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Prompt

This lesson takes place in a high school classroom.

During a lesson on transformations of the sine function a student asks, 

Why is the graph of y=sin (2x) a horizontal shrink of the graph of y = sin (x) instead of a horizontal stretch?

Commentary

Mathematical Foci

Mathematical Focus 1

The function y=sin(x) is periodic, and the horizontal length of one period of y=sin(x) is 
[image: image1.wmf] radians. The function y=sin(2x) is a composition of the functions y=sin(x) and y=2x. Since the composition maps the outputs of y= 2x to the inputs of the sine function, an entire period will be the output of the function, y=sin (2x), for x-values from 0 to ( . Therefore, two periods or “waves” of y=sin(2x) will have a combined length of 
[image: image2.wmf] radians. When a periodic function has a horizontal shrink transformation, the length of each wave of the transformed function will be shorter than length of each wave of the original function. Therefore, since each wave of y=sin(2x) has length 
[image: image3.wmf] radians and each wave of y=sin(x) has length 
[image: image4.wmf] radians, the graph of y=sin(2x) will be a horizontal shrink of the graph of y=sin(x).
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	x
	y=sin (x)
	y=sin (2x)

	0
	0
	0

	0.261799167
	0.259
	0.500

	0.523598333
	0.500
	0.866

	0.7853975
	0.707
	1.000

	1.047196667
	0.866
	0.866

	1.308995833
	0.966
	0.500

	1.570795
	1.000
	0.000

	1.832594167
	0.966
	-0.500

	2.094393333
	0.866
	-0.866

	2.3561925
	0.707
	-1.000

	2.617991667
	0.500
	-0.866

	2.879790833
	0.259
	-0.500

	3.14159
	0.000
	0.000

	3.403389167
	-0.259
	0.500

	3.665188333
	-0.500
	0.866

	3.9269875
	-0.707
	1.000

	4.188786667
	-0.866
	0.866

	4.450585833
	-0.966
	0.500

	4.712385
	-1.000
	0.000

	4.974184167
	-0.966
	-0.500

	5.235983333
	-0.866
	-0.866

	5.4977825
	-0.707
	-1.000

	5.759581667
	-0.500
	-0.866

	6.021380833
	-0.259
	-0.500

	6.28318
	0.000
	0.000
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figure 3

Mathematical Focus 2

Consider a right triangle with vertices at the origin, on the x-axis, and a point on the unit circle [figure 4]. The hypotenuse of the triangle is a radius of the unit circle. Transform the triangle by moving the vertex on the unit circle around the circle. One period of the function y=sin(
[image: image8.wmf]) is created when the vertex on the unit circle travels a distance of 
[image: image9.wmf] radians. The function y=sin(2
[image: image10.wmf]) is also created by moving the vertex around the unit circle. Since the input of the function is 2
[image: image11.wmf], one period of y=sin(2
[image: image12.wmf]) will be created when the vertex on the unit circle travels a distance of 
[image: image13.wmf] radians. As a result, the horizontal length of one period of y=sin(2
[image: image14.wmf]) will be 
[image: image15.wmf] radians, producing a horizontal shrink of y=sin(
[image: image16.wmf]).

[image: image17.wmf]
figure 4

Mathematical Focus 3

The derivative of y=sin(x) is y’=cos(x), and the derivative of y=sin(2x) is y’=2*cos(2x). Since both cos(x) and cos(2x) are bounded by -1 and 1, the absolute value of 2cos(2x) will always be double the absolute value of cos(2x). Since the first derivative represents the rate of change of a function, the absolute value of the rate of change of y=sin(2x) will be double the rate of change of y=sin(x) at every point where the rate of change is non-zero. Therefore, the graph of y=sin(2x) will be steeper than the graph of y=sin(x) at every point where the rate of change is non-zero. If the graph of y=sin(x) were stretched horizontally, the transformed graph would slope less steeply than the graph of y=sin(x). Since the transformed graph of y=sin(2x) is steeper than the graph of y=sin(x) at every point where the rate of change is non-zero, the graph of y=sin(2x) cannot be a horizontal stretch of the graph of y=sin(x).
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