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Pascal’s Triangle

By:  Kelli Nipper

What is Pascal’s Triangle?  

Pascal’s Triangle, which was actually being used more than five centuries before Blaise Pascal began investigating the properties of it, is an arithmetic array of numbers that has many patterns and can be used in several branches of mathematics.  Among these are:  Algebra, Probability/Combinatorics, Number Theory and Geometry.  The applications of the patterns found in this triangle of numbers seems to be unlimited. Blaise Pascal describes some of the properties of the arithmetic array of whole numbers in A Treatise on the Arithmetic Triangle, which was written in 1653. This triangle provides solutions to many problems and contains many interesting relationships.  The purpose of this study is to introduce the triangle and a few of its applications as well as to show the implications of teaching it in the classroom.

How do you construct it?  

Any number can be found by adding the two numbers diagonally above it.  For example:

1

1
1

1    2    1

1    3    3    1

1    4    6    4    1 

Adding together the 1 and the 3 attains the 4.  You can think of the ones as continuing by adding an understood ‘0’ wherever there is no number.

Algebraic:  

More than five centuries before Pascal investigated the properties of the triangle, this triangle was used as a short cut for tabulating the binomial coefficients.  Omar Khayyam used it around 1100, and Chu Shih-Chieh used it in a manuscript in the year 1303.

(x+y)0=1
(x+y)1=1x + 1y

(x+y)2=1x2 + 2xy + 1y2
(x+y)3=1x3 + 3x2y + 3xy2 + 1y3
(x+y)4=1x4 + 4x3y + 6x2y2 + 4xy3 + 1y4
As you can see, the coefficients correspond to the entries in the triangle.

Probability/Combinatorics:  

Chevalier de Mere posed the following problem:

In eight throws of a die, a player is to attempt to throw a one, but after three unsuccessful trials, the game is interrupted.  How should he be indemnified?  

Pascal noticed that the probability of choosing ‘n’ objects from a group of ‘m’ indistinguishable objects could be found using the triangle. This was the starting point for the modern theory of probability.  Many other patterns were eventually found in this triangle.

Number Theory:  The numerals formed in each row of Pascal’s Triangle are actually powers of eleven, while adding the digits of each entry in a row yield powers of 2.  For example:      

    1

1
1

1    2    1

1    3    3    1

1    4    6    4    1

110=1




     
  20=1  =  1
111=11




  21=2  =  1+1
112=121




  22=4  =  1+2+1
113=1,331




  23=8  =  1+3+3+1
114=14,641




  24=16 = 1+4+6+4+1

Geometry: 

Pythagorean Triplets

3
4
5

5
12
13

7
24
25

9
40
41

There are many applications of geometry in Pascal’s Triangle including the Pythagorean Triplets.  
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Another pattern formed dealing with triangular numbers is that drawing a hockey stick with the counting numbers in the handle, and a triangular number in the head of the stick, illustrates that the nth triangular number is the sum of the first n counting numbers.  For example:

1

1
1

1    2    1

1    3    3    1

1    4    6    4    1

1   5   10   10   5   1

1   6   15   20   15   6   1
Adding together any two consecutive triangular numbers yields a perfect square number.  The following picture can illustrate this:
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The Handshake Problem:  If there are n people in a room, and every person shakes hands exactly once with every other person, how many handshakes are there. 

This is the sum of the first n-1 counting numbers.  Thus, if n=6, this agrees with the hockey stick property yielding 1+2+3+4+5=15(a triangular number)

Sierpinski’s Triangle:
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Notice that by coloring the even numbers, Pascal’s Triangle forms a pattern of smaller triangles. (A variety of other patterns can be obtained by shading in other prime numbers such as 3, 5, and 7.)  This is called Sierpinski’s Triangle and can also be obtained by shading in the smaller triangles formed by the rows of zeros in mod 2. 

Pascal’s Triangle Mod 2:
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The Tower of Hanoi:  

“At the time of Creation, 64 golden disks, each with a small central hole, were place on one of the three silver needles at the temple of Benares in Hanoi.  No two of the disks were the same size, and they were place on the needle in such a way that no larger disk was on top of a smaller disk.  The Creator ordained that the monks of the temple were to move all 64 disks, one by one, to one of the other needles, never placing a larger disk on top of a smaller disk.  When all the disks are stacked on the other needle, with a thunderclap the world will vanish!  If the monks work very rapidly, moving one disk every second, how long will it be until the end of the world?”
[image: image5.wmf]
Making it an easier problem by reducing the number of disks to one, then two, then three, we can look for a pattern to guide us in making the moves. With only one disk to move, only one move is necessary.  With two disks to move, three moves are necessary.  When there are three disks, a tower of two rings is moved twice, and the additional ring is moved once, yielding 7 moves.   To find out how the disks are moved, we can line them up in the order in which they are moved.

This arrangement is the same as the one in the odd/even or mod 2 colorings of the entries of Pascal’s Triangle.
Fibonacci Numbers and The Golden Ratio:  

The Liber Abaci posed the following situation:  

“How many rabbits will be produced in a year, beginning with a single pair, if in every month each pair bears a new pair which becomes productive from the second month on?”
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The Fibonacci numbers can be found in Pascal’s Triangle by drawing diagonals beginning at each 1 on the left side (passing under the 1 in the row above it).  The numbers they pass through add up to the Fibonacci Sequence.  

1

1   1
1    2    1
1    3    3    1
1    4    6    4    1

1   5   10   10   5   1

1   6   15   20   15   6   1

1   7   21   35   35   21   7   1

1   8   28   56   70   56   28   8   1

1  9   36   84   126   126   84   36  9  1

1  10  45  120  210  252  210  120  45  10  1 

The following pattern is created:

1=1

1=1

1+1=2

1+2=3

1+3+1=5

1+4+3=8

1+5+6+1=13

1+6+10+4=21

1+7+15+10+1=34

1+8+21+20+5=55

1+9+28+35+15+1=89

Even this sequence has patterns in it.
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Comparing the ratio of different terms in the sequence as the number of terms increases shows that the ratio converges to 1.618033989.  As the number of terms increases, the third and fourth ratios approach 2.618066989 and 4.236067978 respectively.  Comparing two consecutive ratios reveals:

Ratio of second terms to ratio of adjacent terms

2.618066989/1.618033989=1.618033989

Ratio of third terms to ratio of second terms

4.236067978/2.618066989=1.618033989

This value is an approximation of the golden ratio.  

Pattern Sequences is an important part of teaching mathematics.  Pascal’s Triangle provides many opportunities for experiencing patterns in a fun way!


