For October 24, 2006, Situations Group Polycom session (9:30 a.m.-11:00 a.m.)

Introduction

This is our first attempt to analyze a situation using a “process perspective” and a “drawing on math perspective.”  In this document, we include only descriptions of the categories of these two possible perspectives in brief and an example of how these two perspectives may be used to look at one situation (namely, Situation 40: Powers).

Processes

The following are our current working definitions of four mathematical processes that we have been using in our MAC work.

Proving/Justifying

Justifying is telling how one knows a mathematical claim is true or producing a rationale for belief of a mathematical claim. Justifying may occur in the process of explaining mathematical ideas, connecting mathematical results, or otherwise enhancing mathematical understanding through explanation and connection. Justifying is both a psychological process and a social process. Validity of the process and results may be judged by any member of the community. Justifying involves having sources of conviction. In the classroom, sources of conviction valued by teachers or students may not be inherently mathematical in nature. Justifying may have an exploratory or empirical phase.  Justifying involves refuting and validating statements.

Proving is a special case of justifying. Proving is separated from other forms of justifying along several dimensions.  Proving requires logical connections or deductions among mathematical ideas.  Proving requires working from definitions, axioms, known theorems, and propositions. Proving requires the appropriate use of mathematical language, symbols, grammar, and syntax. Proving is the building of a convincing argument in a manner consistent with these criteria. That argument may be constructed in the spirit of convincing oneself (ascertaining) or convincing others (persuading) (Harel & Sowder, 1998). In the classroom, proving may be done for the purpose of explaining or convincing (Hanna, 1990).

Defining

Defining is the constructive act of identifying and articulating a combination of a set of characteristics and the relationship(s) among these characteristics in such a way that the combination can be used to determine whether or not an object, action or idea belongs to a class of objects, actions, or ideas. An agreed-upon word, phrase, or symbol is used to represent the class. It is possible for the class to include one object action, or idea.

The process may be descriptive defining (identification of characteristic properties of a known object, action or idea) or constructive defining (developing new objects, actions or ideas out of familiar objects or actions) (Freudenthal, 1973). The articulated product is a definition.  Making sense of a given definition requires a particular type of defining work as students distinguish between a formal definition and informal characterizations (Raman, 2002). [Note that formal definitions and informal characterizations can arise from either descriptive defining or constructive defining.] In a strict sense, a formal definition would indicate a minimal set of properties. Any one class of objects, actions or ideas may have multiple informal characterizations if not more than one formal definition.

Generalizing

Generalizing is the act of extending the domain to which a set of properties apply from multiple instances of a class or from a subclass to a larger class of mathematical entities, thus identifying a larger set of instances to which the set of properties applies (compare to Sook, 2003). When going from multiple instances to a class, generalizing is an act that usually begins with recognizing (or generating) similarities and differences among mathematical instances or members of a subclass of mathematical entities (examples of a concept, problems, real-world settings or situations, etc.). When going from a subclass to a superclass, the essence of multiple instances are captured within the naming of the subclass. Recognition of those similarities and differences, namely identification of what remains and does not remain invariant across all instances, leads to conjecture(s) about properties of those mathematical entities. Those conjectures about properties often are based on observed patterns in visual, numeric, or symbolic data—when conjecturing about properties of a mathematical entity one notes what happens. A conjecture is a potential theorem.

Generalizing results in production of a generalization, a mathematical entity that makes a statement about one or more sets. Generalizations can be separated into two types: Definitional generalizations are the result of the Defining process and make statements about concepts, whereas nondefinitional generalizations are statements accepted without proof (axiom or postulate) or require proof (conjecture, then possibly theorem). We focus the Defining process on the former type of generalization and the Generalizing process on the latter.

Drawing on mathematics

As part of another piece of our MAC work, we were brainstorming about when someone might “draw on” mathematics in a secondary mathematics classroom. We are troubled by the fact that the following list is obviously very rough and clearly incomplete, but we decided to offer it as something that might grow or blend with other perspectives.

1. Creating a counterexample (e.g., using matrix operations as counter to associative property holds for multiplication of anything) [e.g., I need to know the properties of the object for which I am finding a counterexample and variations of those properties. Here’s an example of a concept that makes this generalization not true.]
2. Creating an example or non-example (e.g., want to be able to have a polynomial that factors over reals and knowing I need to be careful if the degree is four or higher; using limit/derivative with a symbolic rule to create a graph that would have particular characteristics)
3. Fitting a question in a larger arena in order to give a more fitting answer, such as this is a special case of a broader thing (e.g., multiplication is not commutative for matrices)
4. Creating a file that involves math beyond what the file is used to teach (e.g., creating Power of a Point GSP file) Implementing conditions? Specifying (finding something that fits certain conditions)? [Note: Does not include simple generation of graphs]
5. Having to deal with the math of the tool (e.g., making sense of the graph of f(x) =abs(ln(x))) [Note: “having to deal with” needs clarification]
6. Choosing to use a different representation or recognize that a different representation would be helpful (e.g., looking at table rather than graph to quantify rate of change; looking at derivative for rate of change in numeric situation)

7. Explaining why a process doesn’t generalize when trying to apply the process to a different entity (e.g., students’ law of distributivity)
8. When I am confronted by a situation involving uniqueness 

9. When I have to judge the validity of statements as sometimes, always, or never true (e.g., “anything raised to the 0 power is 1” is not true if the thing raised to the 0 power is a matrix)
10. When I have to determine how two classes of mathematical objects are related

11. When I need to consider special cases (e.g., any number raised to the 0 power is not always 1)
12. Asking “what else can I do with this problem” questions

13.  How do I solve an unfamiliar problem or answer an unexpected question, including how do I generate and evaluate alternative strategies [Note: the problem or question is a mathematical one.  This category is not a match for every student-generated question.]
14. Calling on mathematical properties/definitions/principles/theorems for reasons other than creating a counter-example. [Note: Very broad; needs to be narrowed (e.g., Calling on mathematical properties/definitions/principles/theorems to make sense of an answer or claim.]
15. When do I need to consider cases? (e.g. if n is even or if n is odd for (-1)^n)
Sample analysis of one situation using both the processes and the “drawing on” categories

	Situation

(Number: Title)
	Element of situation
	Process category
	Drawing on math category

	40: Powers
	Prompt
	Defining 

(What does 22.5 mean?)
	If the prompt were written as “why isn’t 22.5 halfway between 4 and 8,” then it would be 7.

	
	F1
	Justifying/Proving
(22.5 is closer to 4 than to 8)

Defining
(What does 22.5 mean [graphically]?)

Symbolic Working
(Connecting relationship among 22, 23, and 22.5 in symbols to relative positions of values in table and points of graph)
	6 

(Symbol to graph)

7

(Linear interpolation does not generalize from linear functions to exponential functions.)

10

(Relationship among integer, rational, real numbers)

	
	F2
	Defining
(21/n is defined as that value which when used as a factor n times is equal to 2 by assuming consistency of the law of exponents for integer exponents applies to rational exponents)

Symbolic Working
(21/2 n times using law of exponents)
	3

(Fitting question of 21/2 into the larger arena of 21/n.)

	
	F3
	Symbolic Working

(Symbolizing the set of exponential values as f(x) =2x.)
	5
(Graph created by the tool suggests a continuous function that assumes the value of 22.5 although the tool-generated graph itself is not continuous.)

6
(Choosing to use graph and intersection of two graphs to determine a value)


Tentative notion about situation from the process perspective: The defining task elicits defining with symbolic working and justifying/proving, both of which are done sometimes in support of additional defining work. The symbolic working is done both within and across types of representations.  [These things might be compared across situations.]
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