Mathematical Knowledge for Secondary Teaching

Expert Meeting, Penn State, May 20-22

EXPERTS’ WRITTEN RESPONSES TO FINAL QUESTION

The following is a typed version of what the “experts” wrote near the end of the meeting in response to the following prompt:

What are the five most important things that you would put in a mathematics content course designed to develop MKTS?
A question mark after the name indicates that someone else wrote the name on the paper.

Three question marks indicate the paper had no name.

GLENN

1. Experience of significant mathematical ideas growing out of concrete natural examples/pictures/experiences.

2. Problem solving –looking at simple examples, & building towards the original problem.

3. Numerical/graphic experimentation

4. Using language as a tool for coming to terms with experience. (Formulating conjectures/modifying, testing, proving)

5. Examples of abstraction being used as a tool for unifying ideas.

6. Experience with simple & complex proofs using precise mathematical language.

7. Crystallization of ideas (“seeing it at a glance”)

8. Key concepts: Structure
e.g.

a. The operations +

b. Order

c. Shape

d. Logic/reasoning

e. Functions (?) (tool for comparing structure)

f. Transformation

g. Analogy/abstraction/generalize

h. Invariance

i. Equivalence

9. Abstraction

a. Abstraction as unification of many concrete examples/experiences

b. Specialization from abstract to concrete

10. Lots and lots of questions

a. Examples of “questioning answers”

AL
Two courses: an immersion and a capstone

(1) A mathematics immersion experience early in one’s undergraduate educations (or early in one’s career). The topic should be “low threshold high ceiling” and the course should emphasize depth over breadth. Five most important things:

· Experience before formality

· Sustained over time (of least a semester or a full-time summer) aimed at developing mathematical habits.

· More to do than anyone can accomplish, explicit emphasis on what to do when you get stuck

· “no idea is brought to closure until people have struggled with it for 3 days” idea is interpreted broadly—including habits of mind.

· Create a mathematical community devoted to working on the problems and reflecting on what is learned.

(2) Develop a course on the mathematics that can be applied to the daily work of teaching every topic has direct application to the profession.  Examples:

· Arithmetic in fields of roots of unity

· Rational points on conics and other curves

· The analysis of periods of repeating decimals

· Geometric optimization

· Cycolotomy and its connection to plane geometry

SHARON

One 3-credit math course for students who have completed at least calculus sequence, linear algebra, intro to abstract algebra

CONTENT

1. 4 weeks number systems – real, complex nos.

Could use Chap 2 of text by Usiskin et al. Ss are amazed by patterns in decimals they had not see before, connections between operations on complex nos. & geometry.  Expand section of countable, uncountable sets

2. 4-5 weeks algebra
a. polynomials

finite differences to find polynomials to fit data

relation between factors, roots, Fund. Thm of algebra, etc.

b. Build enough group field theory to prove why one cannot trisect an angle

3. 3-4 weeks – something from geometry eg. measurement


particularly 3-D and polyhedra, not usually covered in college geometry

4. 2 weeks – something cross-cutting and new. E.g., fractals
Thought processes to be emphasized

1. Connections to other math topics & topics outside of math

2. Multiple representations

3. Alternate definitions

4. Ways of justification & proof

TOM

1. Factoring a difference of cubes  (and the factor theorem in general, i.e., if r is a root of a polynomial, then (x-r) divides the polynomial)

2. Properties of similar figures in the plane (and the crucial fact that there is no concept of similarity on the sphere, i.e., similar triangles are congruent.)

3. The sum of a geometric series 
[image: image1.wmf] (and if |r|<1 this tend to 
[image: image2.wmf])

4. There are five regular polyhedra in Euclidean 3-space (and Euclid’s proof can be extended to show that there are six regular figures in 4-space)

5. Booth π and e have geometric definitions (that can be approximated as limits of sequences)

ZAL

[Written with arrow to “a” in “a mathematics content course” phrase in prompt: one [course] is not enough]

1. Concept analysis – like Freudenthal’s Didactical Phenomenology of Mathematical Structures
2. Problem analysis – a la Polya

3. Connections, morphisms, etc – the same mathematics done in different ways

See Ch. 1 of Usiskin, P, M, & Stanley for examples [Comment with arrow to 1, 2 and 3.]

4. Discussion of mathematical modeling – use of COMAP modules

5. Discussion of statistical reasoning – differences between relative frequency & probability

Not needed if courses in these areas are required in the program. [Comment with arrow to 4 and 5.]

NEIL
“Low threshold – high ceiling” problems in mathematics contexts that are unfamiliar to the PSTs that engaged them in mathematical exploration, conjecturing, defining, argumentation, modifying conjectures, disproving, etc.

Tasks that would require PSTs to respond to students’ varied ways of thinking about and learning mathematics.

Tasks that would require PSTs to investigate the historical development of topics in secondary math and to reconceptualize that development in terms of the context of students’ lives and their academic work.

Using language to describe mathematics rather than using symbols

STEVE
[At top of paper: “Freudenthal Didactical Phenomenology of Mathematical Structures”]

1. Significant (perhaps continual) opportunities to engage in authentic and collaborative mathematical exploration: search for patterns, making/checking/revising/confirming/disproving conjectures, then following up this exploration with student questions

2. Some problems should be connected to (if not drawn from) secondary mathematics content, but exploration should build on & go beyond that which would be done with secondary students.

3. Opportunities to work with alternative representations/solution strategies should also be commonplace. If the course is designed for preservice/inservice teachers, then $ actual secondary student work should be shared/analyzed/discussed. If not the shame work could be used without telling undergrads that this work came from the high school, say.

4. Placing content in historical development context is also important.  Where did the area of mathematics come from? What problems was it originally concerned of to solve?

5. As you might surmise from my response, the particular content is not nearly as important as the fact that students are actively engaged in the work of doing mathematics. However, if I was to design ONE course, it would have a substantial amount of Theory of Equations in order to help students see and work with the mathematical underpinnings of high school algebra.

HELEN?

1. Sustained & authentic inquiry experiences around 2-3 topics for which there are clear(er) connections to school mathematics.

2. Making conjectures has to be a part of it, along with proving (or disproving) those conjectures

3. How students’ ideas about specific topics (e.g., multiplicative reasoning) develop over time.

4. Making connections across math. Topics.

ED???
· Experiences with thinking mathematically

· Problem solving, reasoning, conducting a small piece of research in mathematics

· Big ideas of secondary math curriculum

· Examples of/analysis of student thinking/work

· Experiences with “craft of teaching” and reflection on the decision that they make and how they use mathematics in making these decisions

KAREN???
Capstone Course

Habits of mind

1. mathematics is deductive, is there any role for inductive reasoning?

2. Mathematics is about proofs; is there any role for intuition?

Connection

3. geometric perspectives or secondary school algebra

Problem solving

4. many mathematics problems can be solved in many different ways – why should we care?

Evolution of mathematics

5. Historical development of important ideas encountered in secondary school – learn to be learners
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