional design developed by Engelmann & Carnine (1982). The direct instructional approach was based on four tenets: 1) incremental review; 2) discrimination practice, i.e., problem types are mixed in practice sets; 3) example selection, (i.e., examples are carefully constructed and sequenced so that students will avoid misconceptions); 4) explicit strategy teaching, (i.e., an approach where general mathematical principles are explicitly taught). Though the curriculum emphasizes performance and mastery of procedures, it would be a mistake to conclude that concepts were not valued or addressed. Kelly, Carnine, Gersten, & Grossen (1986) persuasively argue that the basal textbooks of the time typically presented a pictorial approach to equivalent fraction that reduced rational number concepts to whole number counting (e.g., two pies are shaded in the text to show 1/3 and 2/6, and students are asked to determine the value of “?” in “1/3 = ?/6,” which they can do by counting two shaded parts in the picture).  The conceptual approach followed in the Mastering Fractions curriculum relies on teaching a set of interrelated rules and properties (namely that 1/3 = 2/6 because 1/3 x 2/2 = 2/6; more generally a • 1 = a and 1 = b/b for any real numbers a and b).

The PLATO fractions curriculum (Dugdale & Kibbey, 1980) was developed through an NSF grant to the University of Illinois over a period of 4 years, beginning in 1973. It was part of the first attempt to design a graphics-capable computer-based, curriculum for elementary children. The curriculum covered “common fractions, mixed numbers, and an introduction to decimal notation” (Dugdale & Kibbey, 1990). It included approximately 100 computer programs, a teacher’s manual, and booklets and worksheets for students. The PLATO computer-management system allowed teachers to personalize the curriculum for individual students by assigning topics and levels. The system also structured activities for students based on individual background information entered by the teacher or stored by the system during students’ interaction with the system. Many of the programs were mastery-based, “with the difficulty and complexity of the task automatically adjusted (up or sown) based on the student’s performance” (p. 207).  

While the PLATO project could be regarded as the forerunner for the modern computer-delivered curriculum packages, Dugdale & Kibbey (1990) make it clear that their intent as both designers and researchers of the fractions curriculum package was not to create the behaviorist model that is now common among these modern packages. The pedagogical approach of the PLATO fractions curriculum was rooted in the ideas of Piaget’s (1973) constructivism,  Dewey’s (1963) emphasis on developing mathematical activity in a mathematical community, Polya’s (1957) problem solving heuristics, and Davis’ “discovery” approach (R. B. Davis, 1967). Although we have included this project in the “effect studies” category, it really straddles both “effect” and “learning tool” categories. In addition to summative assessments, extensive observations of students using PLATO were conducted over a period of several years, along with student interviews and teacher interviews. In chapter 17 of this volume, Dugdale provides a more extensive overview of the PLATO curriculum. 

An example of one of the fractions programs is Darts (Dugdale & Kibbey, 1990). Darts addresses the measure subconstruct of rational number. Students estimate positions on a vertical number line using rational numbers (fractions, decimals or mixed numbers). The computer screen displayed a vertical number line labeled with the points 0, 1 and 2.  Balloons were attached to the left side of the number line at various positions. The student entered a rational number or expression (e.g., 1/3+1/6) that would indicate where a dart was to be thrown. The darts flew across the screen from the left and stuck in the number line, popping a balloon if it hit one. The dart did not have to hit the exact position at which the balloon was attached to the number line.  If the dart passed through any part of the balloon, it would be counted as a hit.  The fractional numeral (in the form entered by the user) was displayed on the right side of the number line next to the dart. The intent of the PLATO Darts was to encourage estimation and student-generated strategies rather than require exact input. 

4.2 Summary of Results Across the Three Projects. 

The three projects that investigated the effects of a particular technology on student’s learning all reported positive effects. Gukin & Morrison (1991) report significant gains on a test of proportional reasoning for their students. For example, on the pre-test, 15 of the 23 students in the Math*LOGO treatment were assessed as non-proportional, compared with 32 of the 41 students in the control group. On the post-test all 18 of the Math*LOGO students completing the course were assessed as reasoning proportionally, compared to 16 of the 28 students who completed the regular course. On the surface this project seems to indicate a possible solution to a wide spread problem facing colleges across the nation. The Math*LOGO approach to remedial mathematics courses for college freshman appears to have been very successful in enhancing students’ proportional reasoning.  However, not enough detail about the content and conduct of the course was provided to adequately evaluate the authors' claims, in particular, how central the use of LOGO was to the improvement in proportional reasoning. 

Kelly, Carnine, Gersten and Grossen (1986) compared the effectiveness of the video-disc curriculum with a traditional basal program and found that students in the experimental group performed significantly better on paper and pencil fraction items. Comparisons were also made between video-disc version and overhead transparency versions of the Mastering Fractions curriculum, but no significant differences were found. This suggests that the positive learning outcomes reported in the Mastering Fractions project were result of the structured curriculum activities rather than the particular technological medium (video-disc or overhead transparency) used to deliver the curriculum. In fact, Kelly et al. state that the potential of the video-disc technology lies in its ability to “assist the teacher in the consistent implementation of sound instructional procedures” (p. 16). That is, the video-disc medium is not necessary (overhead transparency versions of the curriculum work equally well), but the video-discs help deliver the instruction consistently.

The Educational Testing Service (ETS) conducted an external evaluation of the PLATO elementary materials. Data indicated significant (and large) positive achievement and attitudinal effects for the fractions curriculum at all three grade levels (fourth, fifth, and sixth grades) (Swinton, 1978). The observations and interviews of students using the PLATO fractions curriculum suggest that students developed strong intuitions about equivalent fractions and relative size of fractions. Dugdale and Kibbey (1990) report a variety of estimation strategies that appeared to be supported in part by the visual representations of the Darts environment and by the limited computer feedback. For example, one strategy they observed was finding an appropriate unit fraction (1/n) that could be used to partition the number line so that multiples (m/n) could be used to hit several balloons. They report how one student used her fingers to mark off intervals up the number line after each use of 1/n (for increasing integer values of n), "searching for balloons that could be hit with fractions of denominator n" (p. 217). Dugdale & Kibbey (1990) contend that "Graphic feedback, reflecting the input and leaving the diagnostic thinking to the student, gives a wide bandwidth of information from which the student notices only what is relevant" (p. 218).  They provide the example of a student who counted off 12 and 1/2 finger widths between integers on the number line.  "She thought for a moment, then used 25ths, calling each half-finger width equal to 1/25" (p. 218). 

4.3 Conclusions Based on the Three Studies Looking at the Effects of Technology. 

We formed three general conclusions from our review of these three projects: 

4.3.1.  Limiting computer feedback appears to encourage problem solving. The role of technology in both the PLATO and video-disc projects was one of tutor or traditional computer-assisted instruction (CAI). The design features of the earlier PLATO curriculum were, however, less directive and less structured than those incorporated into the video-disc materials. The designers of PLATO intentionally avoided the kind of stimulus-response format used by much of the drill and practice software used in elementary schools today. The programs fostered student-generated problem solving strategies by limiting the type and amount of feedback given by the programs. The feedback provided by the PLATO modules was intended to provoke thinking strategies on the part of the user, rather than merely indicating whether a response was correct or not.  

Dugdale & Kibbey (1990) discuss the benefits of the limited (but mathematically accurate) feedback provided by the Darts program (the fraction numerals to the right of the number line, indicating the position of each dart, and the exploded balloon when one was hit).  As designers of the software they could have attempted to give feedback based on hypothetical sources of errors and branching (as in AI-driven CAI tutors). By not doing so, they contend that students used the mathematical feedback to generate their own strategies and correct their own misconceptions.  For instance, a student might enter a negative number, expecting -(1 1/4 ) to be higher up than -1 on the number line and be encouraged to modify his or her conception upon seeing the feedback. Additionally the user was free to input any rational expression; thus, there was not the structured sequence of simple-to-complex problems that appeared to be programmed into the video-disc modules. 

4.3.2.  Caution should be used when interpreting the effect of computer visual representations. One of the tenets of the video-disc project was that the mathematical properties could be represented unproblematically through demonstrations and visuals used in the video disc environment. The only examples cited of the integration of technology with content rest on representationist assumptions of the transparency of visual displays. For example, Kelly et al. write: 

When equivalent fractions are taught, kids see a fraction on a balance beam. The side with the fraction tips down. When an equivalent fraction is placed on the other side the balance becomes level. (Hence) …the video sequence shows what equality means in a vivid, compelling manner. (p. 16)

Although researchers have argued against the position that visual representations or physical materials are transparent carriers of mathematical meaning (Cobb, 1991; Meira, 1998), the position is seductive, as is evidenced by the ubiquitous use of visual demonstrations in commercial software dealing with rational numbers. Thus, it is important to point out that the assumptions made by the video-disc authors were not examined in light of the thinking of children using the program. A contrasting perspective on the role of visual representations is that taken by the UGA Fractions project. Here the visual objects of the microworlds (toys, blocks, and sticks) are objects for students to act upon and construct mathematical meaning based upon the reflective abstraction of their actions. Since the meaning-making is assumed to be interpretive in nature, the researchers make the investigation of the particular (and often unintended) student constructions the primary object of their research.  

4.3.3.  Guidelines for developing technological learning environments. Dugdale & Spiro (1990) list nine aspects of the PLATO materials that could be interpreted as fitting within a constructivist framework of learning (although they use the label cognitive flexibility theory). Most (if not all) of these themes could be attributed to the five projects reviewed in Sections 2 and 3.1 of this chapter. They provide a valuable set of guidelines for developing technological learning environments. These components are:  (a) foster constructive approaches to solving problems, (b) lay important groundwork for future topics, (c) foster situation-specific adaptive fexibility, (d) foster a non-algorithmic sense of numbers and a qualitative sense of mathematics, (e) foster multiple perspectives on a problem, (f) provide integration with a larger environmental context, (g) foster the ability to apply learning to new, more complex situations, (h) foster active participation and desirable attitudes about the subject matter, and (i) foster desirable attitudes about the students themselves (pp. 230-231, italics original). 

Section 5: Implications for Curriculum Developers, 

Teachers, Researchers, and Policy Makers

5.1 Implications for Curriculum Developers  

A clear implication for developing curriculum for children’s learning of rational number concepts is that children’s own ways and means of operating with fractional quantities have to be central in the design of the curriculum. The five projects that used technology as a medium for investigating children’s learning of rational number concepts can provide curriculum developers with research based models of children’s ways and means of operating. It is also clear from this synthesis, that both the design of the technology and the way it was used in the various projects helped shape the children’s learning. Curriculum developers should take advantage of the various technologies while remaining aware of their limitations. Providing technological tools that enable children to enact their own mathematical operations can be a very powerful aid to children’s learning. Simulation software that provides students with phenomena to explore and carry out experiments (as in the SimCalc simulations) can also be productive in engendering learning. Incorporating LOGO programming activities into the curriculum could also be beneficial. All of these recommendations for incorporating technology into the curriculum, however, are dependent on having informed and well-prepared teachers to implement the technology and the curriculum in ways that enhance students’ learning.
5.2 Implications for Teachers

All of the research projects reviewed in this synthesis found that interaction with a teacher was necessary for meaningful learning to take place. Neither the technology nor children’s own explorations were sufficient for conceptual learning of rational number constructs. While the different technological environments provided both affordances and constraints, the learning of rational number constructs occurred through interaction with others.  As Hoyles & Noss (1992) pointed out, the intervention of the teacher was a necessary pedagogical component in their students' learning about ratio and proportion. This point has wide-ranging implications for the use of technology in teaching rational number concepts—the technology cannot stand alone. It has to be interpreted by both teacher and students, and embedded within a pedagogy that is necessarily complex. Part of that complexity is the relationship between off-computer and on-computer activities. All of the projects reviewed in this chapter intimated that students were engaged in discussion and reflection of their computer-based learning activities, and in subsequent or preceding activities that took place outside of the technological medium. 

5.3 Implications for Researchers 

The field of rational number research is at the stage of building useful models of children’s thinking.  Future research should move to the stage of small-scale classroom teaching experiments, aided by technology, that build on our understanding of children’s thinking.  Such classroom teaching experiments need to take into account both the social interactions and the pedagogical complexities of working with technological tools. While the research reviewed in this chapter supports the teaching of fractions as necessary for understanding rational number, we would like to see well-designed classroom teaching experiments that address the use of decimal calculations with handheld calculators as a viable approach to teaching rational number in the middle grades.  Research on the use of calculators in the learning of rational number concepts was markedly absent from our literature search.
5.4 Implications for Policy Makers

Policy makers need to look carefully at all of the above implications when making decisions that affect the design and implementation of curricula, the preparation and continued professional development of teachers, and the funding of research in the area of rational number.  They should also pay close attention to what this synthesis suggests concerning the use of technology in the teaching and learning of rational number concepts when making decisions on both the acquisition and use of technology in the schools.  Because the technology cannot stand alone, policy makers must make sure that the financial resources and release time are in place for teachers to learn both what the research is indicating about how children learn rational number concepts, and how they can take advantage of the various technological tools to enhance that learning.  Decisions to put powerful technologies into schools without the necessary attention on how the technology is to be used and by whom, could end up wasting precious resources and provide fuel for the “technological Ludites” in our society to block very promising innovations.  Our review also suggests that while carefully designed tutorial systems (like the PLATO fractions curriculum) can provide children and teachers with opportunities for deepening understanding of certain concepts, the delivery of canned curricula through expensive technological systems (as in the Mastering Fractions Video-disc curriculum) may not be cost-efficient as the research indicates that the learning gains were just as good when the curriculum was delivered using less expensive media.  This point is particularly important given the increasing pressure on school systems (from commercial curriculum companies) to purchase computer-managed learning systems that cost hundreds of thousands of dollars.  Such systems are often sold on the premise that they are “teacher proof” or that they relieve the teacher of many of the chores of managing the instruction. Our review of the available research literature clearly indicates that the teacher’s involvement in the instructional decisions and interactions with students are critical for meaningful learning to occur.
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