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Prompt

Mr. Fernandez is bothered by his ninth-grade algebra students’ responses to a recent quiz on radicals, specifically those in response to a question about square roots in which students added 
[image: image1.wmf] and 
[image: image2.wmf] and obtained 
[image: image3.wmf] as a result.
Commentary

The mathematical basis for determining the appropriateness of the students’ work is that the sum of the square roots of two numbers is not, in general, equal to the square root of the sum of the two numbers. Establishing that a statement is not true can be accomplished in different ways, including finding a counterexample, indirect proof, and lack of correspondence of function graphs. The students’ statement, 
[image: image4.wmf], can be disproved using numeric, geometric, symbolic, and graphical representations. Connections are made to linear transformations from linear algebra and to multivariate functions and function composition.

Mathematical Focus 1

Geometric constructions can be used to disprove statements about specific real numbers.

Construct an irrational spiral by constructing an isosceles right triangle with legs of length 1.  This will have a hypotenuse with length 
[image: image5.wmf]. Then construct another right triangle with legs of length 1 and 
[image: image6.wmf].  This will have hypotenuse with length 
[image: image7.wmf]. The figure below demonstrates the continuation of this pattern through the construction of a right triangle with hypotenuse 
[image: image8.wmf].
If  
[image: image9.wmf] is a true statement, then the sum of the measures of the segments with lengths 
[image: image10.wmf] and 
[image: image11.wmf] must equal the measure of the segment with length 
[image: image12.wmf]. As the figure below demonstrates, the sum of the measures of the segments with lengths 
[image: image13.wmf] and 
[image: image14.wmf] is greater than the measure of the segment with length 
[image: image15.wmf]. Hence 
[image: image16.wmf].

[image: image17.wmf]
Mathematical Focus 2
A given statement can be shown to be false by supposing that it is true and showing that the supposition leads to a contradiction. This indirect proof uses the property “If 
[image: image18.wmf], then 
[image: image19.wmf]” and the fact that squares of numbers can be represented geometrically as areas of squares.

If 
[image: image20.wmf] is a true statement, then 
[image: image21.wmf] and 
[image: image22.wmf] would also be true statements. Consider a square with side length 
[image: image23.wmf]. The area of that square would be 
[image: image24.wmf]. The square can be subdivided into four regions, having areas 2, 
[image: image25.wmf], 
[image: image26.wmf], and 3, as shown subsequently. Therefore, 
[image: image27.wmf]. Now consider a square with side length 
[image: image28.wmf]. The area of that square would be 
[image: image29.wmf], and 
[image: image30.wmf]. Since 
[image: image31.wmf], 
[image: image32.wmf]. Therefore, 
[image: image33.wmf].

[image: image34.png]



Mathematical Focus 3
A larger question than whether 
[image: image35.wmf] is true is whether 
[image: image36.wmf] is true  for all 
[image: image37.wmf]. A statement such as 
[image: image38.wmf] can be disproved by identifying values of a and b that provide a counterexample.

If 
[image: image39.wmf] were true for all 
[image: image40.wmf] , then 
[image: image41.wmf] would be true. But 
[image: image42.wmf]and 
[image: image43.wmf], so 
[image: image44.wmf] and therefore 
[image: image45.wmf].

The counterexample establishes that, as a general rule 
[image: image46.wmf], is not true.  However, it does not establish that it is never true.  To determine values of a and b that make the statement true, we need only solve the equation: 
[image: image47.wmf].  Squaring both sides yields 
[image: image48.wmf]which is true if and only if 
[image: image49.wmf], that is, when 
[image: image50.wmf] or 
[image: image51.wmf].  So, 
[image: image52.wmf] is true only when 
[image: image53.wmf] or 
[image: image54.wmf].

Mathematical Focus 4

An expression such as 
[image: image55.wmf] can be thought of as a sum of function values, 
[image: image56.wmf], values of the square root function, 
[image: image57.wmf], 
[image: image58.wmf]. Some functions satisfy one of the conditions of the linearity property, namely, 
[image: image59.wmf], and others do not. If a function f does not, in general, satisfy some property, it does not mean that there do not exist some values for which that property might hold.
If 
[image: image60.wmf], then if 
[image: image61.wmf], 
[image: image62.wmf], 
[image: image63.wmf] must be equal to 
[image: image64.wmf]. In general, when 
[image: image65.wmf] and 
[image: image66.wmf], does
[image: image67.wmf]?  

In general, if a function defined over nonnegative reals has the properties 
[image: image68.wmf] and 
[image: image69.wmf], then it is said be a linear transformation. Linear functions of the form 
[image: image70.wmf] that represent a direct variation relationship between variables satisfy the linearity property. Thus 
[image: image71.wmf] for such functions. This is true because for the linear function 
[image: image72.wmf], 
[image: image73.wmf], for all 
[image: image74.wmf], 
[image: image75.wmf].

To determine whether
[image: image76.wmf] holds for 
[image: image77.wmf], 
[image: image78.wmf], one can attempt to find a counterexample. When 
[image: image79.wmf], 
[image: image80.wmf] and 
[image: image81.wmf]. Since 
[image: image82.wmf], we can conclude that
[image: image83.wmf] for 
[image: image84.wmf], and for all
[image: image85.wmf]. However, this only establishes that f does not (in general) satisfy the linearity property, it does not establish that for every two values of a and b, 
[image: image86.wmf]. For example, 
[image: image87.wmf]. So this linearity property argument does not necessarily establish that 
[image: image88.wmf], it only establishes that the statement in question cannot be deemed true by using an argument that all such statements are true for this particular function. Hence, one can evaluate 
[image: image89.wmf], as done previously, to disprove 
[image: image90.wmf].
Mathematical Focus 5
Expressions in two variables can be thought of as function values for multivariate functions. Function composition is not commutative.

Consider 
[image: image91.wmf] with domain 
[image: image92.wmf] such that 
[image: image93.wmf]. Another way to express 
[image: image94.wmf] is as the composition of two other functions, 
[image: image95.wmf], with domain 
[image: image96.wmf] and 
[image: image97.wmf] with domain 
[image: image98.wmf]. Since 
[image: image99.wmf] is the composition of the functions represented by 
[image: image100.wmf] and 
[image: image101.wmf], we can express 
[image: image102.wmf] as 
[image: image103.wmf]. 

Now consider the function 
[image: image104.wmf] with domain 
[image: image105.wmf]. We can express 
[image: image106.wmf] as the composition of the functions represented by 
[image: image107.wmf] and 
[image: image108.wmf], where 
[image: image109.wmf]. 

The composition 
[image: image110.wmf] applies the square root first, then the sum; whereas the composition 
[image: image111.wmf] applies the sum first, then the square root. If the composition operation on functions were commutative then the functions 
[image: image112.wmf] and 
[image: image113.wmf] would be equal.

However, the graphs of 
[image: image114.wmf] and 
[image: image115.wmf] are not identical. Therefore, the functions
[image: image116.wmf] and 
[image: image117.wmf] are not equal, and composition is not commutative.


[image: image118.wmf]

[image: image119.wmf]
[image: image120.png]





[image: image121.png]L‘
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Recall that 
[image: image122.wmf] only when x=0 or y=0 (See Mathematical Focus 3 for a more detailed discussion.) In the graphs shown above, the graph of 
[image: image123.wmf] is identical to the graph of 
[image: image124.wmf] on the xz plane (when y=0) and on the yz plane (when x=0) and at the origin (when x=0 and y=0).
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