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Prompt

An Algebra 1 class was given the following problem on a quiz.

PJ wrote the following solution on a homework problem:


[image: image1.wmf]
Explain to PJ why 12 and 6 are incorrect answers.

One student said, “But 6 is a correct answer.  
[image: image2.wmf].”

Commentary

This situation is based upon the observation that it is possible for a correct answer to result from the use of an incorrect process.  

There are several correct processes one can use to find the solutions to a quadratics equation.  However, the focus of this situation is the zero product property.

If 
[image: image3.wmf], then 
[image: image4.wmf].

Mathematical Foci

Mathematical Focus 1

What are the solutions to the original problem? 


[image: image5.wmf]
Mathematical Focus 2

This prompt illustrates it is possible for at least one solution of a quadratic equation solved incorrectly to be one of the solutions to the same quadratic equation when solved correctly.  That is, using the example in the prompt, 
[image: image6.wmf] solved incorrectly has solutions 6 and 12 and solved correctly has solutions 6 and -2.  The value, 6, is common to both.  The question addressed in this focus:  under what conditions does this occur?
Observation #1: 
[image: image7.wmf] and 
[image: image8.wmf] are equivalent equations.

Observation #2:  The graphs of functions related to these equations, 
[image: image9.wmf] and 
[image: image10.wmf], have the same axis of symmetry, x = 2 and differ by a vertical translation.  (See Fig. 1.)  This observation makes sense because the second equation is obtained from the first by adding a constant.  

	[image: image11.wmf]

[image: image12.wmf] and 
[image: image13.wmf]
Figure 1


Observation #3:  The left x-intercepts of the parabolas are 1 unit apart, and the right x-intercepts of the parabolas are 1 unit apart.

Represent the equivalent equations more generally, as 
[image: image14.wmf] and 
[image: image15.wmf], respectively. The parabolas given by 
[image: image16.wmf] and 
[image: image17.wmf]will have the same axis of symmetry, 
[image: image18.wmf]. What remains to be shown is that when 
[image: image19.wmf] the left x-intercepts of 
[image: image20.wmf] and 
[image: image21.wmf] are 1 unit apart and the right x-intercepts of 
[image: image22.wmf] and 
[image: image23.wmf] are 1 unit apart.

First, we’ll show how to generate problems for which

Consider the equation
[image: image24.wmf].

Using the quadratic formula,


[image: image25.wmf] 

Using PJ’s incorrect method, 


[image: image26.wmf]      or    
[image: image27.wmf]
Therefore, using PJ’s incorrect method, the solutions of 
[image: image28.wmf] are 
[image: image29.wmf].

Now consider 
[image: image30.wmf].

Using the quadratic formula, the solutions of 
[image: image31.wmf] are 
[image: image32.wmf].

Next, determine the values of 
[image: image33.wmf] for which the solutions are equal.


[image: image34.wmf]
Either 
[image: image35.wmf] or 
[image: image36.wmf].

So additional examples like the one PJ encountered are ones for which 
[image: image37.wmf] or 
[image: image38.wmf]. Convenient examples are ones for which 
[image: image39.wmf]is a perfect square. For example, if b = 12 and c = 27, then 
[image: image40.wmf]= 36 and 
[image: image41.wmf]. So d = 7 or d = -5. Then, an example like PJ’s would arise from 
[image: image42.wmf] and from 
[image: image43.wmf]. In the first case, the solutions to 
[image: image44.wmf]are -10 and -2 and the “solutions” using PJ’s incorrect method are –2 and 4. In the second case, the solutions to 
[image: image45.wmf]are -8 and -4 and the “solutions” using PJ’s incorrect method are -14 and -8.  

Now we’ll show that the x-intercepts of the two parabolas generated from two equations are separated by 1 in cases like the ones PJ on which used his incorrect method. 

Now use the values of 
[image: image46.wmf] to determine the x- intercepts of 
[image: image47.wmf] and 
[image: image48.wmf].

Substituting 
[image: image49.wmf] into 
[image: image50.wmf] results in 
[image: image51.wmf]. The x-intercepts for 
[image: image52.wmf] and 
[image: image53.wmf] are 
[image: image54.wmf]. However, this case does not address the spirit of PJ’s question.

Substituting 
[image: image55.wmf] into 
[image: image56.wmf] results in 
[image: image57.wmf].

The x-intercepts for 
[image: image58.wmf] are 
[image: image59.wmf].

The x-intercepts for 
[image: image60.wmf] are 
[image: image61.wmf].

Now, write the x-intercepts for 
[image: image62.wmf] in terms of the x-intercepts for 
[image: image63.wmf].


[image: image64.wmf]
Hence, for any two parabolas of the form
[image: image65.wmf] and 
[image: image66.wmf] such that 
[image: image67.wmf], the x-intercepts are 1 unit apart and the y-intercepts are 1 unit apart.

Mathematical Focus 3

Generalize to two equations of the form 
[image: image68.wmf] and 
[image: image69.wmf].

Determine the conditions for which at least one solution solved using the incorrect process described in the vignette to be one of the solutions to the same quadratic equation when solved correctly.

Consider the equation
[image: image70.wmf].

Using the quadratic formula, the factors of 
[image: image71.wmf] are 
[image: image72.wmf].

As a result, 
[image: image73.wmf] 

Using PJ’s incorrect method, 


[image: image74.wmf]      or    
[image: image75.wmf]
Therefore, using the incorrect method, the solutions of 
[image: image76.wmf] are 
[image: image77.wmf].

Now consider 
[image: image78.wmf].

Using the quadratic formula, the solutions of 
[image: image79.wmf] are 
[image: image80.wmf].

Next, determine the values of 
[image: image81.wmf] for which the solutions are equal.


[image: image82.wmf]
Either 
[image: image83.wmf] or 
[image: image84.wmf].

Now use the values of 
[image: image85.wmf] to determine the x- intercepts of 
[image: image86.wmf] and 
[image: image87.wmf].

Substituting 
[image: image88.wmf] into 
[image: image89.wmf] results in 
[image: image90.wmf]. The x-intercepts for 
[image: image91.wmf] and 
[image: image92.wmf] are 
[image: image93.wmf]. However, this case does not address the spirit of PJ’s question.

Substituting 
[image: image94.wmf] into 
[image: image95.wmf] results in 
[image: image96.wmf].

The x-intercepts for 
[image: image97.wmf] are 
[image: image98.wmf].

The x-intercepts for 
[image: image99.wmf] are 
[image: image100.wmf].

Now, write the x-intercepts for 
[image: image101.wmf] in terms of the x-intercepts for 
[image: image102.wmf].


[image: image103.wmf]
Hence, for any two parabolas of the form
[image: image104.wmf] and 
[image: image105.wmf] such that 
[image: image106.wmf], the left x-intercepts are 
[image: image107.wmf] units apart and the right x-intercepts are 
[image: image108.wmf] units apart.

Mathematical Focus 4

This prompt illustrates that it is possible for at least one solution of a quadratic equation solved incorrectly to be one of the solutions to the same quadratic equation when solved correctly.  This next focus examines the situation when the incorrect process results in the same two values as when the equation is solved correctly.  The question posed (but not yet addressed) in this focus:  under what conditions does this occur?
From Barbeau, 2000, p. 17—

	Solved incorrectly:


[image: image109.wmf]
	Solved correctly:


[image: image110.wmf]
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