MAT 254 — Fall Quarter 2002
Test 4 — Answers
NAME

Show work and write clearly.

1. (10 pts.) Derive the formula for the derivative of cos*(x).

ANS: y = cos*(x) P x = cog(y) . Differentiate implicitly. 1 = y¢- sin(y)) b y¢= - .
sny
Using a well-known trig identity (1 = cos’ y + sn? y), we have y¢= - ' Fomthe

J1- cos’y
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2. (30 pts.) Find the derivatives of the following:

first step, we know x = cos(y), so y¢= -

a y =cos'(snx) ANS: y¢= -
b. y = sec’'(e‘) ANS: y¢= ———(e*) = ——

C.y=x1+x?

ANS: You can use product and chain rules or use logarithmic differentiation. Here I’m using

logarithmic differentiation.
Iny = In(x3\/1+ xz): 3Inx + %In(1+ X )
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d. y = (Inx)™* ANS: Uselogarithmic differentiation. In'y = tan x(In(In x)). Use product
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rule onright-hand side. b — y¢ sec? x(In(In x))
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‘) ANS: Use logarithmic differentiation. In y = €* In x. Use product rule on right-



3. (10 pts.) One hundred fruit flies are placed in a breeding container that can support a population
of at most 5000 flies. If the population grows with a constant relative growth rate of 2% per day,
how long will it take for the container to reach capacity?

ANS: UseP(t) = P(0)€" . We know P(0) = 100, P(t) = 5000 is maximum and k = 0.02. So,

5000 = 100e®™ p 50 = €™ p In50 =002t b t = Ig—gg » 196 days.

4. (40 pts.) Find the following limits:

N [y
a IimLS:3 ANS: Type 0/0 so use I’Hopital’s Rule b lim XX *5
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b. lim xIn x ANS: Type 0¥ so changeto lim Il/_ Thisistype ¥ /¥ souse

x® 0* x® 0*

I'Hopital'sRule b lim —=*_ = fim (- x) = 0.

x®0" - 1/ X x® 0*

C. Iim— ANS: Type 0/0 so useI’Hépital’sRule b lim
x® 0 X+X x®07] + 2Xx

d. Iim( - X+ x)ANS: Type ¥ - ¥ so rationalize numerator:
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Ilm(x - X+ x)x = lim = lim ———=———. Now divide
X® ¥ X + lx2+x x®¥x+ ,X + X x®¥x+ ,X + X
all terms by the term in the denominator with the largest exponent.
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e. lim ANS: Type 0/0 so useI’Hopital’sRule b lim
X® 0 x® 0 2X

Thisis still type 0/0, so use I’ Hopital’s Rule again b Ii&

5. (10 pts.) Forty percent of a radioactive substance decaysin 5 years. How long would it take the
sample to decay to 1% of its origina amount?

ANS: UseP(t) = P(0)e". Weuse P(0) = 100. If 40% decays, the 60% is left after 5 years, i.e.,
08 . 0.1022. Nowto

P(5) = 60. So, 60 =100e“® b 06 =€ p In0.6=5k b k =

find the time it takes to decay to 1%, we use P(0) = 100 and P(t) = 1. So,

1=100e " p 0.01=¢e%%" p In0.01=-0.1022t b t = _In001 22.5years.
- 0.1022t



